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PREFACE

]'nE design of this Treatise is to explain all that is

commonly included in a First Part of Algebra. In the

arrangement of the Cliapters I have followed the advice

of experienced Teachers. I have carefully abstained from

making extracts from books in common use. The only

work to which I am indebted for any material assistance

is the Algebra of tlie late Dean Peacock; Avhich I took as

the model for the commencement of my Treatise. The

Examples, progressive and easy, have been selected from

University and College Examination Papers and from

old English, Fi'ench and German works. Much care has

been taken to secure accuracy in the Answers, but in a

collection of more than 2300 Examples it is to be feared

that some errors have yet to be detected. I shall be

grateful for having my attention called to them.

I have published a book of ^Miscellaneous Exercises

adapted to this work and arranged in a progressive order

so as to supply constant practice for the student.

I have to express my thanks for the encouragement

and advice received by me from many correspondents;

and a special acknowledgment is due from me to Mr. E.

J. Gross of Gonville and Cains College, to whom I am

indebted for assistance in many parts of this work.

J. HAMBLIN SMITH

Cambbidge, IS71.
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ELEMENTARY ALGEBRA.

I. ADDITION AND SUBTRACTION.

1. Algebra is the science which teaches the use of sym-

bols to denote numbers and the operations to which numbers

may be subjected.

2. The symbols employed in Algebra to denote numbers

are, in addition to those of Arithmetic, the letters of some

alphabet.

Thus a, h, c x, y, z : a, j3, 7 : a', V, c' read

a dash, b dash, c dash : a^, &i, c^ read a o?je,

b one, c one are used as symbols to denote nuvihers.

3. The number one, or unity, is taken as the foundation of

all numbers, and all other numbers are derived from it by the

process of addition.

Thus two is defnied to be the number that results from

adding one to one ;

three is delined to be the number that results from

adding one to two ;

four is defined to be the number that results from

adding one to three ;

and so on.

4. The symbol + , read p^us, is used to denote the opera-

tion of Addition.

Thus 1 + 1 symbolizes that which is denoted by 2,

2 + 1 3,

and a + b stands for the result obtained by adding h to e.

5. The symbol = stands for the words " is equal to,'' or
" the result is."

[S.A.] A



ADDITION AND SUB TRA CTION.

Thus the definitions given in Art. 3 may be presented in aa
algebraical form thus :

1 + 1 = 2,

2 + 1 = 3,

3 + l«l.
6. Since

2 = 1 + 1, Avliere niiity is written ixKice,

3= 2 + 1 = 1 + 1 + 1, wlicre unity is written ilirte times,

4= 3 + 1 = 1 + 1 + 1 + 1 /our timea,

it follows that

a= \ + 1 + 1 +1 + 1 with unity written a time?,

6 = 1 + 1 + 1 +1 + 1 with unity written h times.

7. The process of addition in Arithmetic can be presented

in a slwrter form by the use of the sign + . Tlius if we have

to add 14, 17, and 23 together we can represent the process

thus :

14 + 17 + 23 = 54.

8. When several numbers are added together, it is indiffe-

rent in wliat order the nund:)er3 are taken. Thus if 14, 17, and

23 be added together, their sum will be the same in whatever

order they be set down in the common arithmetical process :

14 14 17 17 23 23

17 23 14 23 14 17

23 17 23 14 17 14

54 54 54 54 54 54

So also in Algebra, when any nuiuber of symbols are added

together, the result will be the same in whatever order the

symbols succeed each other. Thus if we have to add together

the numbers symbolized by a and b, thm result is represented

hj a + b, and this result is tlie same number as that which is

represented by b + a.

Similarly the result obtained by adding together a, h, c

might be expressed algebraically by

a + b + c, or a + c + b, or b + c.+c, or 6 + c + a, or c + a + b,

or c + b + a.

9. When a number denoted by a is added to it?elf the

result is represented algebraically by a + a. Tills result is for
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the sake of brevity represented by 2tt, the fiijure prefixed to

the symbol expressiiij:; the number of times the number

denoted by a, is repeated.

Similarly a + a + a is represented by 3a.

Ucnce it follows that

%i 4- a will be represented by 3a,

'ia^a by 4a.

10. The symbol — , read minus, is used to denote the ope-

ration of Subtraction.

Thus the operation of subtracting 15 from 26 and its cou-

nection with the result may be brielly expressed thus
;

20-15 = 11.

11. The result of subtracting the number h from the num-
ber a is represented by

a — b.

Again a — h — c stands for the number obtained by taking o

from a — b.

Also a-h — c-d stands for the number obtained by taking

d fruui a — b — c.

Since we cannot take away a greater number from a smaller,

the expression a — b, where a and b represent numbers, can

denote a possible result only when a is not less than b.

So also the expression a — b — c can denote a possible result

only when the number obtained by taking b from a is not

less than c.

12. A combination of sjinbols is termed an algebraical

exirression.

The parts of an exirression which are connected by the

symbols of operation + and — are called Terms.

Compound expressions are those which have more than one

term.

Thus a-6 + c-iisa compound expression made up of four

terms.

When a compound expression contains

tico terms it is called a Binomial,

three Trinomial,

four or more Multinomial.
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Terms which are preceded by the symbol + are called 'posi-

tive, terms. Terms which are preceded by the symbol — are

called negative terms. "When no symbol precedes a term the

symbol + is understood.

Thus in the expression a-h + c — d + e —f
a, c, e are called positive terms,

5, d,f negative

Tlie symbols of operation + and - are usually called posi-

tive and negative Signs.

13. If the number 6 be added to the number 13, and if 6

be taken from the result, the final result will plainly be 13.

So also if a number b be added to a number a, and if b be

taken from the result, the final result will be a : that is,

a + b — b = a.

Since the operations of addition and subtraction when per-

formed by the same number neutralize each other, we conclude

that we maj' obliterate tlie same symbol when it presents itself

as a positive term and also as a negative term in the same ex-

pression.

Thus a-a=.0,

and a-a + b= b.

14. If we have to add the numbers 54, 17, and 23, we may
first add 17 and 23, and add tlieir sum 40 to the number 54,

thus obtaining the final result 94. This process maybe repre-

sented algebraically by enclosing 17 and 23 in a Bracket

( ), thus :

54 + (17 + 23) = 54 + 40 = 94.

15. If we have to subtract from 54 the sum of 17 and 23,

the process may be represented algebraically thus :

54-(17 + 23) = 54-40= 14.

16. If we have to add to 54 the difference between 23 and

17, the process may be represented algebraically thus:

54 + (23 -17) =54 + 6= 60.

17. If we have to subtract from 54 the difference between

23 and 17, the process may be represented algebraically thus :

54-(23-l7) = 54-C = 48.
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18. The use of brackets is so frequent in Algebra, that

tbe rules for their removal and introduction must be carefully

considered.

We shall first treat of the removal of brackets in cases

where symbols s\ip])Iy the places of numbers corresponding to

the arithmetical examples considered in Arts. 14, 15, IG, 17.

Case I. To add to a the sum of h and c.

This is expressed thus : a + (& + c).

First add h to a, the result will be

a + h.

This result is too small, for we have to add to a a number
greater than h, and greater by c. Hence our final result will

be obtained by adding c to a-{-h, and it will be

a-\-h + c.

Case II, To take from a the sum of h and c
This is expressed thus : a-ih-\-c).

First take h from a, the result will be

a — h.

This result is too large, for we have to take from a a number
rjreater than h, and greater by c. Hence our final result will

be obtained by taking c from a — b, and it will be

a~b — c.

Case III. To add to a tbe difl'erence between h and c.

This is expressed thus : a + (b — c).

Fii'st add 6 tcf a, the result will be

a + b.

This result is too large, for we have to add to a a number
less than b, and less by c. Hence our final result will be ob-

U\iued by taking c from a + b, and it will be

a + b-c.

Case IV. To take from a the (JifTerence between b and c.

This is expressed thus : a — {h — c).

First take b from a, the result will be

a-b.

Tins result is too umall, for we have to take from a a num-
ber less than b, and less by c. Hence our final result will be
obtained by adding c to a-b, and it v.ill be

a-b + c.
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Note. We assume tliat a, h, c represent such numbers tlaat

in Case II. a is not less than the sum of b and c, in Case III.

b is not less than c, and in Case IV. b is not less than c, and a

is not less than b.

19. Collecting the results obtained in ^Vit. 18, wc have

a + {b + c)= a+h + c,

a— (b + c) =a-h — c,

a + {h — c)= a + b-c,

a — (b — c)= a — b + c.

From Avliich we obtain tlie following rules for the removal of

a bracket.

Rule I. When a bracket is preceded by the sign +,
remove the bracket and leave the signs of the terms in it

unchanged.

Rule II. When a bracket is preceded by the sign —

,

remove the bracket and change the sign of each term in it.

These rules a])];)ly to cases in which any number of terms

arc included in the J^racket.

Thus
a+b-{-(c~-d + e~f) = a + b + c-d + e-f,

and
a + b-(c~d-]-e-f) = a + b-c + d~e+f.

20. The niles given in the preceding Article for the re-

mooal of brackets luruish corresponding rules lor the intro-

duciion of brackets.

Thus if we enclo.^e two or more terms of an expression in a

bracket,
^

I. The sign of each terra remains the same if + pre-

cedes the bracket

II, The sign of each term is changed if - precedes the

bracket,

Ex. a-h + c~d + c -/= a-b + (c-d) + {e -/),

a-b + c-d + e -/= a-{b-c)- {I - e +/).
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21. We may now proceed to give rules for tlie Adtlitioa

and SubtracLiou of algebraical expressions.

Suppose Ave have to aM to the expression a + b-c the ex-

pression d — e+f.

The Sum =a + h-c + {d-e+f)
^a + h-c + d-e+f (by Art. 19, E ule I.).

A1.50. if we have to subtract from the expression a + h-c the

expression d — e+f.

The Difierence =a + h-c-(d-e +/)
= a + b-c-d + e-f (by Art. 19, Rule II,).

We might arrange the expressions in each case mider each

other as in Arithmetic : thus

To a + b — c From a + b — o •

Addrf-c+/ Taked-«+/

Sum a + b-c + d-e+f Difference a + 6 — c-(Z + e-/

and then the rules may be thus stated.

I. In Addition attach the lower line to the upper with the

signs of both lines unchanged.

II, In Subtraction attach the lower line to the upper wath

the signs of tlie loiver line changed, the signs of the upper line

bein"- unclian;rcd.

The following are examples.

(1) Toa + b + 9

Add a-b-6

Sum a + b + d + a~h-6

and this sum —a + a + b-b + 9 — 6

For it has ocen shown, Art. 9, that a + a= 2a,

and, Art. 13, that b-b = 0.

(2) Froma + 6 + 9

Take ft- 6-

6

Ecmainder a + b + 0-a + h + Q

and this remainder —2b + 15.
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22. AVe have worked out the examples in Art. 21 at full

length, hut in practice they may be abbreviated, by combining

the symbols or digits by a mental process, thus

Toc + tZ + 10 Fromc + d + lO

Addc-d-7 Takec-(Z-7

Sum 2c +3 Remainder 2cZ + 17

23. We have said that

instead of a + a we ^\Tite 2a,

a-{-a + a .'.. 3a,

and so on.

The digit thus prefixed to a symhol is called the coefficient

of the term in which it appears.

24.' Since 3a= a + a + a, '"^ \

and 5rt= a + a + a + a + a,

3a+5a=a+a+a+a+a+a+a+a
= 8a.

Terms which have tiie same symbol, whatever their coeffi-

cients may be, are called lilce terms : those which have diife-

rent symbols are called unlike terms.

Like terms, when positiv'e, may be combined into one by

adding their coefficients together and subjoining the common
symbol : thus

2a; + 5x= 7a;,

3!/+ 52/ + 8!/ = 16y.

25. If a term appears without a coefficient, unity is to be

taken as its coefficient.

Tims x + 5x= 6x.

26. Negative terms, when like, may be combined into one

term with a negative sign prefixed to it by adding th.e coelJi-

cionts and subjoining to the result the common symbol.

Thus 2r-32/-5?/ = 2.c-8?/,

for 2x - 3*/ - 5 (/= 2x - (3 (/ + 5?/)

= 2x-8i/.

So again Zx - y - A\i - (jij — Zj: - \\y.
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27. If an. expression contain two or more like terms, some

being positive and others negative, we nmst fii'st collect all the

]iositive terms into one positive term, then all the negative

terms into one negative term, and finally combine the two

remaining terms into one hy tlie following ]»rocess. Subtract

the smaller coefficient from the greater, and set^ down the

remainder with the sign of the greater prefixed and the com-

mon symbol attached to it.

Ex. 8a;-3x=5a;,

7x - 4a; + ox - 3x = 12x - 7x= 5x,

a — 2b + 5b-4b = a + i)b — (jb = a-li.

23. The rules for the combination of any number of like

terms into one single term enable us to extend the application

of the rules for Addition and Subtraction in Algebra, and we
proceed to give some Examples.

ADDITION.
(1) a~2b + 3c (2) 5a + 76-3c-4d

3a — 4b-oc ^Ga-7b + 9c + 4d

4a-()b-2c lla +i5c

The terms containing b and din Ex. (2) destroying one another.

(3) 7X-5//+ 43 (4) Gin- 13)1 + 5p
x + 2y—llz 8hi + n — 9p
3x— y+ oz m— n- p
5x-3y- z m+ 2)i + 5p

lGx-7y-- 3z 16m-ll?i

SUBTRACTION.
(1) 5a-3b+ Go {2, 3a + 76- 8c

2a + bb- 4c 3a-V)+ 4c

3a -86+ 10c 146- 12c

(3) 5a-66 + 2c (4) x-y + z

2a - 06 + 2c x-y — z

3a 2z

(5) 3x + 7y + l2z (6) 7x-19)/-14a
by- 2z Gx-24y+ 9a

2x + 2y+l43 x+ by-23z
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29. We have placed the expressions in the examples giA'en

in the preceding Article under eacli other, as in Aritlimetic,

for the sake of clearness, but the same operations might be ex-

hibited by means of signs and brackets, thus Examples (2) of

each rule might have been -worked tlnis, in AddiLion,

= 5a + '76-3c-4i+ Ga-'7& + 9c + 4i

= ll« + 6c;

and, in Suulraction,

3a + T6-8c-(3a-7& + 4c)

= 3a + 76 — 8c - 3a + 7i — 4c

= 14&-12c.

Examples.—!.
Bi)nplif\' Ihe following expression?, by combining like sym-

bols in each.

I. 3a + 46 + 5c + 2a + 3i + 7c. 2. 4a + 5Z; + Gc-3a-26-4c.

3- Ga-36-4c-4a + 5& + 6c.

4. 8a - && + 3c - 7a - 26 + Gc - 3a + 96 - 7c + 10a.

5. 5x-3a + 6 + 7 + 26-3r-4a-9.

6. a-6-c + 6 + c — cZ + fZ-a.

7. 5rt + 106-3cH-26-3a + 2c-2a + 4c.

EXAMPLES.-ii. ADDITION".

Add together

I. o + a; and a-x. 2. a + 2.5 and a + 3x.

a - 2.C and 2a - x. 4. 3x + 7?/ and hx - 2?/.

a + 36 + 5c and 3a - 26 - 3c.

«- 26 + 3c and a + 26 -3c. 7. 1 +x-y and 3-x + y.

2x - 3?/ + 43, 5x - 7i/ - 2s, and 6x + 9]/ - 83.

2a + 6 - 3.f, 3a - 26 + x, a + 6 - 5.r, and 4(t - 76 + Gx.

Examples.— ill. subteACTION.
r. Froinrt + 6 take 0-6.

2 3.C + 7/ 2x-y.

3 2rt + 3c + 4(Z a-2c + 3(Z.

4 X + y + S X-J/-S.
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1

5. Fromm — n + r take m-n~r.
6 a + b + c a — b — c.

7 Za + 4b + 5c 2a + 7h + 6c.

8 3x + 5?/-4» 3x + 2ij-5z.

30. We have given examples of the use of a bracket. The
methods of denoting a hracket are various ; thns, besides the

marks ( ), the marks [ ], or
j {, are often employed. Some-

times a mark called "The Vinculum" is drawn over the symbols

which are to be connected, thus a— & + c is used to represent the

same expression as that represented hy a— {h + c).

Often the brackets are made to enclose one another, thus

a-[b+\c-{d-I^)\].

In removing the brackets from an expi'cssion of this kind it

is best to commtince Avith the inncrmnst, and to remove the

bracket.^ one by one, the outermost last of alL

Thu3

a-[b+\c-(d-e-/)\]

^a-[b+\c-{d-e+f)\]
= a-[6+|c-rf+ e-/|]

= a-[b + c~d + e-f]

^a — b-c + d — e +/.
Again

5.r-(3x-7)-}4-2x-(Cx-3)|

= 5x~3x + 7-]4-2a;-6x + 3{

«5x-3x + 7-4 + 2a; + Gx-3

Examples.—iv. brackets.

Simplify' the following expressions, combining all like c[Tian-

tities in each.

1. a + 6 + (3a-26).

2. a + h-(a-Zb).

3. 3a + 5&-6c-(2a + 46-2c).

4. a + b-c-{a~b-c).

5. Ux~{ox-9)-\4-2x-{2x-Z)\.
6. 4x-\Zx-{2x-x^a)\.

7. 15ic- j7x + (3x + a-x)j.
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8. a-[6+ja-(6 + a)j].

9. 6a + [4a-jS6-(2a + 46)-225(-7&]-[7&+{8a

10. 5-[6-(a + &)-J6-(6-^6)|].
11. 2r5-(6a-Z*)-{c-(5a + 26)-(a-36)[.

12. 2a; - j a- (2a - [3a - (4a - [5a - (6a - x)])]) }.

13. 25a-196-[36-!4a-(5&-6c)S].

31. We have hitherto supposed the symbola in every ex-

pression used for illustration to represent sudi numbers that

the expressions symbolize results which would be arithmetic-

ally i^ossible.

Thus a — & symbolizes a possible result, so long as a is not

less than 6.

If, for instance, a stands for 10 and h for 6,

a — 6 will stand for 4.

But if a stands for 6 and 6 for 10,

— 6 denotes no possible result, because we cannot

take the number 10 from the nmuber 6.

But though there can be no such a thing as a ncyafive

number, we can conceive the real existence of a nccjative

quantity.

To explain this we must consider

I. What we mean by Quantity.

II. How Quantities are measured.

32. A Quantity is anything which may be regarded as

being made up of parts like the whole.

Thus a distance is a quantity, because we may regard it as

made up of parts cacli of themselves a distance.

Again a sum of money is a quantity, because we may regard

it as made up of parts like the whole.

33. To measure any quantity we fix upon some known
quantity of the game kind for our standard, or unit, and then

any quantity of that kind is measured by saying how many
times it contains this unit, and this number of times is called

the measure of the quantity.
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For example, to measure any distance alone; a road we fix

npon a known distance, such as a mile, and express all distances

by saying how many times they contain this unit. Thus 16 i8

the measure of a distance containing 16 miles.

Again, to measure a man's income we take one pound as our

unit, and thus if we said (as we often do say) that a man's in-

come is 500 a year, we should mean 500 times the unit, that is,

£u00. Unless we knew what the unit was, to say that a man's

income was 500 would convey no definite meaning : all we
should know would be that, whatever our unit was, a pound, a

dollar, or a franc, the man's income would be 500 times that

unit, that is, £500, 500 dollars, or 500 francs.

N.B. Since the unit contains itself once, its measure is

unity, and hence its name.

34, Now we can conceive a quantity to be such that when
put to another quantity of the same kind it will entirely or in

part neutralize its elfect.

Thus, if I walk 4 miles towards a certain object and then

return along the same road 2 miles, I may say that the latter

distance is such a quantity that it neutralizes part of my first

journey, so far as rt-'gards my position with respect to the point

from which I started.

Again, if I gain £500 in trade and then lose £400, I may
say tliat the latter sum is such a quantity that it neutralises

part of my first gain.

If I gain £500 and then lose £700, 1 may say that the latter

sum is such a quantity that it neutralizes all my first gain, and

not only that, but also a quantity of which the absolute value

is £200 remains in readiness to neutralize some future gain.

Kegarding this £200 by itself we call it a quantity which wiU
have a subtractive effect on subsequent profits.

Now, since Algebra is intended to deal with such questions

in a general way, and to teach us 1 low to put quantities, alike

or opposite in their effect, together, a convention is adopted,

founded on the additive or subtractive effect of the quantities

in question, and stated thus :

"To the quantities to be added prefix the sign +, and to

the quantities to be subtracted prefix the sign — , and then

Avrite down all the quantities involved in such a question con

nected with thes? signs."
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Tims, suppose a man to trade for 4 years, and to gain a

pounds the tirst year, to lose 6 pounds the second year, to gain

c pounds the third year, and to lose d pounds the fourth year.

The additive quantities are here a and c, which we are to

write + a and + c,

The siibtradive quantities are here 6 and d, which we are to

write — b and — d,

:. Result of trading =+a — h + c — d.

35. Let us next take the case in which the gain for the

first year is a pounds, and the loss for each of three suhsequont

years is a pounds.

Eesult of trading = +a — a — a-a

Thus we arrive at an isolated quantity of a suitradive

nature.

Arithmetically we interpret this result as a loss of £2a.

Algebraically we call the result a negative quantity.

When once we have admitted the possibility of the inde-

pendent existence of such quantities as this we may extend the

application of the rules for Addition and Subtraction, for

I. A negative quantity may stand by itself, and we may
then add it to or take it, from some other quantity or expres-

sion.

II. A negative quantity may stand fust in an expression

•which we may have to add to or subtract from any oilier

expression.

The Rules for Addition and Subtraction given in Art. 21

will be apiilicable to these expressions, as in the followir^

Examples.

ADDITION.

(1) 5a - 7a= -2a.

(2) 4a-36-6a + 75=-2a + 45.

(3) To 4a To 5a-36
Add -3a Add -2a -26

Svim a Sum 3a -56
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(4) 6a-5&- 4c+ 6 (5) 7a;-57/+ 9;s

-5« + '76-12c-17 -lSx+ 9(/-C.a

- a-86 + 19c+ 4 - 3x-82/+ s

-66+ 3c- 7 -14x-42/•^52

SUBTRACTICN.

(1) From X

Take _-j/
Remainder a; + 1/

or we miglit represent the operation tlms,

a;-(-7/) = x + y*

(2) a + 6-(-a + Z)) = a + 6 + a-6=^2a,

(3) -a-5-(ft-5)=-a-6-a + &=-2a..

(4) -Ca+ 4&- 7c + 10

5a- 9&H- 8c + 19

-8a4-136-15c- 9

(5) a;-2/-[3x-} -5a;-(-4?/ + 7x){]

=jc-i/-[3a;- j -5x + 4y-7x|]
=x—y — [3x + 5x — 4i/ + 7x]

=x— y — 3x — 5x + 4!/ — 7x

, =-14x + 3!/,

(6) 7a + 56+ 9c-12^i

-36- 12c.- 8(Z+ 6e

7o+ 86 + 21C- 4(Z-6e

In tliis example we have deviated from ctir previous prac-

tice of placing lilie, ttrms under each other. This arrange-

ment is useful to facilitate the calculation, but is not absolutely

necessary ; for the terms which are alike can be combinf>d

independently of it.

* Note.—Tlie nieaBing of Subtraction is here extended so that

the result in Art. 18, Case iv. may l)e true when b is less than o.
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Examples.—V.

(I.) ADDITION".

Add together

1. 6a + 76, - 2a - 4J», and 3a - 5?>.

2. - 5a + 66 - 7c, - la 4- 136 + 9c, and 7a - 29& + 4&

3. 2x - Sy + 4^, - 5x + 4?/ - 7z, and — 8a; - 9?/ - 38.

4^ — o + 6 - c + (^ a - 26 - 3c + rf, — 56 + 4c, and - 5c + 4

5. a + 6-c + 7, -2a-36-4c + 9, and3a + 26 + 5c-10.

6. 5x - 3a - 46, 6?/ - 2a, 3a - 2;/, and 56 - 7x.

7. a + 6 - c, c - a + 6, 26 - c + 3a, and 4a - 3c.

8. 7a - 36- 5c + 9^, 26 - 3c - 5f7, and - 4(Z + 15c.

9. - 12a; - 5?/ + 4«, 3:c + 2;/ - 32, and 9a; - 3?/ + a.

(2.) SUBTRACTION.

1. From a + 6 tate -a-h.

2. From a — 6 take — 6 + c.

3. From a — 6 + c take - a + 6 - c.

4. From 6x - Sy + 3 take -2x + 9y-2.

5. From 5a -126 + 17c take -2a + 46- 3&
^

6. From 2a + 6 - 3a; take 46 - 3a + 5x.

7. From a + 6 - c take 3c - 25 + 4a,

8. From a + 6 + c-7 take 8-c-6 + a.

9. From 12a; — 2>y-z take 4j/ - 5^ + x.

10. From 8a - 56 + 7c take 2c - 46 + 2a.

;;. From 92?- 42 + 3r take 52-32? + r.



II. MULTIPLICATION.

36. The operation of finding the sum of a numbers each

equal w> 6 is called Multiplication,

The number a is called the Multiplier.

, b Multiplicand.

This Sum is called the Pkoduct of the multiplication of b

by a.

This Product is represented in Algebra by three distinct

symbols :

I. By ^vriting the symbols side by side, with no sign

between them, thus, ab
;

II. By placing a small dot between the symbols, thus, a.b;

III. By placing the sign x between the symbols, thus,

axb; and aU these are read thus, " a into 6," or " a times b."

In Arithmetic we chiefly use the third way of expressing, a

Product, for we cannot symbolize the product of 6 into 7 by

57, which means the sum of fifty and seven, nor can we well

represent it by 5.7, because it might be confounded with the

notation used for decimal fractions, as 5"7.

37. In Arithmetic

2x7 stands for the same as 7 + 7.

3x4 4 + 4 + 4.

In Algebra

ab stands for the same ash + b + h+ ... with b writteti

a times.

{a-^-b)c stands for the same as c + c + c . . . with c writteii

a+'h times.

[S.A.] B
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38. To shew that 3 times 4= 4 times 3.

3 times 4 = 4 + 4 + 4

= 1+1+1+1
+ 1 + 1 + 1 + 1 \ L
+1+1+1+1

4 times 3= 3 + 3 + 3 + 3

=1+1+1
+1+1+1
+1+1+1
+1+1+1

(
"

Now the results obtained from I. and II. must be the name
for the horizontal cohimns of one are identical wnth the verti-

cal columns of the other.

39. To prove that ah = la.

ah means that the sum of a numbers each equal to 6 is to

be taken.

.*. ah= h + h + with b written a time*

= b

+ b

+

to a lines

1 + 1 + 1 + to 6 terms
J

'

+ 1 + 1 + 1 + to Z> terms
^

»

+
to a lines.

Again,

i

ha^ n + a+ with a written b timea

= a

+ a

+

to /) lines

iB 1 + 1 + 1 + toffltermsj

+ 1 + 1 + 1 + to a terms f
yy

+ I

to h lines. J
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Si —^—

=

1'-'^1'-^

Now the results obtained from I. and II. must be the same,

for the horizontal columns of one are clearly the same as the

vertical columns of the other.

40. Since the expressions ah and ha are the same in mean-

ing, we may regard eiUier a or h as the multiplier in forming

the product of a and h, and so we maj^read ah in two ways :

(1) a into h,

(2) a multiplied by h.

41. The expressions ahc, ach, hac, hca, cab, cha are all the

same in meaning, denoting that the thi'ee numbers symbolized

by a, h, and c are to be multiplied together. It is, however,

generally desiralde that the alphabetical order of the letters

representing a product should be observed.

42. Each of the numbers a, h, c is called a Factor of the

product ahc.

43. When a number expressed in figures is one of the

factors of a product it always stands first in the product.

Thus the product of the factors x, y, z and 9 is represented

by 9xy/2.

44. Any one or more of the factors that make up a product

is called the Coefficient of the other factors.

Thus in the expression 2ax, 2a is called the coeflicient of x.

45. When a factor a is repeated twice the product would

be represented, in accordance with Art. »36, by aa ; when three

times, by aaa. In such cases these products are, for the sake

of brevity, expressed by writing the symbol with a number
placed above it on the right, expressing the number of times the

symbol is repeated ; thus

instead of aa we write a^

aaa a^

aaaa a*

These expressions a^, a^, a* are called the second, third,

fourth Powers of a.

The number placed over a symliol to express the power of

the symbol is called the Index or Exponent.

0? is generally called the square of a.

a' the cw6e of a.
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46. Tlie product of a? and a?= a''' x ci^

~aax aaa = aaaaa= a\

Thus the index of the resulting power is the sum of the

indices of the two factors.

Similarly a*xa^= aaaa x aaaaaa

= aaaaaaaaaa= a^''= a*"^.

If one of the factors he a symbol without an index, we maj
assume it to have an index ^, that is

a — a}.

Examples in multiplying powers of the same FyiiiLol are

(1) axa'^= d^+^==a^

(2) 7a5 X 5a7= 7 X 5 X o3 X a7=35aW= SSffli".

(3) a3xa<'xa9= a3+c+9= aw

(4) x-y X xy- = x-.y .x.y- =x'^.x .y .y"^

—

x-"''^ 7/^+"— x^y\

(5) a"h X aP x a^h' = a^+i+s. h^+-+r= «?. ju.

Examples.—vi.

Multiply

1. X into Sy. 2. 3x into 4y. 3. Zxy into 4xy.

4. 3a&c into ac, 5. a^ into a*. 6. a'' into a.

7. Ca^S into 4a''6l 8. 7a^c into Sa-k^, 9. 15a¥c'^ hy I2c"'bc.

10. 7aV by 4a-5c^ 11. a^ by 3a^ 12. 4a^6x by SaS^y,

13. 19x^2/'^by4x]/V. 14. 17a6^;3by 35c'j/. 15. Gx'^i/z^hjSx^y'z^

16. 3a&cby4ax2/. 17. o'L^'by Sa'b^c. 18. 9»i%2' ^7 '"'^^''V'^'

19. a2/-3 by 6xV. 20. lla'&x by Sa^''b'^hi\

47. The rules for the addition and subtraction of pov, era

are similar to those laid down in Chap. T. for simple quanti.ie8.

Thus the sum of the second and tliird powers of x is re^re-

Bented by
x"^ + x',

and the remainder after taking the fourth power of y from the

fifth power of y is represented by

imd these expressions cannot be abridged.
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But when we have to aild or subtract the same powers of

the same quantities the tenus may be combined into one :

thus

3?/^ + 5?/^ + "nf= 151/',

Again, whenever two or more terms are entirely the same

with respect to the symbols they contain, their sum may be

abridged.

Thus ad + ad= 2ad,

3a'^b — 2a-b= a-b,

5aW + 6a%^- 9a^b^= 2a%\
7a'X - lOa^x - Ua^x = - I5a^x.

48. From the multiplication of simple expressions we pass

on to the case in which one of the quantities whose product is

to be found is a compound expression.

To shew that {a + b) c= ac + be.

(a + h) c= c + c + c+ ... with c written a + b times,

= (c + c + c+ ... with c written a times)

+ (c + c + c ... with c written b times),

= ac + bc.

49. To shew that (a — b) c= ac — be.

{a — b)c= c + c + c+ ... with c written a — b times,

=={c + c + c+ ... with c written a times)

— (c + c + c... with c written b times),

= ac— bc.

Note. JVe assume that a is greater than 6.

50. Similarly it may be slicwn that

(a + b + c) d= ad + bd + cd,

(a— b — c) d= ad — bd — cd,

and hence we obtain the following general rule for finding the

product of a smr/le symbol and an expression consisting of two

or more terms.

" Multiply each of the terms by the single symbol, and con-

nect the terms of the result by the signs of the several terms

of ihe corajjound expression."
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Examples.—vii.

Multiply

1. a + 6 - c ty a. 7. 8?ft- + 9Hin + lOft^ by m?i.

2. a + 36 - 4c by 2a. 8. Oa^ + 4a'6 - 3a^Z>2 + 4(^2^3 i^y 2^16.

3. 0? + 3a- + 4a by a. 9. x^*/' — x^if- + xy — 7hy xy.

4. 3a^ — 5a2 — 6a + 7 by 3a''. 10. m^ — Z ni-n + 3mn^ — n^ by n.

S a-- 2ah + F- by ah. 11. 12a^6 - Ga^i^ + <3a¥ by 12a263.

6. a^ - 3a-62 + ^3 by Zci'-h. 12. 1 3a=^ - 1 Tx'y + 5x?/2 - ^/^ by Sxj/.

51. "We next proceed to tbe case in which both multiplier

aiul multiplicand are comiooiind expressions.

First to multiply a + b into c + d.

Represent c + dhy x.

Then (a + h){c + d) = {a + h)x

= ax + bx, by Art. 48,

— a{c + d) + b(c + d)

'=ac + ad + bc + bd, by Art. 48.

The same result is obtained by the following proccae

:

c + d

a + b

ac + ad

+ bc + bd

ac-{-ad + bc + bd

which may be thus described :

Write a + b considered as the multiplier under c + d con-

sidered as the multiplicand, as in common Arithmetic. Then

multiply each term of the multiplicand by a, and set down the

result. Next multiply each term of the multiplicand by 6, and

eet down the result under the result obtained before. The

sum of the two results will be the product required.

Note. The second result is shifted one place to the right.

The object of this will be seen in Art. 56. ,
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52. Next, to multiply a + Z» into c — i.

Represent c — cZ by a;.

Then (a + 6)(c-d) = (a + &)3;

= ax + 6^

= a(c-(t) + &(c — (^
= ac — ad + bc — hd, by Art. 49.

From a comparison of tliis result •witk the factors from

which it is produced it appears that if we regard the terms of

the multiplicand c — d as independent cpiantities, and call them
+ c and — d, the effect of multiplying the 'positive terms + a
and + 6 into the positive term + c is to produce two positive

terms +ac and +1)0, whereas the effect of multiplying the

positive terms +a and +6 into the negative term — d is to

produce two negative terms —ad and —Id.

The same result is obtained by the following process :

c— d

a + h

etc — ad

+ hc-hd

ac— ad + bc-bd

This process may be described in a similar manner to that

in Art. 51, it being assumed that a positive term multiplied

into a negative term gives a negative result.

Similarly we may shew that a — b into c + d gives

ac + ad — be- bd.

53. Next to multiply a — b into c — d.

Represent c — d hy x.

Then (a-b){c-d) = (a-b)x
= ax — bx

'=a{c-d)-l(c-d)
= {ac — ad) — (he - bd), by Art. 49,

= ac — ad — bc + bd.

When we compare this result with the factors from which,

it is produced, we see that

The product of tlie positive term a into the positive

term c is the posiiive term ac.
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The product of the positive term a into the negative

term — d is the negative term — adi.

The product of the negative term — h into the positive

term c is the negative term — 6c.

The product of the negative term — h into the negative

term — ci is the positive term hL

The multiplication of c - iZ by a - 6 may be written thus :

c — d,

a — b

ac — ad

-bc + hd

ac — ad — be + bd

54 The results obtained in the preceding Article enable ua

to state what is called the EoLE OF Signs in Multiplication,

which is

"The product of two fodtive terms or of tioo negative terms

is positive : the product of two terms, one of which is positive and

the other negative, is negative."

55. The following more concise proof may now be given of

the Rule of Sigxs.

To shew that (a - b){c -d)= ac-ad-bc + ld.

First, {a-b)M=M +M +M + ...with M written a-b times,

={M +M +M+ ...with M WTitten a times)

-{M +M +M+ ... with M written b times),

^aM-bM.

Next, let M=c-d.

Then aM= a (c-d)

= (c-d)a Art. 39.

= ca-da. Art. 49.

Similarly, bM=cb-db.

:. (a - b) {c-cT)= (ca- da) - (cb - db).

Now to subtract (cb - db) from (ca - da), if we take away cb

we take away db too much, and we must therefore add db to

the result,

.*. we get ca — da — cb + db,

which is the same as ac - ad ~hc + Id. ^ Art. 39.
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So it appears that in multiplying (a — l){c~d) we must

multiply each term in one factor by each term in the other

and prefix the sign according to this law :

—

Wlien the factors multiplied have lilce signs •prefix +, tchcn

unlilce — to the 'product

This is the Eule of Sigks.

56. "We shall now give some examples in illustratioii of the

principles laid down in the last li^'e Articles.

Examples in Multiplication worked out.

(1) Multiply X + 5 by X + 7. (2) Multiply x - 5 by x + 7,

x+ 5 X—

5

x+ 7 x+7

x"+ 5x a^ — bx

+ 7x + 35 +7x-35

x2 + 12x + 35 x-' + 2x-35

The reason for shifting the second result one place to the

right is that it enables us generally to place like terms under

each other.

(3) Multiply X + 5 by X -

x + 5

a;-7
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57. The process in the multiplication, of factors, one or

both of wliicli contains more than two terms, is similar to the

piocesses which we have been describing, as may be seen from

the following examples :

Mnltiply
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(5) Find the continued product of x + a, x + &, and 1 4 5,

x-' + ax

+ 6x + a6

oi^ + ax + 6x + oft

oc + c

x-' + a.x- + h^? + a6x

+ cx^ + acx + 6cx + ahc

x^ + (a + 6 ^ (;)x2 + (a6 -k-ac\ bc)x + 060

A^'o^e. The coefficients of x^ and x in the expression just

obtained are a + b + c and a6 + ac + be respectively.

When a coefficient is expressed in letters, iis in this example,

it is called a literal coefficient.

Examples.—viii.

Multiply

I. x + 3byx + 9. 2. x + 15byx-7. 3. x- 12 by x + 10.

4. x-8byx-7. 5. a-3bya-5. 6. y-6byy + 13.

7. x2-4byx2+5. 8. x2-6x + 9 by x2-Gx + 5.

9. x2 + 5x-3by x2-5x-3. 10. a^ -3a + 2 hy a^-2a'^ + 2.

11. x2_a; + l by x^ + x-l, 12. x^ + xy + y^ hy X'-xy + y\
1^. x^ + xy + y^hy x-y. 14. a^ _ a;2 j^y ^4 ^. ^^2^2 ^ ^.4^

15. x^-3x2 + 3x-l by x2 + 3x+l.
16. x' + Sx^y -!- 9x1/- + 21y^ by x — 3y.

17. «» + 2a26 + 4a¥ + 86^ by a - 26.

1 8. 8ft3 + 4ft26 + 2a62 + ^3 by 2a - b.

19. o3 - 2«26 + 3a62 + 4P by a2 - 2ab - 358.

20. a^ + da~b - 2a&2 + 3b^ by a^ + 2a6 - 362.

21. a^ — 2ax + 4x2 ^y ^2 + 2ax + Ax\

22. 9rt2 + 3ax + x2 1 .y 2a' - 2>ax + x\

23. x* - 2ax2 + 4a2 by x* + 2«x2 + Aa\
24. a^ ^ 52 + g2 _ (JJ _ ^g _ Jg by fj ^ J ^ (._

25. x^ + 4xy + 5i/2 by x^ - Zx-y - 2xy^ + 3?/'.

26. a6 + cfZ + ac + tcZ by ab + cd — ac — bd.

Find the continued j^roduct of the following expression :

^7. x-a,x + a, x- + a^, x* + a*. s8. x - a, x + 6, x - 0.
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39. 1 -X, 1 +a;, 1 +a;2, 1 +x*.

30. a;— ?/, X + 2/, a;2_ xy + y^^ 2;2 ^ ^^ ^ ^2^

31. a — X, a + x, a' + a;'^, a* + x*, a* + x*.

Find the coefficient of x in the following expansions :

32. (x-5)(x-6)(x + 7). 33. (x + 8)(x + 3)(x-2).

34. (x-2)(x-3)(x + 4). 35. (x-a)(x-&)(x-c>

36. (x2 + 3x-2)(x2-3x + 2)(x*-5).

37. (x2-» + l)(x2 + X-l)(x*-x2 + l).

38. (x^—mx + 1) (x^— mx— 1) (x* — itC-x — 1).

58. Our proof of the Eule of Signs in Art. 55 is founded

on the supposition that a is greater than h and c is greater

than d.

To include cases in which the multiplier is an isolated nega-

tive quantity we must extend our definition of Multiplication.

For the definition given in Art. 36 does not cover this case,

since Ave cannot say that c shall be taken — d times.

We give then the following definition. " The operation of

Multiplication is such that the product of the factors a— b and

c — d will be equivalent to ac—ad—bc + bd, whatever may be the

values of a, 6, c, d."

Now gince

(a— b) {c — c!)—ae—ad— bc + ldf

make a=0 and d= 0.

Then (0-b){c-0) =Oxc-OxO-bc + bxOf
ov —bxc= —be.

Similarly it may he she^vn that

-bx -d= +bd.

Examples.—ix.

Multiply

•S, a^by -b. 2. a^ by -a\ 3. a%hy -ab^.

^ _ 4^2^ by - ZaP. 5 . 5x^2/ ^7 - ^^Z- ^- ^^ - a6 + h'^ by - ft

y. Za^ + 4(r-5ahj -2a\ 8. —a^— a^-ahy —a—1,
9. 2xhj - bxxf + Aif by — 2x— 3^.

10. — hm^— G?/in + In^ by —rn + 'H.

11. 13r2— 17r— 45 by — ?•— 3.

12. 'jx^-?>x-z-Qz^hy -x-z.

13. — x^ + x*^ —xy by ~y — x.

14. -y^-xif-x'^y-x^hy -x-y.
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59. To this part of Algebra belongs the process called

Involution. This is the operation of multiplying a quan-

tity hy itself any number of times.

The power to which the quantity is raised is expressed by

the number of times the quantity has been employed as a

factor in the operation.

Thus, as has been already stated in Art. 45,

a^ is called the second power of a,

a^ is called the third power of a.

60. When we have to raise negative quantities to certain

powers we symbolize the oj^eration by putting the quantity in

a bracket with the letter denoting the index (Art. 45) jdaced

over the bracket on the right hand.

Thus (— ay denotes the third power of —a,

( - 2x)* denotes the fourth power of — 2x.

61. The signs of all even powers of a negative quantity

will be positive, and the signs of the odd jjowers will be

negative.

Thus (-a)2= (-o)x(-a) = ct2,

(-o)3=(-a).(-o) (-a) = a2.(-a)= -al

62. To raise a simple quantity to any power we multiply

the index of the quantity by the number denoting the power
to which, it is to be raised, and prefix the proper sign.

Thus the square of a? is a%

the cube of a' is a",

the cube of - x^yz^ is - x^y^
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63. We form the second, third and fourth powei's of a + 6

in the iollowing manner :

a + 6

a + 6

o- + ah

+ a6 +62

(a + 6)2=a2 + 2a6 + 62

a +6

a3 + 2a2J, + a62

+ a26 + 2a&2 + 63

(a + 6)3= a3 + 3a26 + 3tt&2 + j3

a +6 .

a* + 3a36 + 3a262 + a63

+ a^6 + 3a-'62 + 3a&" + 6*

(a + 6)^= a< + 4a^6 + 6a2Zy2 + 4a63 + 54.

Here observe the following laws :

I. The indices of a decrease hy unity in each term.

II. The indices of b increase hy unity in each term.

III. The numerical coefficient of the second term is always

the same as the index of the jiower to which the

binomial is raised.

64. We form the second, third and fourth powers of a - fi

in the following manner

:

a-b
a-h

a- -ah
~ab +63

(a-6)2= a2_2rt6 + &2

a -h

a^-2a-h + ab^

- a26 + 2a62_63

(a - 6)^ = a3-3a26 + 3a&2-63

a -b

a*-3a36 + 3a262_a63

- a^b + 3a''-h--2a¥ + lfl

(a - hy ="«* - 4a% + Ga'-h"^ - Aab^ + 6*.
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Now observe that the powers of a - & do not differ from the

powers of a + 6 except that the terms, in which the odd powers

of h, as ¥, P, occux have the sign - prefixed-

Hence if any power of a + h be giveii we can write the

corresponding power of a - 6 : thus

since (a + 6)^= a^ + ba% + lOa'^ft- + \Qa-P + 5a?** + &^

(a - If= 0?- ha>h + \^a?W- - \^aW + 5a6* - }fi.

65, Since (a + 6)2= a2 + &- + 2a6 and {(i-iy-= a--^l"-'-la\

it appears that the sq^uare of a binomial is formed by the

following process :

"To the sum of the sr[nares of each term add twice the

product of the terms."

Thus {z + %jf= a;2 + f + 2a;?/,

(a; + 3)2= x2 + 9 + 6.t;,

(a;-5)2= a;2 + 25-10.r,

(2x - lyf= 4x2 ^ 49^2 _ 23^1;.

66. To form the square of a trinomial

:

o^ + a& + ac

+ 116 + 62+ 5c

o2 + 2a& + 52 + 2ac + 26c + c\

Arranging this result thus a^ + 52 ^ ,,2 ^ 2a6 \ 2ac + 25c;, we see

titiLi it is composed of two sets of quantities :

I. The squares of tlie quantities a, b, c.

II. The double products of a, h, c taken two and two.

Now, if we form the square of a - 6 - c, we get

a-h-c
a-h-c

a? -ah- ac

-ah-v¥ + hc

-ac + hc + c^

o2 - 2a6 + 62 - 2ac + 26c + c*.

The law of formation is the same as before, for we have
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I. The squares of tlie quanlities.
,

11. The douhle protlucts of a, - 6, - c taken two by two

:

tlie sign of each result being + or — , according as

the signs of the algebraical quantities composing it

are like or unlike.

67. The same law holds good for expressions containing

more than three terms, thus

(a + & + c + cZ)2= a- + 5- + c2 + d2

+ 2a& + 2ac + 2a(Z + 25c + 25(i + 2c(Z,

- 2a& + lac - 2ad - 26c + 2hd - 2cd.

And generally, the square of an expression containing 2, 3,

4 or more terms will be formed by the following process :

" To the sum of the squares of each term add twice the

product of each term into each of the terms that follow it."

Examples.—X.

Form the square of each of the following expressions :

1. x + a. 2. x-a. 3. x + 2. 4. a; -3. 5. x^ + j/^.

6. x^-ij". 7. a? + lP: 8. a^-l?. g. x + y-\-z. 10. x-y + z.

II. m + n-p-r. 12. x- + 2a;-3. 13. x--6x + 7.

14. 2x--7x + '.). 15. x- + y'^-z\ 16. x*-4x^y^ + yt

17. a^-{-P + c\ 18. a?-y^-z^. 19. x + 2y-Zz.

20. z"-2y'+ 5z\

Expand the following expressions :

21. (x + a)l 22. {x-af. 23. {x + iy. 24. (x-1)'.

25. (a; + 2)3. 26. {a^-l>^\ 27. {a + b + cf. 28. (a-b-cY
29. {m + 7if.{m-ny. 30. (rii + n)-.(m-— 71^).

6A, An algebraical product is said to be of 2, 3 dimen-

«io?*», vben the sum of the indices of the quantities composing

theps^sduct is 2, 3

Thus ab is an exjiression of 2 dimensions,

a?h-c is an exj^rcssion of 5 dimensions.
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69. An algebraical expression is called homogeneous wlien

each of its terms is of the same dimensions.

Thus x^ + xy-i- if is liomogeneouSj for each term is of 2 dimen-

HJons.

Also Zx^ + Ax-y + Zif is homogeneous, for each term is of 3

dimensions, the numerical coefficients not affecting the dimen-

sions of each term.

70. An expression is said to be arranged according to

powers of some letter, when tlie indices of that letter occiir in

the order of their magnitudes, either increasing or decreasing.

Thus the expression a^ + arx + ax'^ + z^ is arranged according

to descending powers of a, and ascending powers of x.

71. One expression is said to be of a higher order than

another when the former contains a higher power of some dis-

tinguishing letter than the other.

Thus a^-{-a-x-\-ax- + o? is said to be of a higher order than

a- + ax + x-, with reference to the iude^ of ck

IV. DIVISION.

72. Division is the process by which, when a product iB

given and we know one of the factors, the other factor is deter-

mined.

The product is, with reference to this process, called the

Dividend.

The given factor is called the Divisor.

The factor which has to be found is called the Quotient.

73. The operation of Division is denoted by the sign 4-.

TIius ah~a signifies that ab is to be divided by a.

The same operation is denoted by writing the dividend

ab
over the divisor with a line drawn between them, thus—

.

a

In this chapter we shall treat only of cases in which the

dividend contains the divisor an exact number of times.

[S.A.] a
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Case I.

74. When the clivideud and divisor are each inclnded in

a single term, we can usually tell by inspection the factors of

which each is composed. The quotient will in this case be

represented by the factors which remain in the dividend, when
those factors which are common to the dividend and the di-

visor have been removed from the dividend.

cib
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Case II.

76. If the divisor be a single term, while the dividend

contains tAvo or more terms, the quotient will be found by
dividing each term of the dividend separately by the divisor

and connecting the results with their proper signs.

Thus = a + 6,
X

-= a-x^ + ax-\-lf
ax

-^

^y./
^ = 3xh/ + 4xy - 2.

Examples.—xii.

Divide

1

.

a;^ 4- 2x^ + a; by x. 4. mpx"^ + wr^r-j? + m'p' by m^.

2. t/-y* + y^— y"^ by y^. 5. Ida^xy — 28a^x' + 4a'X^ by 4a*af,

3. 8a^ + l6a^ + 24ah'^hySa. 6. 72xY'-36xy-18xYhy9x'^y.

7. Slm^n' - 5477i''M^ + 27m^n-p by 3?}i'?A

8. UxY - SxS/ - 4xY by 4x3.

9. 169ffl*6 - WlaW + 91a-6 by ISa'.

10. 36165c3 + 2286V -1336V by \dJPc.

77. Admitting the possibility of the independent existence

of a teim affected with the sign - , we can extend the Exam-
ples in Arts. 74—76, by taking the first term of the dividend

or the divisor, or both, negative. In such cases we apply the

Rule of Signs in Multiplication to form a Eule of Signs in

Division.

Thus since -a x 6= -ab, we conclude that —y~—= —a,

rtx-6=— 06, —
h~^>

,7 ah—ax ~o= ao, —=-= —a;—
and hence the rules

I. When the dividend and the divisor have the same

sign the r^irotient is positive.

II. When the dividend and the divisor have different

signs the quotient is negative.
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7S. The following Examples illustrate the conclusions just

oLtained :

(1) ^f=-a^. (3) -^-3^^-= 9x2/3.

<2) -^^^- = - s*^'-^'-
(4) —T = -^ + ^•

(5) ^}tl^t±^t^:^.^^y^^al^-o?l^a\

(6) ^_4^^3'—^ = 3^-i.-=-4x2/ + 2.

Examples.—xiii.

Divide

1. 72a5by— 9a6. 6. —o^:^ — as?--axh^ —ax.

2. - GOa» by - 4a3. 7. - ?Aa^ + 5 la? - Vlivj? by 17a.

3. -84xYby4xy. 8. -%a^\r-'^\(v'\? ^Z^a'V^\i\r -Aa^?,

4. - 18to%2 ijy 3„,„,
(J.

_ 144x^+ 10Sx-i/-9Gx7/'- by 12.c

5. - 12Sa'6-c by - %hc. 10. i-x^A,- - i^x's* - Z/^/z-is^ i,y _ l"-z\

Case III.

79. The third case of the operation of Division is that in

which the divisor and tlie dividend contain more teims than

one. The operation is conducted in tliu luiluwing way :

Arrange the divisor and dividend according to the

powers of some one symbol, and place them in the

same line as in the process of Long Division ia

Ai'ithmetic.

Divide the first term of the dividend by the first term

of the divisor.

Set down the result as the first term of the quotient.

Multiply all the terms of the divisor by the first terra

of the quotient.

Subtract the resulting product from the dividend. If

there be a remainder, consider it as a ncxo dividend,

and proceed as before.
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The process will "best be understood Ly a careful study ol

the following Examples:

(1) Divide a? + 2a5 + If- by a + &. (2) Divide a- - 2ac> + 1" bya-K

a? + a& a?— ah

ah + ¥ -ah + h^

ah + h^ -a6 + 6«

(3) Divide xP - if by x^ — if.

A" - 2/'

x^i/'' - y'

sc^y* - 'f

(4) Divide x« - 4a^x*+ 4a*x'^ - a« by x^ - a'.

aj2 _ a"') x« -4aV + 4a4x2 - a" (^x* - SaV + a*

-3a2x* + 4rt-'x2-a»

a''x- - a^

aV - a"

(5) Divide 3xy + x^ + i/-lhy y + x-l.
Arranging the divisor and dividend by descending pow$r$
of X,

Z+ y -IJx^ + uxy + if - l{x"-xij + x + y- + y + l

aP+ x-y - x^

-x-y + x^+ 3x^+ 1^-1
~x-y-xi/ + xy

x^ + xy^ + 2xy + y^~l
-^ x^ + xy-x-

xy'^ + xy + x + y^-1
xy"^ + y^ — y^

xy+ x + y^-1
' xy + y^-y

x +y-1
x+y-1
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80. We must now direct the attention of the student to

two points of great importance in Division.

I. The dividend and divisor must be arranged, accord-

ing to the order of the powers of one of the symbols

involved in them. Tills order may be ascending or

descending. In the Examples given above we have

taken the descending order, and in the Examples

worked out in the next Article we shall take an

ascending order of arrangement.

II. In each remainder the terms must be arranged in

the same order, ascending or descending, as that in

Avhich the dividend is arranged at firdt.

. 81. To divide (1) l-x'^hv 7? + x" + x-hl,

arrange the dividend and divisor by ascending powers of x,

thus

:

l + x + z'^ + x^)l~x'^{l-x
1+x + x^ + x^

"* T* -~ 3— Q ~- T

-x-x'^-x^- X*

(2) 48x2 + 6 - 35a;5 + 5Sx^ - TO.c^ - 23a; by 6/- -ox + 2 -7a?,

arrange the dividend and divisor by ascending powers of as,

thus :

2-5x+ 6x2 - 7a;3^ q _ 23a; + 48^2 - TOx^ + 58x* - 35x5 (^3 - 4x + 5x2

6-15x+18x2-21x3

- 8x + 30x2- 49x3 + 58x*

- 8x + 20x2- 24x3 + 28x*

10x2- 25x3 + 30x* _ 35,^

^ 10x2 - 25x3 + 30x«- 35x5

Examples.—xiv.

l)i-\nde

1. a-2+15x + 50by z + 10. 5 x3+ 13^2^543.^70 jjy 3..^g,

2. a;2-17x+'70 by x-7. 6. a? + x^~x-lhy x+l.

3. x2 + x-12 by x-3. 7. x3 + 2x2 + 2x + 1 by x + 1.

4. x2+13x + 12byx + l. 8. x»-5x3 + 7x2 + 6x+ 1 byx^-f 3x + L

9. X* - 4x3 ^ 2x- + 4x + 1 by x2 - 2x - 1.

10. x*-4x3+Cx2-4x + l byx2-2x + l.
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II. x*-a;2 + 2x-l by X- + X-1, 12. x*-4x2 + 8a; + 16by»+ i.

13. 3?\ 4x-y + 3x7/- +12i/'by x + 4ij.

14. a* + 4a^6 + Ga-h'^ + 4aP + h*hy a + h.

15. a5 - 5a*6 + lOa^^a - lOa'^b^ + 5a6* - i/^ by a - B.

16. a:*-12x3 + 50x2-84x + 45byx2-6x + 9.

17. aS - 4(1^6 + 4a362 + 4a263 - I7a6* - 1265 by a^ - 2ab - 361

1 8. 4aV - ISa^x^ + 13aV - Ga^x + a« by 2aa:2 - Sa^x + a^.

19. x''-x2 + 2x-l by a;^ + a;-l.

20. X'* +aV - 2a* by x- + 2a*. 23. x* - 1/^ by x - y.

21. x2-13x?/-30]/' by x-15y. 24. a"-6" + 26c-c-bya-6 + c.

22. x^ + y^byx + y. 25. 6 -36- + 36^ -6* by 6-1.

26. a2-62-c2 + d2-2(aiZ-6c) bya + 6-c-d.

27. x3 + 2/^ + s3-3x7/2 by x + y + ». 28. x*^ + j/^" by x^ + j/'.

29. 2?* +^92 + 2i5J" - 22' + Vjr - 3r2 by 2^ - 2 + 3r.

30. 08 + a«62 + a*6< + a26« + 68 by a< + a% + a262 + 06' + h\

3 1. x* + x'^u'^ + x'^ii* + x"if + 1/8 by x* - x^(/ + z^t/ - xi/ + y*.

32. 4x-5-x3 + 4xby2x2 + 3x + 2. 33. a5-243bya-3.

34. fc^o - k by 7c3 - 1. 35. ari - 5x2 _ 40^. _ 40 by x +4

36. 48x3 - IGax^ - 64a2x + lOoa' by 2x - 3a.

37. 18x* - 45x3 + 82x2 _ Q-jy. .,. 40 ly 3a;2 - 4x + 5.

38. IGx* - 72a2x2 + 81a* by 2x - 3a.

39. Six* - 256a* by 3x + 4a. 41. x^ + 2ax2 - a'x - Sa^ by x* - a*.

40. 2a3 + 3a26 - 2a62 - 363bya2 - 52. 42. a* - a262 _ 126*by a* + 362

43. X* - 9X2 _ Qj^y _ y2 Ijy x"^ + 3X + 1/.

44. X* - Gxhj + 9x2i/2 _ 4yi by x2 - 3x1/ + 2y\

45. X* - 8I2/* by X - 3?/. 47. , 81a* - 1G6* by 3a + 25.

46. a* -166* by a -26. 48. 16x*-81?/* by 2x + 3?/.
;

49. 3a2+ 8a6 + 46^ + lOac + 86c + 3c2 by a+ 26 + 3oi

50. a* + 4a2x2 + 16x* by a2 + 2ax + 4x2.

51. x* + x2i/2 + i/* by x2-x?/ + 2/2. !

52. 256x* + 16x2i/2 + y4-by i6a;2+ 4x2/ + j/2.

53. x5 + x*?/ - x3y2 + x3 - 2x(/2 + 1/ by x' + X - |f»



40 DIVISION.

5 4. ay? + Sa^-x^ - 2a'a; - 2«* by a; - a. 5 5 . a^ - a;^ by x + o.

56. 2x2 + JC2/-3t/2-4i/3-a:5!-Si- by 2x + 3j/ + 3.

57. 9x+ 3a;* + 14a;3 +2by l + 5x+ a;2.

58. 12 - 38x + 82x2 - 1 1 2x3 + I06a;* - VOx^ by Tx^ - 5x + a
59. a^ + 2/^ by X* - v?y + x-i/^ - x^^ + ?/*.

60. (a^x- + 'hhf) - {a-lr + z'-if) by ax + lnj + ah-V xy.

6 r . 0.& (X- + ?/-) + xy(«2 + 52^ ^jy ^3. ^ Jyy^

62. X* + (2&''' - a")x^ + ¥ by x^ + ax + 6^.

82. The process may in some cases be shortened by the use

of brackets, as in the following Example.

x + h)x'^ + (a + h + c)x^ + (ab + ac + he) x + abc (:t- + {a + c) x -k- ac

x3 + 6x2

(a + c) x^ + (ah + ac + he) x
(a + r) X- + (ah + be) x

acx + a&<5

acx + ate

a - 1^ x^ - mx* + nx? - nx" + rax - 1 (x'* - (m - 1) x'

x''-x* -{ni-n-V) x'"-(/Ji-l) x + 1.

- (m - 1) X* + jjx'

- {m - 1) X* + (m - 1) if?

— (m -11-1) x'- nx^

- (m - 71 - 1) x' + {m - n - 1) x*
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83. The following Examples in Division are of great

importance.

Divisor.
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85. These properties may be easily remembered by taking

tbe four eimi^lest cases, thus, x + y, x-i/, x^ + i/^ x^-y^, of

which

the first is divisible by x + y,

second aJ-y,

third neither,

fourth both.

Again, since these properties are true for all values of x and

y, suppose y= \, then we shall have

X^-\ . X2-1 .—--r-=a;-l, -=x+\,
a+l ' x-1 '

——-=x2-x + l, ^=x2+x + L
X +

1

' x-1

Ako

r-=x^-x3+x2-x+l,
x+

1

'

! j-= x5 + X* + x3+ x''+ X+ l.

EXAMPLES.—XVi.

"Without gouig through the process of Division write down
the quotients in the following cases :

1. When the divisor is w + n, and the dividends are

respectively

m^ - »^, m? + in?, m^ + n^, m" - n^, mP+ v?.

2. When the di\'isor is m-n, and the dividends are

respectively

rii^ - n^, rn? - v?, m* - n*, m? - n^, w7 - v?.

3. "Wlien the divisor is a + 1, and the dividends are

respectively

a--\,a^+l,a^ + \,a'' + lya?-\.

4. T\lien the divisor is y-l, and the dividends are

respectively

^2-1, 2/3-1, r/5-l,,/-I, 2/9-1. .^,



Y. ON THE RESOLUTION OF EXPRES-

SIONS INTO FACTORS.

8G. We shall discuss in this Chapter an operation which

is the opposite of that which we call Multiplication. In Mul-

tiplication we determine the product of two given factors : in

the operation of which we have now to treat tlce product is

given and the factors have to be found.

87. For the resolution, as it is called, of a product into its

component factors no rule can he given which shall be applic-

able to all cases, but it is not difficult to explain the process

in certain simple cases. We shall take these cases separately.

88. Case I. The simplest case for resolution is that in

which all the terms of an expression have one common factor.

This factor can be seen by inspection in most cases, and there-

fore the other factor may be at once determined.

Thus a'^ + ah=a(a + 1),

20,3 + ^^J2 + Sa= 2a {a" + 2a + 4),

93?y - ISz'ij- + 54x?/= 9xy (x^ - 2xy + 6).

Examples.—xvii.

Resolve into factors

:

1. 6x2 -I5x. 5. ai* - ax^ -{ hx"^ + ex.

2. 3x3 + 18x2 -t/:c 5^ 3x-y-2Ixy + 27x32/*.

3. 49(/2-14?/ + 7. 7. 54a"b^ + 10Sa%'^-24-da«l^.

4. 4ochj-12x'^if + 8xf. 8. 45.c7(/i<' - OOx-y - 360xV.
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89. CaSG- II. Tlie ricxt case in point of simplicity is tliat

in which four terms can be so arronged, that tlie first two have

a common factor and the last two ha^'e a common factor.

Thu3
a;' + ax. + Z;x + aJ»= (.7:^ + ax) + (5j;+ a5)

='x, (x + «) + i (x+ a)

= (x + &) (x + a).

Again
ac — aS.-hc-v'hl^ (rtc - «f/) - (5c - tJ)

=a(c-(?)-6(c-(Z)
= (a-5) (c-fZ).

Examples.—xviii.

Resolve into factors :

1

.

sc- - rtx - ?):c + a6. 5. a5x" - (rrry + try - if:

2. a5 + ax-tx-x^. 6. ahx - ahy + cclx - cdy.

3. hc + hy-cy - xf. 7. C(t.';^ + cZ/jltt/ - c)z.t?/ - mny"^.

4. tni + 7ftu + «5 + fjji,. 8. ahcx-b~dx-accly + id^y.

90. Before reading the Articles that follow the student is

advised to turn Lack to Art. 5G, and to ol.iserve the manner in

which the operation of multiplying a binomial by a binomial

produces a trinomial in the Examples th(;re given. He will

then be prepared to expect that in certain cases a trinomial

can he resolved into two binomial factors, examples of which we
Bhall now give.

91. Case III. To find the factors of

Our object is to find two numbers whose product is 12,

and whose sum is 7.

These will evidently be 4 and 3,

.'. a;2 + 7x + 12= (x + 4) (x + 3).

Again, to find the factora of

x- + 5hx+ Qh\

Our object is to find two numbers whose prodiict is 65',

and whose sum is 55.

These will clearly be 35 and 25,

. . x^ + bbx + G5^= (./. -1- S5) {x + 25).
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Exai^.ipi.e:s.—xix.

Piesolve into factors

:

1. a;2 + llx+30. 9. i/'4-19r?7/ + 4Srt^

2. a;2 + l7a; + C0. 10. t'2 + 20j^;: + 100j5«.

3. 1/2 + 137/+12. II. a;'' + 5x- + C.

4. 1/2 + 217/ + 110. 12. a:« + 4j;3 + 3.

5. m^ + 35m + C00. 13. 0:^4-18x7/ + 32.

6. m2 + 23m + 102. 14. a;Y + 7a;y + 12.

7. a2^.9aZ, + 8J''-'. 15. m^o + lOm-^' + lG.

8. x2 + 137nx+3G7rt.3. 16. ?r + 27H2+ 140g2.

93. Case IV. To fmd tlie factors of

a;--9.'c + 20.

Our object is to find two negative terms whose product is 20,

and whose sum is --9.

These will ck-arly be - 5 and - 4,

Ex



46 RESOLUTION INTO FACTORS.

Examples.—xxi.
Eesolve into factors

:

I.
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98. We may now lake the case of Trinomials wliich are

ferfect squares, which are really included in the cases dis-

cussed in Ai'ts. 91, 92, but Avhich, from the importance they

assume in a later part of our subject, demand a separate con-

sideration.

99. Case VII. To fmd the factors of

»2 +12x4-36.

Seeking for the factors according to tlio hints given in Art.

91, we find them to be x + 6 and a; + 6.

That is a;" + 1 2x + 3G= (x + G)*.

EXAMPLi:S.—xxiv.

Eesolve into factors :

1. X2 + 18X+ 81. 6. x4 + 14x2 + 49.

2. x2+ 26x+169. 7. x^+lOxy + ^mf.

3. a;2+ 34x + 289. 8. m'* + lCrjiV+G4n4.

4. 1/2+ 22/+ 1. 9. 0:8 + 24x^ + 144.

5. s2+ 2002 + 10000. 10. xy-lG2x?/ + 6561.

100. Case VIII. To fmd the factors of

X--12X + 3G.

Seeldng for the factors according to the hint^^ given in Art

92, we find them to be x - G and x - G.

That is, x2 - 12x+ 3G= (x - C)-.

Examples.—IOCV.

Eesoive into factors :

3. x^-8x + 16, 2. x2_28x + 106. 3. x2-36x + 324.

4. 1/2 -40?/ + 400. 5. s— 1002 + 2500. 6. x*- 22x2 + 121.

7. x2- 30x1/ + 2253/2. 3. m*-32/it"it2 + 256/i*.

9. !c6- 38x^ + 361.
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101. Case IX. "We now proceed to the most important

case of Eesolution into Factors, n;unely, tliat in which the ex-

pression to be resolv'ed can be put in the form of txco squares

with a ncfjative sign between them.

Since m'-?i^=(m + n) (m-n),

we can express the difference between the squares of two

quantities by the product of two factors, determined by the

following method

:

Take the square root of the first quantity, and tlie square

root of the second quantity.

The sum of tlie results will form the first factor.

The difference of the results will form the second factor.

For example, let a- - Ir be the given expression.

The square root of a- is a.

The square root of i- is &.

The sum of the results is a + 6.

The difference of t^e results is a - 6.

The factors will therefore be a + 6 and a - 6,

that is, o--6-= (a + 6)(a-i).

102. The same method holds good with respect to COIU*

pound quantities.

Thus, let a- - (6 - c)^ be the given expression.

The square root of the first term is a.

The square root of the second term is 6 - &

The sum of the results is a + & - c.

The difference of the results is a — 6 + c.

.-. a2-(Z>-c)2= (a + &-c)(a-6 + f).

Again, let (a - 5)- -{c-d)"^ be the given expression.

The square root of the first term is a - &.

The square root of the second term is c - d.

The sum of the results is a~h + c-d.

The difference of the results is a-h-c + d.

:. {a-h)'- {c-d)^= {a-b+ c-d) {a-b-c + d).

[S.A.] t>
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103. The terms of an expresfiion may often Le arranged

so as to form two squares with the negative sign between

them, and then the expression can be resolved into factors.

Thus a2 + &2_c2-(^2 + 2<t6 + 2c(Z

= a2 + 2a6 + i2_c24.2a?-(Z2

= (a2 + 2a5 + Z/2)
_ (^2 _ 2f^ +<Z2)

= (a + Z<)2-(c-fZ)2

= (rt + 6 + c - (f) (ti + Z» - c + J).

Examples.—xxvi.

Eesolve into two or more factors :

1 . x2 - 1/2. 2. a;2 - 9. 3, 4x2 - 25.

4. a* -a;*. 5. a;2-l. 6. a;"-!.

7. a;8-l. 8. w*-lG. 9. 30(/2-493».

10. 81x2//2 - 121a2i2. 1 1, (a _ Z;)2 _ ^^ j 3. a;2 _ ^,^ _ ,j)3,

13. (a + ?/)2 - (c + 1;)2. 2^. 2.r)/-a;2-i/+l.

14. (x + 2/)2-(x-i/)2. 25. x^-2iiz-y--zl

15. a;2_2,-c7/ + y2_j,2. 26. a2-4Zy2-9(;2+126&

16. {a-by'-{m + ny. 27. a^-lGil

17. a^-2ac + c^-h--2hd-d:K 28. l-49c2.

18. 2?)C-?>2_c2 + a2. 29. a2 + ;y2_c2_(Z2_2a5-2cJ.

1 9. 2 J-!/ + X- + 1/2 - Z". 30. a2 - Z('' + c"- d- - 2ac + 2&.Z.

20. 2 nui - m2 - ?i2 + a2 4- ^2 _ 2ttt. ^ f . 2a^x^ - 21ax.

21. (((x + 0)/)2- 1. 32. aW-c^.

22. (f(X + 6(/;2 - (rtX - i;(/)2. 33. (ox - 2)2 -(X- 4)2.

23. \-a?-h- + 2ah. 34. (Tx + 4)/)2 - (2x + 3j/)«..

35. (753)2 -(247)2.

104. CaSG X. Since

= X- - ((X + a-, and = x' + ax + a- (Art. 83),x+a ' x-a ^ "

we know the following inqiortant fart- :
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(1) The sum of tlie cubes of two numbers is divisible by
the sum of tlia numbers :

(2) The diJJ'crcnce T^etwecn the cuhcs of two numbers la

divisible by tlie difference between the numbers.

Hence we may resolve into factors expressions in the form
of the sum or dill'erence of tlie cubes of two numbers.

Thug *a;3 + 2?= a;3 + 33=(a, + 3)(x'*-3a; + 9)

2/3-C4=2/3-43=(2/-4)(2/2 + 4)/ + lG).

Examples.—xxvii.

Express in factors the following expressions :

1. a?+}p. 2. a^-P. 3. a?-S. 4. 053^343,

5- 63-125. 6. a;3 + G4?/3. 7. a3-216. 8. Sx^ + ^ly^

9. G4a3_ 100063, 10. 729x3 + 512)/3.

Express in four factors each of the following expressionf ;

II. x^-y^. 12. z^-l. 13. a<'-C4. 14. 729 -j/6.

105. Before we proceed to describe other processes in

Algebra, we shall give a series of examples in illustration of

the principles already laid down.

The student will find it of advantage to work every example

in the following scries, and to accustom himself to read and to

explain with facility those examples, in Avhich illustrations are

given of what may be called the short-hand method of expressing

Arithmetical calculations by the symbols of Algebra.

Examples.—xxviii.

1. Express the sum of a and h.

2. Interpret the expression a-h + c.

3. How do you express the double of x 1

4. By bow much is a greater than 5 ?

5. If a; be a whole number, what is the number next

above it ?

6. "Write five numbers in order of magnitude, so that »
shall be the third of the five.
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7. If a be multiplied into zero, what is tlie result ?

8. If zero be divided by x, what is the result ?

9. Wliat is the sum of a + a 4- a . . . written tZ times ?

10. If the product be ac and the multij)lier &, what is the

multiplicand ?

1 1. What number taken from x gives ij as a remainder ?

12. ^ is X years old, and B isy years old ; how old was A
when B was born 1

13. A man works every day on week-days for x weeks in

the year, and during the remaining weeks in the year he doe^

not work at all. During how many days does he rest ?

14. There are x boats in a race. Five are bumped, Hov
many row over the course '?

15. A merchant begins trading with a capital of x j^ounds.

He gains a pounds each year. How much capital has he at

the end of 5 years ?

16. A and B sit down to play at cards. A has x shillings

and B y shillings at fii'st. A wins 5 shillings. How much has

each when they cease to play ?

17. There are 5 brothers in a family. The age of the eldest

is X years. Each brother is 2 years younger than the one next

above him in age. How old is the youngest ?

18. I travel x hours at the rate of y miles an hour. How
many miles do I travel i

19. From a rod 12 inches long I cut off x inches, and then

I cut off y inches of the remainder. How many inches are

left ?

20. If n men can dig a piece of ground in q hours, how
many hours will one man take to dig it ? ^ -

21. By how much does 25 exceed x?

22. By how much does y exceed 25 ?

23. If a product has 2m repeated 8 times as a factor, how
do you express the product '/

, 24. By how much does a + 2h exceed a-2ht

25. A girl is X years of age, how old was she 5 years since ?
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26. A boy is y years of age, how old will he be 7 years

hence ?

27. Express the diflference between the squares ot two

numbers.

28. Express the product arising from the multiplication of

the sum of two numbers into the difference between the same
cumbers.

29. What value of x will make 8x equal to 16 ?
}

30. What value of x will make 28a; equal to 53 ? !

X ^
31. What value of x will make = equal to 4 ? • \

32. What value of x will make x + 2 equal to 9 ?

33. What value of x will make x-1 equal to 16 ? \

34. What value of x will make x^ + 9 equal to 34 ?
i

35. What value of x will make a;^ - 8 equal to 92 ?

Examples.—xxix.
Explain the operations symboHzed in the foUoAving expres-

eions :

I. a^-l. 2. a2-&2. 3. 4^2 + 53^ 4, 4(ft2 + 62).

5. a2-26 + 3c. 6. a^-m-x-l-c. 7. (a + m)(6-c). 8. ^W.

9. Av/j^^ + T/l 10. a + 2(3-c). II, ((i + 2)(3-c).

x + y'4ah '•^' a-i/ • ^4- ^-

EXAMPLES.—XXX.
If a stands for 6, & for 5, x for 4, and y for 3, find the value

of the following expressions :

I. a + x-b-rj. 2. a + y-h-x. 3. 3a + 4y-h-2x.

4. 2(a + h)-2{x-y). 5. {a + x){h-y). 6. 2a + 3;.+?/).

7. (2j + 3)(x + 2/). S. 2a + 3x + y. 9.
^^"^'''

a-x

JO. a&x. II. ah (x + y). 12. ai/{b+xy.
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13. ab(x-yy. 14. ^bb. 15. ^f,

16. (Vx)2. 17. (Jx + hf. 18. V5&«-

19. V2^- 20. ^^^. 21. 3a + (2x-«/)2.

22. {a-(6-i/)J!a-(x-?/){. 24. 3(a + 6-i/)^ + 4/'a4a-)'^

23. (a-6-2/)2 + (a_x + i/)2. 35. 3(a-&)2 + (4a:-y'>».

Examples.—xxxi.

1. Find the value of

3ahc-a^ + P + c^, when a-3, 5 = 2, c=l.

2. Find the value of
'

scP + y^-z^ + Sxyz, when a; = 3, y= 2, z= 5,

3. Subtract a^ + c^ from (a + c)^. '

4. Subtract (x - t/)^ from a;^ + ^^2.

5. Find the coefficient of x in the expression \

(a + byx-{a + hx)^.

6. Find the continued product of

2x - m, 2x + n, X + 2m, x - 2n.

7. Divide

acr' + (6c + ad) r^ + {bd + ae) r + he hy ar -\-b;

and test your result by putting

a= b= c= d= e= l, and r=10.

8. Obtain the product of the four factors

(a + h + c), (b + c-a), (c + a- b), (a + b- c).

"\yiiat does this become when c is zero; when b + c — ai

when a— b= c1

9. Find the value of

{a + b)Q) + c)- (c + d)(d + a) - {a + c){b- d),

where b is equal to d.

10. Find the value of

3a + (2&-c2)+jc?-(2a + 36)[ + j3c-(2rt + 36)P,
when a = 0, 6 = 2, c= 4. •
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11. If a = l, & = 2, c= 3, <l — A, sliew tliat the numerical

values are er[ual of

jJ_(c-5 + a)J|(rZ + c)-(& + a)(,

anJ of ti- - ((;2 + i-') + a- + 2 (6c - a^O-

12. Eracicct togetlier the different powers of x in the foUo'W-

ing expressions

:

(a) aa;^ + 5x- + ca; + (fx.

(j3) ax^ - Z;x^ - ex- - c?x- + 2x^

(7) 4x^ - ax^ - 3x2 - ix' - 5x - CS5.

(5) (a + x)2-(&-x)2.

(e) (mx^ 4- 2-t; + 1)- - («x- + jx + 1 )2.

13. Multiply the three factors %-a, x-h, x-c together,

and arrange the product according to descending powers of x.

14. Find the continued product of (x + a) (x + h) (x + c).

15. Find the cube of a + h + c; thence Avithout further

multiplication the cubes of a + 6-c; b + c-a; c + a-b; and

subtract tlie sum of these three cubes from the first.

1 6. Find the product of (3a + 25) (3a + 2c - 5h\ and test the

result by making a= 1, 6= c= 3.

i7. Find the continued product of

a-x, a + x, a-^ + x', a* + x*, a* + a;*.

1 8. Subtract (b -a)(c~ d) from (a -l)(c- d).

"What is the value of the result Avhcn a= 26 and c?=2c?

ig. Add together {h + y) (a + x), x-y,ax~ by, and a(x + y).

20. What value of x will mate the diil'erence between

(x + 1) (x 4- 2) aiiii (x - 1) (x - 2) e(iuai to 54 ?

21. Add together ax -by,x-y, x(x-y), and (a -x)(b- y).

22. Wliat value of x will make the difference betweea
(2x + 4) (3x + 4) and (3a - 2) (2x - 8) equal to S6 ?

23. Add together

.
2r/ix - Zny, x-^y, 4{m + n) (x - y), and mx + vy.

24. Prove that

(x^y -^zf + x- + y~ + z^ = {x + %jf + {y + zY + (xJrzf.
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35. Find the product of (2a 4- 36) (2a + 3c - 26), and test the

result by making a= l, 6= 4, c= 2.

26. If a,h,c,d,e... denote 9, 7, 5, 3, 1, fina the values of

{to — C(L J) — C—

j

: (he - ad) (hd - ce) ; r ', and d' - c*.
cd + e ' ^ ^^ ^' c + d '

27. Find the value of

Zahc - a^ + b'^ + c^ when a= 0, h~2, c=l,

28. Find the value of

Za^ + TT, when a= 4, 6= 1, c= 2.

29. Find the value of

(a-6-o)2 + (6-a-c)H(c-a-6)2 when a= l, 6 = 2, c=3.

30. Find the value of

(a + 6-c)2 + (a-6 + c)2 + (6 + c-a)2 when «= !, 6=2, c=4.

31. Find the value of

(a + 6)2H-(6 + c)2 + (c + a)2 when 0= -1, 6= 2, c= -3.

32. Shew that if the sum of any two numbers divide the

difference of their sfjuares, the quotient is equal to the differ-

ence of the two numbers.

33. Shew that the prodiict of the sum and difference of any

tAvo numbers is equal to the difference of their squares.

34. Shew that the square of the sum of any two consecu-

tive integers is always greater by one than four times their

product.

35. Shew that tlie square of the sum of any two consecutive

even whole numbers is four times the square of the odd number
between them.

36. If the number 2 be divided into any two parts, the

difference of their squares will always be equal to twice the

difference of the parts.

37. If the number 50 be divided into any two parts, the

difference of their sq'iarcs will always be equal to 50 times the

difference of the parts,

38. If a number n be divided into any two parts, the

ditierence of their squares will always be equal to n times the

difference of the paits.
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39. If two numbers differ by a iinifc, their product, together

with the sum of their squares, is equal to the difference of the

cubes of the numbers.

40. Shew that the sum of the cubes of any three consecu-

tive whole numbers is divisible by three times the nxiddle

number.

VI. ON SIMPLE EQUATIONS.

106. An Equation is a statement that two expressions

are equal.

107. An Identical Equation is a statement tliat two ex-

])rossions are equal for all numerical values that can be given

to the letters involved in them, provided that the same value

be given to the same letter in every part of the equation.

Thus, (a; + a)-= x^ + 2ax + a^

is an Idimtical Equation.

108. An Equation op Condition is a statement that two

expressions are equal for some particular numerical value or

values that can be given to the letters involved.

Thus, a;+l = 6

is an Equation of Condition, the only number which x can

represent consistently with this equation being 5.

It is of such equations that we have to treat.

109. The Root of an Equation is that number which, when
put in the place of the unknown quantity, makes both sides of

the equation identical.

110. The Solution of an Equation is the process of find-

ing what number an unknown letter must stand for that the

e([uation may be true : in other words, it is the method of

fintling the Root.

The letters that stand for unJcnoion numbers are usually

X, y, z, but the student must observe that a7iy letter may
stand for an unknown number.

111. A Simple Equation is one wliich contains the

first poiver only of an unlcnown quantity. This is also called

an Equation of the First Degree.

\
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Ii2. The following Axioms form the groundwork of the

eolation of all equations.

Ax. I. If equal quantities be added to equal quantities,

the sums will he equal.

Thus, if a= 5,

a + c— h-k-c.

Ax. II. If equal quantities be taken from equal quantities,

the remainders will be equal.

Thus, if a^= y>

x-z = y-z.

Ax. III. If equal quantities be multiplied by equal quan-

tities, the products will be equal.

Thus, if a= h,

via= ni,b.

Ax. I v. If e(}ual quantifies be divided by equal quantities,

the quotients will be equal.

Thus, if xy= xz,

2/ = z.

113. On Axioms I. and II. is founded a process of great

utility in the solution of equations, called The Transposition

OF Terms from one bide of the equation to the other, which

may be thus stated

:

" Any term of an equation may be transferred from one side

of the equation to the other if its sign be changed."

For let x-a= h.

Then, by Ax. I., if we add a to both sides, the sides remaia

equal

:

therefore x-a + a= h + a,

that is, x= h + a.

Again, let x-\-c-=cl

Then, by Ax. II., if we subtract c from each side, the sides

remain equal

:

therefore x + c-c= d-c,

that is, x=d-e.
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114. "VVe may cliange all the signs of each side of an ec^ua-

tion without altering the etJ^^alit3^

Thus, if a-x= i-c,

x-a= c-h.

115. We may change the position of the two sides of the

equation, leaving the signs unchanged.

Thus the ec[uation a-h=x-c, may be written thus,

x~c=a-b.

116. We may now proceed to our first rule for the solution

of a Simple Equation.

Rule I. Transpose the Icnown terms to the right hand side

of the equation and the unknown terms to the other, and coiu-

Line all the terms on each side as far as possible.

Then divide both sides of the equation by the coefficient of

the unknown quantity.

This rule we shall now illustrate by exaniples, in whicli z
Btojids for the unknown quantity.

Ex. 1. To solve the equation,

bx-6 = 2x + 2.

Transposing the terms, we get

5x-3a;= 2 + 6.

Combining like terms, we get

2x=8.

Dividing both sides of this equation by 2, we get

x= 4,

and the value of x is determined.

Ex. 2. To solve the equation,

7a; + 4 = 25x-32.

Transposing the terms, we get

7a; -25a;=-32-4.
Combining like terms, \^-e get

-18x==-3G.

Changing the signs on each side, we get

18a;= 36.

Dividing both sides by 18, we get

a; = 2,

and the value of x is determined.
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Ex. 3.
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22. (a;-8)(a; + 12) = (x + l)(x-G).

23. (a;-2)(7-a;) + (a;-5)(x + 3)-2(x-l) + 12= 0.

24. (2x-7)(a; + 5) = (9-2x)(4-a;) + 229.

25. (7-6x)(3-2x)= (4x-3)(3a;-2).

26. 14-x-5(a;-3)(x + 2) + (5-a;)(4-5x) = 45x-78.

27. (x + 5)2-(4-x)2=21x.

28. 5(x-2)2 + 7(x-3)2= (3.r-7)(4x-19) + 42.

29. (3x - 17)2+ (4x- 25)2 -(5x- 29)2=1.

30. (x + 5)(x-9) + (x+10)(x-8)= (2x + 3)(x-7)-113.

VII. PROBLEMS LEADING TO SIMPLE
EQUATIONS.

117. Whex we liave a question to resolve Ly means of

Algebra, we represent the number sought by an iTnknown

eynibol, and then consider in what manner the conditions of

the question enable us to assert that two expressions are equal.

Thus we obtain an equation, and by resolving it we determine

the value of the number sought.

The whole difficulty connected with the solution of Alge-

braical Problems lies in the determination from the conditions

of the question of two different expressions having the same

numerical value.

To explain this let us take the following Problem :

Find a number sucli that if 15 be added to it, twice the sum
will be equal to 44.

Let X represent the number.

Then x + 15 will represent the number increased by 15,

and 2(x + 15) will represent twice the sum.

But 44 wUl represent twice the sum,

therefore 2(x + 15)=44.

Hence ^x + 30= 44, T

that is, 2x= 14,

or, x= 7,

and therefore the number sought is 7.
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118. We pliall now give a series of Easy Problems, in

whicli the conditions by which an equality between two expres-

sions can be asserted may be readily seen. The student should

be thoroughly familiar with the Examples in set xxviii, the use

of which he will now find.

We shall insert some notes to explain the method of repre-

BentinfT quantities by ali^ebraic symbols in cases where some

dilHculty may arise.
"^

EXAMPLES.—XXXiiL

1. To the double of a certain number I add 14 and obtain

as a result 154. What is the number ?

2. To four times a certain number I add 16 and obtain as

a result 188. What is the number]

3. By adding 4G to a certain numljer I obtain as a result a

number three times as large as the original number. Find the

original number.

4. One number is three times as large as another. If I

tal<e the smaller from 16 and the greater from 30, -the remain-

ders are equal. What are the numbers 1

5. Divide the number 92 into four parts, such that the first

is greater than the second by 10, greater than the third by 18,

and greater than tiie fourth by 24.

6. The sum of two numbers is 20, and if three times the

smaller number be added to five times the greater, the sum is

84. What are the numbers ?

7. The joint ages of a father and his son are SO years. If

the age of the son were doubled he would be 10 years older

th'an his father. What is the age of each %

8. A man has six sons, each 4 years older than the one

next to him. The eldest is three times as old as the youngest.

What is the age of each ?

9. Add £24 to a certain sum, and the amount will be as

much above £80 as the sum is below £80. What is the sum ?

10. Thirty yards of cloth and forty yards of silk together

cost £66, and the silk is twice as valuable as the cloth. Eind

the cost of a yard of each.
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11. Find the number, tlie douLIe of which Lcing added to

24 the result is as much above SO as tlie number itself is below

100.

12. The sum of ^£500 13 diviiled between A, B, Cand D.

A and B have tojjether ^280, A ^d X'^GO, A and D i;220.

How much does each receive 1

13. In a company of 266 persons, composed of men, women,

and children, there are twice as many men as there are women,

and twice as many women as there are children. How many

are there of each ?

14. Divide ^1520 between A, B and C, so that A has £100

less than B, and B £2,10 less than C.

15. Find two numbers, differing by 8, such that four times

tlie less may exceed twice the greater by 10.

16. A and B began to play with equal sums. A won £'i,

and then three times A'a money was etj^ual to eleven times I>"s

money. What had each at fust ]

17. A is 58 years older than B, and ^'3 age is as much
above 60 as B's age is below 50. Find the age of each.

18. ^ is 34 years older than B, and A is as much above 50

as B is laelow 40. Find the age of each.

19. A man leaves his property, amounting to ^7500, to ba

divided between liis wife, his two sons and his three daughters,

as follows : a son is to have twice as much as a daugliter, and

the v/ife £500 more than all the live children togctiier. How
[nuch did each get ?

20. A vessel containing some water was filled up by pour-

ing in 42 gallons, and there was then in the vessel 7 times as

much as at first. How many gallons did the vessel liold I

21. Three jiersons, A, B, C, have £76. B has £10 more

tlan A, and C has as much as A and B together. How mucli

has eacli 1

22. What two numbers are O-'-^e whose difference is 14,

and their sum 48 ]

23. A and B play at cards. - nas £72 and B liaa £52
when they begin. When they cease playing, A has tkree times

as much as B. How much did A win 1
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Note I. If we liave to express algebraically two parts intd

wliicli a given luiinber, suppose 50, is divided, and we rupre-

f<ent one oi' the parts by x, the other will be represcnied by

:iO-x.

Ex. Divide 50 into two such parts that the double of ono

part may be three times as great as the other part.

Let % represent one of the parts.

Then 50 - x will represent the other part.

Now the double of the first part will be represented by
2x, and three times the second part ^vill be represented by
3(50-x). -

Hence 2.x= 3 (50- x),

or, 2x=150-3!?-

or, 5x=150;
.-. x= S0.

Hence the parts are 30 and 20.

24. Divide 84 into two such parts that three times one part

may be ec[ual to four times the otlicr,

25. Divide 90 into two such parts that four times one part

may be equal to five times the other.

26. Divide 60 into tAVO such parts that one part is greater

than the other by 24.

27. Divide 84 into two such parts that one part is less than

the other by 30.

28. Divide 20 into two such parts that if three times one

part be added to five times the other part the sum may be 84.

Note II. "When we have to compare the ages of two per-

sons at one time and also some years after or before, we must

be carefid to remember that holh will be so many years older

or younger.

Thus if X be the age of A at the present time, and 2x be

the age of B at the present time,

The age oi Ah years hence will be x + 5, _^ ^.

and the age of 5 5 years hence will be 2x + 6.
^
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Ex. -4 is 5 times as old as J5, and 5 j'ears hence A will

only be three times as old as B. "What are the ages of A and

B at tlie present time ]

Let X represent tlie aj^e of B.

Then 5x will represent the acre of A.

Now X + 5 will represent i>'s age 5 years hence,^

and 6x + 5 will represent ^'s age 5 years heuc^

Hence 5x + 5 = 3 (x + 5),

or 5x + 5= 3x + 15,

or 2x=10;
.'. x=5.

r.

Hence ^ is 25 and 5 is 5 years old. :

29. -4 is twice as old as B, and 22 years ago he was threO

times as old as B. What is J.'s age %

' 30. A father is 30 ; his son is G years old. In how many
years will the age of the father he just twice that of the son %

31. ^ is twice as old as B, and 20 years since he was three

times as old. What is Z>'s age ?

*
32. A is three times as old as B, and 19 years hence he will

be only twice as old as B. "What is the age of each %

33. A man has three nephews. His age is 50, and the

joint ages of the nephews are 42. How long will it be before

the joint ages of the nephews will be equal to the age of the

uncle ? --

y
Note III. In problems in'volving weights and measures,

after assuming a symbol to represent one of the unknown
quantities, we must be careful to express the other quantities

in the same terms. Thus, if x represent a number of pence, al)

the sums involved in the problem must be reduced to pence. ,

f Ex. A sum of money consists of fourpenny pieces and six-

pences, and it amounts to £1. 16s. Sd. The number of coina

is 78. How many are there of each sort ?
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Let X b^' the -niimbor ol" fourpeiiny piecea.

Then Ax is their value in fence.

Also 78 — X is the number of sixpences.

And C (78 — x) is their value in pence.

Also £1. ICs. 8fZ. is equivalent to AAQ pencs.

Hence 4x + 6(78-3:) = 440,

or4a; + 468-6x=440,
froiii v.LIcl we ^.vA r'-

—
"''^. .

Hence there are 14 fourpenuy pieces,

and G4 sixpences.

34. A bill of £100 was paid with guineas and half-crowns,

and 48 more hiill-crowns than guineas were used. How many
of each were jxiid ?

35. A person paid a bill of £X 14.5. with shillings and

half-crowus, and gave 41 pieces of money altogether. How
many uf each were paid ?

36. A man has a sum of money amounting to £11. IS.t. 4fL,

consistiun only of shillings aiid fourpenny pieces. He h;is in

all 3U0 pieces of money. How many has he 01 each sort ?

37. A bill of £50 is paid with sovereigns and moidorcs of

27 shillJn-s each, and 3 more sovereigns than moidorcs are

given. How many of each are used /

38. A sum of money amounting to £42. 8s. is made up of

shillings and half-crowns, and there are six times as jnany

half-crowns as there uie shillings. How many are there of

each sort ?

39. I b.ave £5. lis. 3i?. in sovereigns, shillings and pence.

I have twice as many shillings and three tinu^s as many pence

as I have sovereigns. How many have I of each sort ?



VIII. ON THE METHOD OF FINDING
TPIE HIGHEST COMMON FACTOR.

^-.

119. An ex^^^ression is said to be a Factor of another

expression when the latter ia divisible by the former.

Thus 3a is a factor of 12rt,

bxy of 15x-(/^.

120. An expression is said to be a Common Factor of two

or more other expressions, wlien each of the latter is divisible

by the former.

Thus 3a is a common factor of 12a and 15a,

Sxy of 15x^(/- and 21x^y^,

4z of 83, 12s2 and IQz^.

121. The Hirjhest Common Factor of two or more expres-

•tions is the expression of highest dimensions by which each of

the former is divisible.

Thus Ga^ ia the Highest Common Factor of 12a2 and 18a',

bxhj of lOx^i/, Ibx'^y-

and 25x^7/3.

Note. That which we call the Highest Common Factor is

viuied by others the Greatest Common Measure or the Highest

niiimon Divisor. Our reasons for rejecting these names will

be given at the end of the chapter.

122. The words Highest Common Factor are abbreviated

thus, H.C.F.

123. To take a simple example in Arithmetic, it will

readily be admitted that the highest number which will

divide 12, 18, aud 30 is 6.

Now, 12 = 2x3x2, '.

18= 2x3x3,
30 = 2x3x5.
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Haviifg thus reduced tlie numbers to tlieir simplest factors,

it appears that ^ye may determine the Highest Common Factor

in the following way.

Set down the factors of one of the numbers in any order.

Place beneath them the factors of the second number, in

such order that factors like any of those of the first number shall

stand under those factors.

Do the same for tlie third number.

Then the number of vertical columns in which the numbers

are alike will be the number of factors in the h.c.f., and if

we multiply the figures at the head of those columns together

the result will be the h.c.f. required.

Thus in the example given above two vertical columns are

alike, and therefore there are two factoi's in the h.c.f.

And the numbers 2 and 3 which stand at the heads of

those columns being multiplied together will give tlie h.c.f.

of 12, 18, and 30.

124. Ex. 1. To find the h.c.f. of aWx and a-Px\

aWx=aaa.bb .x,

a-b^x"^= aa .bbb.xx;

:. 'R.C.F.= aahbx

= a-b'^x.

Ex. 2. To find the h.c.f. of ZiaW^c^ and bla^bk^

S-ia'^b'^c^ = 2 X 1 7 X aa . bbbbbb . cccc,

bla^^C'— dx 17 xaaa.bbbb .cc;
;

.". E.C.F. = 17aabbhbcc

= 17a-'6<c2.

Examples.—xxxiv.

Find the Highest Common Factor of

1. a*b and a^ft'. 3- Mx'^y^ and 24z'y.

2. aPy^z and x^y-z^. 4- 45m^n'^p and 60m^np*»
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5. 18a5Vi and SCa^Jccil 8. Vlvf, ^^fi and 51^3^-

6. a^6% (^-W' and a^i*. 9. Sx^T/^a*, ISx^V and SOx^i'^jf^

7. 4a?), lOac and 306c. 10. 30xy, 90xy and 120xy,

125. The student must be urj^ed to commit to memory the

following Table of forms which can or cannot be resolved into

factors. Where a blank occurs after the sign = it signifies

that the form on the left hand cannot be resolved into simpler

factors.

f-f= {x^i){x-i) a;2-l=(x + l)(x-l)

a;2 + 7/2= a;2 4. 1 _,

x3_,/= (x-2/)(x2 + x2/ + 2/^ x3-l = (x-l)(x2 + a; + l)

-c3 + 7/ = (x + 1/)(x2-X1/ + 7/) X3+1=(X+1)(X2-X+1)

a;4 -f= (x2 + f) (x2 - 7/2) X« - 1 = (x2+ 1) (x^ - 1)

xH 7/* = a;* + 1 =

x" + 2x?/ + i/= (x + 2/)2 x2+ 2x+l = (x + l)a

x"-2x7/ + 2/^=(x— I/)** x^— 2x4-l = (x — 1)2

X- + Sx^T/ + 3x1/2 + j/3= (a; + ,^)3 a^ + 3x2 + 3x + 1 = (x + i)S

a;3 _ 3x27/ + 3xf/2 -f= (x- 1/)3 x3 - 3x2 + 3x - 1 = (x - 1)'

The left-hand side of the table gives the general forms, the

right-hand side t'he, particular cases in wliicb y=\.

12G. Ex. To find the H.c.F. of x2-l, x--2x-¥l, and

x2 + 2x-3.
X2-1=(X-1)(X+1),

a;2-2x + l=.(x-l)(x-l),

a;2+ 2x-3= (x-l)(x + 3),

.'. H.c.F. =X—1.

Examples.—XXXV.
1. a^— V^ and a^ - h\ 4. n? + x^ and (a + x)\

2. a2 - Z.2 and a* - 6*. 5. 9x2 _ j ^nd (3x + If.

J,
a2 - x2 and (a -x)\ 6. 1 — 25a2 and (1 - f>df,

7. x2 - 7/2, (x + 7/)2 and x2 + 3X7/ + 27^2^

8. x2 — 7/2, x^ — 7/^ and x2 — Izy + Gy^.

9. x2 — 1, x^ — 1 and x2 + X - 2.

10. 1 - a2, 1 + rt' and ^2 + 5(* +4
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127. In large numbers the factors cannot often be deter-

mined by inspection, and if we have to iiud the n.c.F. of two

Buch numbers we have recourse to the following Arithmetical

Rule :

" Divide the greater of the two numbers by tiie less, and the

divisor by the remainder, repeating the process until no re-

mainder is left : the last divisor is the h.c.f. rec^uired."

Thus, to find the h.c.f. of 689 and 1573.

689^1573(^2

1378

1l95; 689 (^3

585

104; 195(^1

104

"^^ 104(^1

91

13; 91 [^
91

.*. 13 is the H.C.F. of 689 and 1573.

Examples.—xxxvi.

Find the h.c.f. of

12G025 .« d 40115.

15812£; and 16758766.

35175 and 236845.

128. The Arithmetical Rule is founded on the following

operation in Algebra, which is called the Proof of the Rule for

finding the Highest Common Factor of two expressions.

Let a and 6 be two e.xpressions, arranged according to de-

scending powers of some common letter, of which a is not of

lower dimensions than h.

Let h divide a with ^ as quotient and remainder c,

c 6 q^
d,

d c r with no remainder.

I.
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The form of the operation may be eliewn thus :

7)6(2

d)c{r
rd tc

Then we can shew

I. That d is a common factor of a and h.

II. Tliat any other common factor of a and 5 is a factor of

d, and that therefore d is tlie Highest Common Factor

of a and b.

For (I.) to shcAv that dis a, factor of a and 6 :

b= qc + d

= (jrd + d

= (2'" +'i-)d, and /. d is a factor of ,

and a—-ph-\-G

, -2'>{']c + d) + c

— pqc+Jjd + C

—pqrd-Tpd + rd

— ilW +P + ') d, and .', J is a factor of oi.

i\nd (II.) to shew that any common factor of a and 5 is a
factor of d.

Let u be any common factor of a and h, sucli that

a—mZ and b=nS.

Then we can shew that S is a factor of d.

For d—h-qc
= h-q(a-ph)
= b-qa+ j.Hjb

s=nS-q'in()+pqxiS

= {n - qni +pqn) 8, and .*. S is a factor of d,

Kow no expression higher than d can be a factor of d ;

.'. d is thvi HiLrhest Common Factor of a and 6.
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|29. Ex. To find the h.c.f. of x^ + 2a; + 1 and

a!3 + 2x--r2x+l.

, »»+2x + l^a;5 + 2a;2 + 2a;+l(^a;

!c3^2a;2 + x

a; + ljx2 + 2x + l(^x+l

x^ + x

r
' - a; + l

x+1

Hence x+1 being the last divisor is the h.c.f. rerpured

lou. j.n the algebraical process four devices are frequently

useful. These wo shall now state, and exemplify each in the

next Aiticle.

L If the sign of the first term of a remainder he negative,

we may change the signs of all the terras.

II. If a remainder contain a factor which is cleany not a

common factor of the given expressions it may be

removed.

III. We may multiply or divide either of the given expres-

sions by any number which does not introduce or

remove a common factor.

IV. If the given expressions have a common factor which

can be seen by inspection, we may remove it from

both, and find the Highest Common Factor of the

'. parts which remain. If we multiply this rcsult_ by

the ejected factor, we shall obtain the Highest Com-

mon Factor of the given expressions.

131. Ex. I. To find the h.c.f. of 2x^ - x - 1 and

6x^-4x-2,

2x2-x-i;6x2-4a;-2(^3

6x^ — 3x —

3

-.x+l



HIGHEST COMMON FACTOR. 73

Change tlie signs of the remainder, and it becomes a; — 1. '

»-i;2x2-x-l(^2x + l

2u;2-2x

Tlie H.c.F. required is x- I.

Ex. II. To find the n.c.F. of a;2 + 3x + 2 and x^ + Ox +a
x2 + 3x + 2jx2 + 5x + 6(l

~~""';

x2 + 3x + 2

2x + 4

Divide the remainder by 2, and it becomes x+ 2.

. a!+ 2jx2 + 3x + 2(x + l

a;2 + 2x

x + 2

a; + 2

The H.c.F. required is x+ 2.

Ex. III. TofmdtheH.c.F.of 12x2 + x-landl5x2 + 8x+l

Multiply 1 5x2 + 8x +

1

by 4

12x2 + X - 1; 60x2 + 32x + 4 (5

00x2+ 5j._5

27x + 9

Divide the remainder by 9, and the result is 3x + 1.

3x + ljl2x2 + x-l(^4x-l
12x2 + 4x

-3x-l
-3x-l

The H.c.F. is therefore 3x + 1.

Ex. IV. To find the H.c.F. of x' ^ 5x2 ^ Gj, and

x3-10x2 + 2Ix

Eemove and reserve the factor x, which is common to both

expressions.
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Then Ave have remaining x^ — bx + d and x^ — lOx + 21.

The H.C.F. of these expressions h x— 3.

The H.C.i^ of tlie original expressions is therefore x-~S&

EXAMPLES.—XXXVii.

Find the n.c.F. of the following expressions :

1. a;" + 7x + 12 and x2 + 9jc + 20.

2. x2 + i2a;4-20and a;2 + 14x + 40.

3. x2-l7x + 70 and a;2-13a; + 42.

4. x^ + hx-M and x^ + 21« + 108.

§. X- + X-12 and a;2-2x— 3.

6. x^ + 5x7/ + G?/'-' and x'' + 6x)/ + ^yK

7. x^ — Cx?/ + 81/- and x- — %xy + 16i/'.

8. X- - 13x1/ - 30i/2 and x- - IBxy + 455/*.

9. x' - if and x^ - 2x2/ + 2/^'

10. a;^ + 1/^ and x^ + 3^-7/ + 3x?/^ + j/'.

11. x* — ?/'* and X- - 2xy + 2/^.

12. x-^ + y"" and x^ + 'f.

1 3. x"' - if and x^ + 2x7/ H j/^.

14. a2 - 62 + 95c _ c2 and a' + ^ahJrh-- 2ac

-

25c + c*.

1 5. 12x2 ^ 7;j;y + 2^2 and 28x2 4. 3^.^ _ y2^

16. Gx2 + X2/ - j/2 and 39*2 - 22x1/ + 31/.

1 7. 15x2 _ 8^.y + ,^2 and 40x2 _ 2xy - if.

18. x"'- 5x3 + 5x2-1 andx^ + x3-4x2 + x + l.

19. X* + 4x2 + 1(3 and x-"^ + x* - 2x^ + 1 7.i;2 - lOx + 20.

20. X* + xhf + 7/* and X* + 2x'?/ + 3x2y2 + 2x7/' + 1/.

21. x6-Cx* + 9x2-4andx<' + x'^-2xH3x2-x-2.
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22. 15a< + IQta^h + ^a-)}^ + Ga^^ _ 3// and 6a' + 19a.-6 + 8a&2- 563.

23. 15x' - 14x-i/ + 24.T1/ - 7?/' and 27a;' + 33a?')/ - SOxy^ + 2i/'.

24. 2 la;2 - 83x7/ - 27x + 22i/ + 99?/ and 1 2x3 _ 353.^ _ gx

-33y2 + 222/.

25. 3a3_l2a2-a-6 + 10a6-2Zi2 and Ga^-17a25 + 8a7j2-&3,

26. 18a3-18a2x + 6a.T2-6a;'and G0a2-75ax + 15x3.

27. 2 1x3 - 2Gx2 + 8x an d Gx^ - x- 2.

28. 6x* + 29aV + 9ft* and 3x' - 15ax2 + a^x - 5a'.

29. X* + x*^?/- + x-y + 1/' and X'' — T/*.

30. 2x' + 10x2 + 14x + 6 anda^ + x2 + 7x+30.

31. 45ft'x + 3a-x2-9ax' + 6x* and 18a-x-8x'.

132. It is sometimes easier to find the H.c.r. by reveTsing

tlie order in which tlie expressions are given.

Thus to find tlie h.c.f. of 21x'' + 3Sx + 5 and 129x2 + 221x + 10

the easier course is to reverse the expressions, so that tliey

stand tluis, 5 + 38x4-21x2 and 10 + 221x+ 129x'^, and then to

proceed by tlie ordinary process. The h.c.f. is 3x + 5. Other

examples are

(1) 187x3 - 84x2 + 31x - 6 and 253x3 - 14x"' + 29x - 13,

(2) 3712/3 + 2Gy2 - 50i/ + 3 and 460if + 75y2 _ I03y - 21,

of which the h;,c.f. are respectively llx— 3 and 7i/ + 3.

133. If the Highest Common Factor of three expressions

a, h, c be required, tind first the h.c.f. of a and b. If d be the

H.C.F. of a and b, then the h.c.f. of d and c will be the u.c.f.

of a, h, c.

134. Ex. To find the h.c.f. of

X" + 7x2 — X - 7, X3 + 5x2 - X - 5, g^j^J x2 — 2x + L

The h.c.f. of x3 + 7x2- X - 7 and x' + 5x2 - x - 5 will be found

to be x2-l.

The HTC.F. of x2-l and x2-2x + l will be found to be

x-1.

Hence x- 1 is the h.c.f. of the three expres-sioBS.
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Examples.—xxxviii.

Find the riighest Common Factor of

1. x- + 5a; + 6, x2 + 7a; + 10, an(ix2 4.i2x + 20.

2. '£• + 4^2 - 5, a:^ _ sa; ^ 2, and x^ + 4x- - 8x + 3.

3. 2x- + x-l, x2 + 5x+ 4, and x^ + 1.

4- f - r -
2/ + 1> 37/2 _ 2?/ - 1 , and i/-if- + y- 1.

5

.

x^ - 4x2 + 9^ _ 10^ 3,3 + 2x2 - 3x + 20, and

x3 + 5x2-9x + 35.

6. x^ - 7x- + ICx - 12, 3x3 _ 143,2 ^ iQy.^ j^nd

5x3-10x2+7x-14.

7. 'i/ — 5y'^ + lly — l5,y'^ — y^ + 3y + lj, and

27/ -7?/ + 16?/ -15.

l^OTE. T\"e use the name Highest Common Factor instead

of Greatest Common Measure or Hicjliest Common Divisor for the

following reasons :

(1) "We have used the word '' Measure" in Art. 33 in a

different sense, that is, to denote the number of times any

quantity contains the unit of measurement.

(2) Divisor does not necessarily imply a quantity which

is contained in another an exact number of times. Thus in

performing the operation of dividing 333 by 13, we call 13

divisor, but >\-e do not mean that 333 contains 13 an exact

number of times.

IX. FRACTIONS.

135. A QCANTiTY a is called an Exact Divisor of a quan-

tity b, when b contains a an exact number of times.

A quantity a is called a IMultiple of a quantity 6, when 9

contains b an exact number of times.
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136. Hitherto ^vc have treated of qiiantities -vvliicli contain

the ui;it of measurement in each case an exact number of

limes.

We have now to treat of quantities w/w'c/i contain some exact

divisor of a immary unit an exact number of times.

137. We must first explain what we mean by a primary

unit.

AVe said in Art. 33 that to mcasnrz any quantity we take a

known standard or unit of the same kind. Our clioice as to

tlie (]^uantity to be taken as the unit is at first unrestricted, l;mt

wlien once m:ide Ave must adhere to it, or at least we must

give distinct notice of any change which we make with respect

to it. To such a unit we give the name of Primary Unit.

138. Next, to explain what we mean by an exact divisor of

a iirimary uriit.

Keeping our Primary Unit as our main standard of mea-

Burement, we may conceive it to be divided into a number of

parts of equal magnitude, any one of which we may take as a

Subordinate Unit.

Thus we may take a pound as the unit hy wliich we mea-
sure sums of money, and retaining this steadily as the primary

unit, we may still conceive it to be subdivided into 20 equal

parts. We call each of the subordinate units in this case a

ehilling, and we say that one of these equal subordinate units is

one-txventieth part of the primary unit, tliat is, of a pound.

These subordinate units, then, are exact divisors of the

primary unit.

139. Keeping the primary unit still clearly in view, we
represent one of the subordinate units by the following nota-

tion.

We agree to represent the CfOrtls one-third, one-fifth, and

one-twentietb by the symbols g, -, — , and we say that if

the Primary Unit be divided into three equal parts, ^ will
o

l^present one of these parts.
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If we liave to represent txoo of these subordinate units, we
2 3
-

; if i/iree, by the symbol -
o o

2 3
do so by tlie symbol ^ ; if i/iree, by the symbol -

; if Jour^ by

4
the symbol -, and so on. And, generally, if the Primary Unit

be divided into 6 equal parts, we represent a of those parts by

the s^^nbol -r. i
b

140. The syniDcl -v we call the Fraction Symbol, or, more

briefly, a Fraction. The lumiber beloiv the line is called the

Deso-MINator, because it denominates the number of equal

parts into which the Primary Unit is divided. The numl>ei

above the line is called the Numerator, because it enumerates

how many of these equal parts, or Subordinate Units, are

taken.

141. The term number may be correctly api)]ied to Frac-

tions, since they are measured bj' units, but we must be

careful to observe the following distinction :

An Integer or "Whole Is uiuber is a multiple of the Piimary

Unit,

A Fractional Number is a multiple of the Subordinate.

Unit.

142. The Denominator of a Fraction shews what multiple

the Pi'imary Unit is of the Subordinate Unit.

The Numerator of a Fraction shews what multiple the

Fraction is of the Subordinate Uiu't.

143. The Numerator and Denominator of a fraction are

called the Terms of the Fraction.

144. Having thus explained the nature of Fractions, we
next proceed to treat of the operations to which they are sub-

jected in Algebra.

145. Def. If the qttantity x be divided into h equal parts,

and a of those parts be taken, the result is said to be the

fraction r of x.

If X be the unit, this is called the fraction p
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146. If the unit be divided into & equal parts,

r will rciiresent one of the parts.

r .' t-.vo

T three

And generally, ^

T will represent a of the parts.

147. Next let us suppose that each of tlie h parts ia su&«

divided into c equal i>art3 : then the unit lias Lyen divided

into be equal parts, and

y- -will represent one of tlie subuivisiona.

0.

,-- tow
Oc

And generally,

a

Tc

148. To shew that y"' = y.
be b

Let the unit he divided into b equal parts.

Then .- will represent a o/ <Ac6'c j^xfris (1).

Kext let each of the 6 parts he suhilividcd into c equal

parts.

Then tne primary unit has hecn divided into be equal parts,

and -i— will represent ac of these subdividons (2).

Now one of the parts in (1) is equal to c of tl;e subdi\ision8

in (2),

.'. a i:iarts are equal to ac subdivisions
j

a_ac
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Cor. We draw from tliis proof two inferences :

I. If the numerator and denominator of a fraction be

viultiplied by the same number, the value of the frac-

tion is not altered.

II. If the numerator and denominator of a fraction be

divided by tlie same number, the value of the fraction

is not altered.

149. To malce the important Theorem established in the

preceding Article more clear, we shall give the following proof

4 16
that F= n7i> ^y tahing a straight line as the unit of length.

A E D F B

Let the line AC be divided into 5 equal parts.

Then, if U be the point of division nearest to G,

AD is f of AC. (1).
5

s

Next, let each of the parts be subdivided into 4 equal parts.

Then AC contains 20 of these subdivisions,

and AB 16

.'.ABi^^^ofAC. .".
(2).

Comparing (1) and (2), we conclude that

4_16
6"20"

150. From the Theorem established in Art. 148 we derive

the following rule for reducing a frartion to its lowest tenns :

Find the Higlicst Common Factor of the numerator and denomi-

nator and divide loth hy it. The resulting fraction icill he

oiie equivalent to the original fraction exi^ressed in the simplest

terms.
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151. When the numerator and denominator each consist of

a single term the h.c.f. may be determined by inspection, ol

we may proceed as in the following Example

:

To reduce the fraction ,r. .,-> 9 to its lowest terms,

lOa'6-c* 2 X 5 X aaahhcccc

12dWc^ 2 X 6 X g,al)bhcc
'

We may then remove factors common to the numerator and

denominator, and we shall have remaining -r;—j-:
° DX

/. the required result will be -^j-.

152. Two cases are especially to be noticed.

(I) If every one of the factors of the numerator be removed,

the number 1 (being always a factor of every algebraical

expression) will still remain to form a numerator.

3a^c 3rtrtc 1
Thus

12aV 3 X 4 X aaacc 4ac'

(2) If every one of the factors of the denominator be removed,

the result will be a whole number.

_,, 12a^c^ 3 X 4 X aaacc ,

Thus -—^p- =— —4ac.
Za^c 3 X aac

This is, in fact, a case of exact division, such as we have

explained in Art. 74.

Examples.—xxxix.

Eeduce to equivalent fractions in

following fractions

:



«2 FRACTIONS.

210m%-r) ~ o? 14m-x
. II. . 12.- -— -•

xy 4ax + 2x^ ay + 1/-

•^* Sry^-bx-yz Sax^ — 2z'' ^' abc + hcy'

_

4cfx + 6a^ I2ab^-6ah „ c^-4a^
' "8x2- 182/'-^

*''•
86-C-2C '-cU 402 + 40,3

3x*+J?xV 1ahV-7ahY
"*

5x* + 5x-t/^*
"^ 14tt''oox^ - 14a26c2/2*

lOx-10?/ 5x9 + 45f7x2

4x2 -8x2/ + 4?/* -i- I0cx9 + 90a2x2'

_axjfJ)?/_ I0a2 + 20a&+1052

6a b + 8cd 4z^-8xy + 4y^
^~'

27a-62x - AScH^x
^

^^* 48(x-yy *•

xy-xyz n 3mx + 5nx2
^*

2tf« — 2a22' *
3?7i7/ + 5?ixy'

153, "We shall now giro a set of Examples, some of -whicli

may be worked by Resolution into Factors. In others the

H.c.F. of the numerator and denominator must be found by

the usual process. As au example of the latter sort let us

take the following

:

To reduce the fraction „—,

—

^ „ »?,—-s; to its lowest terms.
•' 2x^-9x2 -38x + 21

Proceeding by the usual rule for finding the H.c.F. of the

numerator and denominator we find it to be x - 7.

Now if we divide x'— 4x^ — 19x— 14 by sc— V, the result ia

a;2 + 3x + 2, and if we divide 2x-''-9x2-38x + 21 byx-7, the

result is 2x2 + Sx — 3.

x^ + 3x + 2
Hence the fraction 9^2 —^"Zo ^^ equivalent to the propose^l

fraction and is in its lowest terms.

' Examples.—xl.

o'+ 7g + 10 x2-9x + 20
'

x^-2x-3
'•-a2 + 5a + 6' ^' x2_7^ + i2" ^' x2_iox + 2r
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6.

7-

8.

9-

10. ^

II.

21.

24.

25.

26.

27.

28.

29.

30-

31-

32.

22.

x" — 18a*?/ + 452/^

5C^-8x!/-lU5y2' 5

a;3-4x^+ 9x-10
a:3 + 2a;2-3a; + 26*

a;^-5x- + llx — 15^

a;3-x2 +3^5~
a:" -8^2 + 21a; -18
3a;3_i(ja;''J + 21x

*

a:^ -7j:^ + 16x-12
3x^^4a;2+T6«~*

a;* + a;''?/ + a;?/^ - y*

a? -I- 4a2 _ 5

a^ - 3« + 2
*

6-^-66 + 5
•

3a:^ + 2a;-l

a;3 + a;2 — X-1*

2x4_y3_9a;2 + i3x-5^

7ar5-19x2+17x-5
'

16x*-53x- + 45x + 6

8x*- 30x3 + 31x2 -12"

4x2-12ax + 9a2

8x3-27a3 •

6x3-23x2 + 16x-3
6x3- 17x2+ llx-2'

x3-6x2 + llx- 6

x3-2x2-x + 2
'

'm? + m2 +m— 3

m^ + 3m2 + hm + 3'

x* + 5ar* — x2— 5x

~x* + 3x3-x-3
•

a2_52_25c-c^

o2 + 2a6 + 62_g2-

X< + x2+l ^

X2 + X + 1

m3 + 37n2-
14,

15

16,

17

18

19,

20,

X" + 2x3^3 _j. yO

x" -y°

4m,

m^ — 7 III, + 6

a^ + l

a? + 2a2 + 2a +
1*

3rta;2— 13rtx + 14a

7x3— 17x2 + 6x

14x2- 34x^+1 2_
9ax2 — 39ax + 42a*

10(t -24fl2 + i4a»

15-2ia + 3(i2 + 6tt3'

2a7)3 + a¥ - 8ah + 5a

7f»--1262 + 56
'

o3-3a2 + 3a-2

'-a-20 x3-3x2 + 4x-2
' + a-12' ^^' x^-x^-2x + 2'

33-

15(-(2 + rt&-262

34. -q

9a2 + 3a6-26*'

x2 - 7x + 10

35.

36.

37-

3S.

39-

40.

2x2 - X - 6
*

07^ + 3x2 + 435 + 12

"x3T4x2T4xT3
*

x^- x2-2x + 2

""2x3^^-1"'

x3-2x2-15x + C6

3x2-4x-15

3x" + x2-5x + 2I

6x3 + 29x2 + 26x-2r

x^-x3-4x2-x + l

4x3-3x2-8x-l*

a3-7a2+l6ft-12 '

3a3-14a2+16a
'
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154. The fraction t is said to be a fro^er fraction, when a

is less than &.

The fraction t is said to be an improper fraction when a is

irreater than 6.

155. A whole number x may be written as a fractional

X
1'

number by writing 1 beneath it as a denominator, thus y-

156. To prove that r of ^= rT-' a od

Divide the unit into hd parts.

_, a „ c a ^ he
Then y- oi -.

6 a

10
I.

uv
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157. To shew that r-^ J= 7-•

The c^Tiotient, x, of j- divided by -, is sucli a number tliat x

multiplied by the divisor ^ will give as a result the dividend r.



86 FRACTIO^rS.

, x--4:X x^+i.c x(x — A) x(x-\-l)
6. ' ,

—

^r^> X ,- =
., >— J. X —-—T-^

x-' + lx- x-4: x-{x+ 1) a; -4
_x(x — 4)x(x + 7)_.
~ x\x + 7){x-4)

d?-¥ , A{ai-ah)_ a?- lfi gg + aft

^'
a'^ + 2ah + h''' a- + ah ~ d' + ^ah + h"-'^ A{a?-ab)

(a + h){a-b) a{a + b)

(a + b){a+'b) 4a (a - 6)

(a + b){a-h)a{a + b) _1
'^(a + bf{a + b)Aa{a - 6)

~ 4*

Examples.—xlL

simplify the following expressions :

3x 7» 3a 2& 4^ 3a!

'• 4?/^9y' ^' 46'' 3a*
^'

9f^^'
8a^P 15^/3 9^f-z 20aWe

^
2flt 46 5c

4-
45x2(/ ^ 24a42- S- lo^^pc ^

Ysxi/^g*
°'

56 ^
,3c

'^
6a"

3a:-y 5yh I2xz_ 7a^ 2fW 4ac
7-

4x2-' ^ G;f^ ^
20x2,'2*

' 5c-cZ3
^

42a''Zy3
^ 36d"

9Hi2rt2 5p2„ 24:cV 25Fm2 70?!% Spm
Q . J(

_i i X —

^

lO X =- X — -

^' 8p\^ 2xy i)Oiim' _'_ lAii'-cf Ibjfm 4k^n'

Examples.—xlii.

Rucluce to simple fractions in their lowest terms:

a-h (I'-Jr X- + X-2 a:--13.r + 42

a- + ab a- — uu x^— tx x^ + zx

x^ + 4x 4x' - 12a; x2-llx + 30 x^-3j;
^' i'^^^3x^3x2+12a;' ^' x'^-dx + i) ^»--5a;"

g:" + 3x + 2 X' - 7.-g + 12 .T^- 4 ^ a;'j:_25

•'' X- — 5x + G X- + X ' * X- + 5x X- + 2x'

rt2_4„ + 3 gS-Off + gO rt^-7a
'* a-— 5ci + 4 a,^-10a + :il a- -5a'

62-7^ + 6 6^ + 106 + 24 6^-86''

8- lJ:p^b _ 4 "" 6-^ - 146 + 48 ""
6^ + G6*
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a;2 - 7/2 xy — 2?/- X" — xy
-— X

II.

12.

a;- - 'ixy + 2y^ " a;- + xy "
{x - y)^'

(x - vif — n^ x^-{n- m)^

(x - ii)2 - m^ X' - {in - ?i)-*

{a + hY-(c + dy (a-by-{d-c)*

(a + c)- -(_/> + c^)^ (ct - c)- -{d- bf*

x^ — 2xy + y^-z^ x + y-z
"*' x^ + 2xy + y'^ - s^ x-y + z

Examples.—xliii,"

Simplify tlic following expressions :

^" 7 £--3^ + 2 as- 1 ^ a;2-17x + 30 x-15

158. "We are now able to justify the use of tlie Fraction

Symbol as one of the Division Symbols in Art. 73, that is,

we can shew that t is a proper representation of the quotient

resulting from the division of a by 5.

For let X be this (inotiL-nt.

Then, by the delinition of a quotient, Art. 72).

b X x===a.

But, iiom the nature of fractions,

J. "-ox Y=a:

"b
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159. Here we may state an important Theorem, which, we
shall require in the next chapter.

If ad= 6c, to shew that t= ^.
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164. In finrling the Lowest Common Multiple of two or

more expressions, each consisting of a single terra, we may
proceed as in Arithmetic, thus :

(1) To find the l.c.m. of 4(t^x and ISaic',

2
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1G5. The method of finding the l.c.m., given in the pre-

leding article, may be extended to the, case of compound
xp]e:=s!ons, when one or more of their factors can be reai.lily

letcrmincd. Thus we may take the following Examples :

(1) To find the l.c.m. of a-x, a* — a:-, and a^ + ox,

a— x

a+x

a — x,a^ — X-, a- + ax

1, a + x, a^ + ax

1, 1, a

L.C.M. = (a — x)(a + x)a = (a^ — x'^)a=a^— ax\

(2) To find the l.c.m. of a;' - 1, x*- 1, and 4x'-4a:;*,

x^-1 \
X'-l,x*-l,4x''-4x*

I

1, a;2+l, 4x*

L.C.M. = {x- - 1) {x- + 1) 4x*= (x* - 1) 4x*= 4x« - 4x*.

inn. Tlie student who is familiar with, the methods of

resolving .simple expressions into factors, especially those given

in Art. 12.5, may obtain tlie l.c.m. of such expressions by a

process which may be best explained by the following Ex-

amples :

Ex. 1. To find the L.C.M. of a- — z^ and a^-3?.

a^ - X-= (a - x) (a + x),

a^-x^={a — x) {a^ + ax + x^

Kow the L.o.jr. must contain in itself each of the factors iu

each of these products, and no others.

.*. L.C.M. is (a -x){a + x) (a^ + ax + x^,

the factor a — x occnrring once in each product, and therefore

once only in the l.c.m.

Ex. 2. To find the l.c.m. of

a- - li-, a- - 2ah + h'\ and a- + 2ah + 6*.

o,'^-P={a + h)(a-l),

a^ - luh + h'= {a - h) (a - 1),

a^ + 2ah + h'=^{a + l){a + h) i

L.C.M. k>{a + h){a- b) {a - 5) (a + h),
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tlie factor a — h occurring tvAce, in one of the proflucts, and a + 6

occurring bmce. in anotlier of tlie T)rf)dr.cts, and llierefore each

of these factors must occur tmce in the L.CiT.

^ Examples.—xlv.

Find the l.C.m. of the following expressions

:

1. X- and aa; + a;2. 10. x--l, a;2.t-l and x*-l.

2. x^ - 1 and x- - z. li. x^-x, x^ — 1 and x^+ 1.

3. a"' — V^ and a- + ah. 12. x^ - 1, x^ - x and x^ — 1.

4. 2.C-1 and 4x2-1. 13. 2a + l, 4^2-1 and Stt^ + l.

5

.

a + h and a^-vP. 1 4. x + y and Sx^ + 2xy.

6. 2; + 1, X — 1 and 2:- — 1. 15. (a + &)2 and a^— t^.

7. x + l,x^ — 1 andx- + x + l. 16. a + h, a — h hiiOlu'^ — V^.

8. x + 1, X- + 1 andx^+1. 17. 4(1 +x),4(l-x)and 2(l-x^.

9. X- 1, x'-l and x^ — 1. iS. x— 1, x- + x + 1 and x-* — 1.

19. (a — I) (a — c) and (d — c) (6 — c).

20. (x + 1) (x + 2), (x + 2) (.-; + 3) and (x+ 1) (a;+ 3).

21. X- - 1/2, (a; + y) 2 and (x - ij)\

22. (a + 3)(a+l), (a + 3)(a-l)anda2-l.

23. a?{x— ij), x{x^ — y-) and x + y.

24. (x + 1) (x + 3), (x + 2) (x + 3) (x + 4) and (x + 1) (x+ 2).

25. x2-i/2, 3(x-i/)'- and 12 (x^-t-i/).

26. C(x2+ xi/), 8{xy-y'-) and 10 (x^--/).

167. The chief use of the rule for finding the L.c.ir. is for

the reduction of fractious to common denominators, and in the

simple examples, which we shall have to put before the student

in a subsequent chapter, the rules which we have already given

Avill be found generally sufficient. But as we may have to find

the L.c.si. of two or more expressions in which the elementary

factors cannot be determined by inspection, we must now j^ro-

ceed to discuss a Rule for finding the L.CM. of two expressions

which is applicable to every case.
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] 68. The rule for finding the l.c.m. of two expressions a
and h is this.

Find tZ the highest common factor of a and 6.

I
or, =^x(i.

In words, the L.C.M. of two expressions is found by tho fol-

lowing process

:

Divide one of the expressions by the h.o.p. and multiply the

quotient by the other expression. The result is the l.c.m.

The proof of this rule we shall now give.

169. To find the l.c.m. of two algebraical expressions.

Let a and b be the two algebraical expressions.

Let d be their h.c.f.,

X the rec[uired L.C.M.

Now since a; is a multiple of a and b, we may say that

x—ma, x=nb;
.'. ma= nb;

.-.'^J- (Art. 159).
n a I

^

Now since x is the Lowest Common Multiple of a and h,

m and n can have no common factor

;

.*. the fraction — must be in its lowest terms ;n

:.m=2 ^^^ n= -, (Art. 103).

Hence, since x= ma,

b
x=2xch

Also, since x= nh,
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170. Ex. Find the l.c.m. of x^- 13x + 42 and x^ - 19x + 84.

First we find the h.C.f. of the two expressions to be x — 7.

„, '' (x2-13x + 42)x(x2-19x + 84)
Then l.c.m. = ^ '—

I,
— '

.

Now each of the factors composing the numerator is divisible

by X - 7.

Divide x- — 13x + 42 by x — 7, and the quotient is x — 6.

Hence L.C.M. = (x-6)(x2-19x + 84) = x^- 25x2+ 198x- 504.

Examples.—xlvi.

Find the l.c.m. of the following expressions :

1. x2 + 5x + 6and x2 + 6x + 8.

2. a- -a -20 and a^ + a - 12.

3. X- + 3x + 2 and x^+ 4x + 3.

4. x2+llx + 30andx2 + 12x + 35.,

5. x2 - 9x - 22 and x2- 13x4-22.

6. 2x^ + 3x + 1 and x^ - x - 2.

7. a? + xhj + xy + y^ and sc^ — y*.

8. x2_ 8x + 15 and x^ + 2x - 15.

9. 21x2 _ 26x + 8 and 7x^ - 4x2 _ 2ix + 12.

10. x-"* + xhj + X1/2 + y^ and x^ - x~y + xy^ - y\

11. a^ + 2a"b - ab"^ - 2P and a^ - 2a^-b - ah- + 2b\

171. To find the l.c.m. of three expressions, denoted by
a, b, c, we find m the L.C.M. of a and b, and tlien find M the

L.C.M. of m and c. M is the L.C.M. of a, b and c.

The proof of this rule may be thus stated :

Every common multiple of a and 6 is a multiple of m,

and every multiple of m is a multiple of a and b,

therefore every common multiple of m and c is a connnon

multiple of a, b and c,

and every common multiple of a, b and c is a common
multiple of m and c,

and therefore the l.c.m. of to and c is the l.c.m. of a, b

and c.
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Examples.—xlvii.

Fintl tlio L.C.M. of tlie l'ollo"Rdiig expressions :

1. X- - 3a; + 2, ic- - 4x + 3 and a;'-^ - 5a; + 4,

2. c- + 5a5 + 4, x2 + 4x + 3 andx2 + 7x+12.

3. V? - 9j + 20, x^ - 12a; + 35 and x^-\\x^ 23.

4. 6x2 - a; - 2j glx^ - 17x + 2 and 14x2 + 5x - 1.

5. x2_i^a;- + 2x-3 and Gx2-x-2.

6. x^ - 27, x2 - 15x + 3G and x^ - 3x'' - 2x + 6.

XI. ON ADDITION AND SUBTRACTION
OF FRACTIONS.

172. Having cstaWislicd tlit: Rules for finding the Lo'n-ept

Common Multiple of given expressions, we may now procec<l

to treat of the method by whicli Fractions are combined by

the processes of Addition and Sdctraction.

173. Two Fractions may be replaced by two equivalent

fractions with a Common Denominator by the follo^\ing

rule

:

Find the L.C.SI. of the denominators of the given fractions.

Divide the l.C.m. by the Denominator of each fraction.

LIultiply the first Numerator by the first Quotient.

IMultiply the second Kiimerator by the second Quotient.

The two Products will be the Numerators of the equivalent

fractions whose common denominator is the L.C.M. of tho

original denominators.

The same rule holds for three, four, or more fractions.

174. Ex. 1. Reduce to equivalent fractions with tho

lowest common denominator,

2x + 5 , 4x-7„_and-^.
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Denominators 3, 4.

Lowest Common Multiple 12.

Quotients 4, 3.

New Numerators 8x + 20, 12x - 21.

8a; + 20 12x-21
Eq^uivaknt Fi-actions

12 ' 12

Ex. 2. Reduce to equivalent fractions with, tlie loweai

common denominator,

56 + 4c 6a-2c 3a -55

a6 ' ao '' 6c *•

Denominators a5, ac, he.

Lowest Common Multiple ahc.

Quotients c, b, a.

New Numerators 5hc + 40^, 6a& - 21)0, Za^ - 5a&.

T, . , ^ „ ^. 56c + 4c2 6a6 - 26c 3^2 - 5ab
Equivalent Fractions -, , , , ; .^ 06c ' abc ' abc

Examples.—xlviii.

Reduce to eqxiivalent fractions with the lowest common
denominator

:

3x , 4a5 , a~h '

3 a^ — ah
1. ,T^^^5-' ^ PF^^^-^^-

3a;-7 , 4a;-9 ..3 ,3
2. —TT- and -TH—

•

7* q and .

6 18 l+x 1-x

2
3. ,

-" and ^
. 8. ;j

5 and ^
- .

"^ 5x- lOx l-y^ l+y

4a + 56 , 3a-4& 5,6
A. n— and . O. and -„.^ 2a2 5a ^ 1-x l-x^

4a — 5c 1 3a — 2c a i h
5. —^ and -TTT^T-. 10. - and

,, ,

—. .

^ oac 12a-c c c (6 + x)

1

,2*

"• (a- 6) (6 - c)
''^"'^

(a - 6) (a - c)'

12. -r-; TT-T ^x
^"'^1

a6 (a — 6) (a — c) ac (a — c) (6 — c)*
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1 ^r rr 1 ^x. L^ ^ ad + hc
li5. To shew that 7 +, =—ri—

•

b a bd

Suppose the unit to Le divided into hd equal parts.

Then -ri will represent ad of these parts,

and -,-^ will represent he oi tnese parts.

Now |=g, by Art. 148,

, c ho
and j= -o.a od

Hence y + -^ will represent ad + 5c of the parta.

But —j-i— will represent ad + 5c of the parts.

Therefore ?+^=^'.

By a similar process it may Le shewn that

a c _ad — hG

h~d~~bdr'

176._ Since
f
+ '^=-

^^ ,

onr Eule for Addition of Fractions will run thus :

"Reduce the fractions to equivalent fractions having the

Lowest Common Denominator. Then add the Numerators of

the equivalent fractions and place the result as the Numerator

of a fraction, whose Denominator is the Common Denominator

of the equivalent fractions.

The fraction will be equal to the sum of the original frac-

tions."

The beginner should, however, generally take hco fractions

at a time, and then combine a third with the resulting fraction,

as will be shewn in subsequent Examples.

a c ad — ho
Also,smce^-^=-j^,

the Rule for Suhtracting one fraction from another will be.
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"Reduce the fractions to ecjuivalent fractions havin<^ tlie

Lowest Coniinon Denominator. Then subtract the Numerator

of the second of the equivalent fractions from the Numerator

of the first of the equivalent fractions, and place the result a^

the Numerator of a fraction, whose Denominator is the Common
Denominator of the equivaleiA fractions. This fraction will l;u

equal to the difference of the original fractions."

These rules we shall illustrate by examples of various dcc;rec3

of difficulty.
J,

Note. "WTien a negative sign precedes a fraction, it is host

to place the numerator of that fraction in a bracket, before

combining it with the numerators of other fractions.

177. Ex. 1. To simplify ,

4x-3?/ 3.r-t-7?/
_
5x-2?/ 9x- + 2?/'

7 "^ li ~~2l
~ "^ ~~42~'

Lowest Common Multiple of denominators is 42.

Multiplying the numerators by G, 3, 2, 1 respectively,

24X-18!/ f)x +
2Jj/

_ lOc - 4y Ox + 2?/

42 42 42 42 "

243:- T8y + Oj + 21?/ - (in.r- 4;/) + Ox + 2;
""

42

24x - 18?/ + Ox + 21;/ - lO.r -f 4?/ + Ox + 2y=
^2

32x + 9.Y

" 42 •

r-^ o rr. • rr 2x + l 4x + 2 1Ex. 2. To Bimpluv -— ;— + --.

Lowest Common Multiple of denominators is 105x.

Multiplying the numerators by 35, 21, lax, respectively,

70a;+ 35 84x + 42 \^x_

105x " 105x '^IQbv

,: _ 70x+ 35 - (84x + 42) + 15a;~
105x

70x + 35 - 84x - 42 + 15x_g - 7^
105x

""
10-3x'

[S.A.] «
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Examples.—xlix.

4,r + 7 3^^ 3g -Ah 2a~h + c 13a-4<J
'• 5~"*"~T5 •

^' ~~1 3
^"12^'

4x - 37/ 3xV7y _ 5:g - gy Ox + 2y
3- f~'^~~Yr~ 21 "^ 42 •

3x-2j/ 51. -7y 8a; + 2?/

^ b£ lOx 25

4^^-rf 3x-Sy 5-2y
5' 3x2 + Cx ^ 12 •

^ 4ft2 + 5&2 3rt + 26 7 -2a

4x4-5 3.r-7 9
'^' 3~ 5x "^12,(;^*

5a + 2?> 4c - 3/^ Cyh-7hc

3c 2a 14ac

2«. + 5c 4ac - 3c^ 5ac - 2c^

3.„/-4 5y- + 7 Gx2-ll
lo. —V9 "^^^ -^ ^•

x-y- xy* x'^i/

rt - 6 4rt - 56 3a - 7&

178. Ex. To simplify

a-b a+b
a + b a-b'

L.c.M. of denominators is aP - h'K

Multiplying the numerators Ly a-h and a + h respectively,

ViC get

a?-li + a2_i2

a2-2a& + t2 + a2 + 2a5-f52

2a2 + 2i2

a--b''



OF FRACTIONS. ^

Examples.—1.

'a;-ti x + 5* ""'a;-? x-'i' •'' 1+x 1-a;'

a; + 7/ X - y _J[ 2 ft _ (rtfZ - 5c) a;

' x-y x + y' ^' l-x 1-X-'
'

c{c + dx)'

x + y x-y 'x-y (x-y)-'

"' x + ct (x + (()-' 2a{u + x) 2ii(a-xy

179. Ex. 1. T(3sinii)]iry

_3_ 5 6

1+?/ 1-7/ 1 + 2/2'

Taking the first two fractions

3 5

1 + 2/ 1-2/

3 - 3?/ 5 + 5y
l-y- l-y
8 + 2y

.

"=1-2/^'

we can now comLinc with tliis result the iJdrd of the original

fractions, and we have

3 5 G

1 + y 1-1/ r+jr"

"l-i/'l+i/

^8 + 2y + 8y^_+2f _ G-Oij^

1-2/* ~ 1-2/*

8 -f 2y + Sy'-' + 2y^ - 6 + Gi/'

1~2/'

• 2y^ + l4y^- + 2y + 2

1-2/1
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Ex. 2. To simplify

2 2 2

L.C.M. of first two ilL-noniiuiitors buing {(i-h) (t-c) (c-a)

2c - 2(7. i,'* - 2c 2

(a -l)(b- c) (c - (i)
^

(ci - i) {b- (,) (c - a) ^ (b-c){c- a)

2b - 2a 2

{a -b) {b- c) (c - a) {b - c) (c - a)*

L.C.M. of the two Jenoiniuators being (a - J) (Z*-c) (c-a)

2& - 2ri + 2fi - 26

{a -b)\b - c) (c - a) (a - Z») (6 - c) (c - a)
= 0.

T
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x-a x-h (a-hy
x-h x-a {x-a)(x-^by

x + y 2.V x-Tj - a^

y x + y y{x^-y^)

n+h . h+c c+(
^^' {h-c){c-a)'^(c-a){a-bj'^(a-h){b^' '')

X 2X7/

x" -i-xy + y" x^ — y^'

u~b h-c c — a (a — 6) (6 — c) (c - a)

a + h 2a a-b - a?

!. V

20.

b a + b a-b — b^'

1

(u + 1)(m + 2) (ii + l)(/H-2)(ft + 3) CuH-l)(;i + 3)'

a^ — hc h^-ac c^ — ah
21. 7 TV^ —N + r; "TTy x +

(« + ?;) (« + c) (6 + a) (6 + c) (c + /^) (c + tt)" ;

ion o- "^' , -ah A . ^^
180. Since -r = «j and —r-= a. Art. 77,

o?»_ — a&

From tliis -we learn tliat M-e may change tlie sign of the

denominator of a fraction if we also change the sign of the

nnnierator.

Hence if the numerator or denominator, or both, be expres-

sions Avilh more tluin one term, we may change the sign of

every term in the denominator if we also change the eign of

every term in the numerator

For ^-A=~(^z3.
c-d -{c~d)

e —aVb

or, writing the terms of the new fraction so that the positive

terms may stand first,

h — a
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181. Ex. To simplify ^^-±-^L^^^'.
•^ "^ a-x x-a

Changing tlie signs of the numerator and denominator of the

second fraction,

x(a + x) — 5ax + «'

a-x a — x

ax+ x^-(— 5ax + x'^ ax + x^ + 5ax-x^_ Gax

a — x
~

a — x a-x'

182. Again, since —ah= the product of -a and h,

and ah= tlie product of +a and 6,

the Bign of a product Avill he clianged Ijy clianging the signs of

one of the factors composing the product.

Hence (a — h)(b — c) will give a set of tcnns,

and (6 - a) (b - c) will give the same set of terms with dif-

fercnt signs

This may he seen hy actual multiplication

(a -I) {b- c) — ab - ac -b'^ + bc,

(b-a) (b-c)= —ab + ac-i-h- —

Consec^Tiently if we have a fraction

1

{a-b){b-cy

and we change the factor a-b into b-a, we shall in effect

change the sign of every term of tlie expression which would

result fi-om the nuiltiplication of {a - b) into (b - c).

Now we may change the signs of the denominator if we also

change the signs of tlie numerator (Art. 180)

;

1 -

1

'' {a-b){b-<i)~{b-a){h-o)' •

If we change the signs of two factors in a denominator, the

sign of the numerator will remain unaltered, thus

1 _ 1

{a-b){b-c) ib-a){c-bT
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183. Ex. Simplify

1 1

(a -b)(h- c) {b - u) (a - c) (c -a){c- b)'

First cliange the signs of the factor (h-a) in the second

IVaction, changing also the sign of the nnnuTator ; and change

the signs of the factor (c-a) in the tliird fraction, changing

also the sign of the numerator,

1 -1 -1
tne resuli is -. jr—-i \ + ? rr/ \ ~ 7 w^~~ r\*

(rt - 6) (o - c) (a -h){a- c) (a - c) {c- 0)

Next, change the signs of the factor (c - 1) in tlie third,

changing also the sign of the numerator,

tlie result is
(a -b) {b- c) (a - b) {a - c) {a - c) (i - c)*

L.c.M. of the three denominators is (a -h) (b~ c) (a - c),

a-c -b+c a-b
{a-b) {b-c) (a-cy {a-b)ia-c) (h-c) (a-i) (a-c) (6-c)

_o.-c-b + c-{a-b) _ .

~ {ci-b)(b- c) {a-c)~{a- b) {h -c) (a-c)

Examples.—lii.

X x-y 3 + 2x 2-?jX ICx-iS
I. + -. 2. -^— TT-.— + —>—7-'x-y y-x 2 — X 2+x a;- — 4.

X X x^ 114
3' x+l~T^'^x'^-l' ^ Qy + 6~2ij-2'^2^-3f'

1 2 1

(m- 2) (m- 3) {m-l){}i- m) {m - 1) {m - 2)'

. 1 1 arj^__2aP_ 2u?h^
°' ^i:^'{x + b)^ {b-a){x + a)'

7- ^2_ii a^-p'^a^^Jyi'

^ 1 1 1
+ ;"• .i(l+x) 4(x-l) 2(l + a;2/

1 1 1

^" U-y){y-z)'^{y-x){x-z)-^{z-x){z-yy

1 _ I 1

a(a-b)(u-c) b {h-a) (b-c) cic-a)(c-l)''
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^18i. Ex. To simplify

'"
1 1

Here llie clenonuiiators may be expressed iu factors, and we
have

1 1

{£ - 5) (x - 6)
"^

{x -~5) {x - 7)'

Tlie li.c.M. of the denominators is (x - 5) (j; — G) (a; — 7), and

wc Lave

a;-7 x-G
(x-S) (x-G) (x-7) (x-5) (x-0) (a;-7)

2X-1 3

*"(x-5)(x-G)(x-7)'

EXAMPLES.—liii.

1 1
I. „M o,. + -

x^+ Ox + 20 a:2 + 12x + 35*

1 1
; +

x'^'—lZx + Ai a;-— 15X + 54* '

^* a;2+7x-4i"^x2-2x-143'

^1 2.C 1__
^*

a;2 + 3x + 2'''x- + 4x + 3 a:Hox+ Or

m 2?n. 2))7n.

•^ » m + » (/Ji + vi)''

1+x I-x 2

1+x + x- 1-x + x- 1+X- + X**

5 2 "^-^ _ t^_
''• 3^1^ ~r+x "''3x2 + 3" 3x2^ 3*

^' 8(x-l)'''473-x)"''8(x-5)'^(l-x)(x-3)(a-yy

Q. l-X+ X--X-' + -j—-.



' XII. ON FRACTIONAL EQUATIONS,

185. We shall explain in this Chapter the method of

sol\"ing, first, Equations in which fractional terms occur, and

secondly, Problems leading to such Equations,

186. An Equation involving fractional terms may he

reduced to an equivalent Equation without fractions hy mul-

tiphjing every term of the equation hij the Lowest Common
Multiple of the denominators of the fractional terms.

This process is in accordance with the principle laid down,

iu Ax. in. page 58 ; for if holh fiides of an equation be multi-

plied bj' the same expression, the resulting products will, by
that Axiom, be equal to each other.

187. The following examples will illustrate the process of

clearing an Equation of Fractions.

EX. 1. | + ^?=3.

The L.c.M. of the denominators is 6.

Multiplying both sides by G, we get

Gx Gx . „y +y = 48,

or, 3x + x= 48,

or, 4a; =48;

.-. x=12.

Ex. 2. 7^ + -»— = x-2.

The L.C.M. of the denominators is 14.

Multiplying both sides by 14, we get

14x 14X + 14 ,, „„.
-2- + 7— = 14x-28.
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or, 7x + 2.-c + 2 = 14x-28,

or, '7x + 2x-14.c= -28-2,

or, -5,r=-30.

Clianging tlie signs of botli sides, we get

5x= :30;

.'. x= G.

188. The process may be sliortencd from the follo-\\nng

considerations. If we have to multiply a fraction by a multiple

of its denominator, we may first divide the vnuUiplier by the

denominator, and then vmlliphj the numerator by the quotient.

1'lie result will be a whole number.

Thus, ;jx 12 =xx4= 4x,

?l^x56 = (x-l)x8-Sx-8.

Ex. 1. | + | + f=39.

The L.c.ii. of the denominators being 12, if we multiply the

numerators of the fractions by 6, 4, and 3 respectively, and the

other side of the equation by 12, we get

6x + 4x + 3x= 468,

or, 13x= 4G8;

.-. x= 36.

Ex 2 ?-l^ + l=-^Z
X 2x 3x 12

Tlie L.c.ir. of the denominatois is 12x. Hence, if we mul-

tiply the numerators by 12, C, 4, and x respectively, we get

9G-90 + 28 = l7x,

or, 34=l7x,

px, • 17x= 34j

.*. x=2.
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loS ON FRACTIONAL EQUATWXS.

189. It must next be observed tLat in clearing an equation

of fractions, whenever a fraction is preceded by a negative sign,

we must place the result obtained by multiplying that nume-

rator in a bracket, after the removal of the denominator.

For example, we ought to proceed thus :

—

-p -, a; + 2_a;-2 a;-l
i^x. I. -^-^ -^.

Multiply by 70, the l.c.m. of the denominators, and v.'e get

14a; + 2S= 35x-'70-(10x-10),

or 14x + 28= 35a; - 70 - lOx + 10,

from which we shall find x= 8.

Ex.2. l7-2x_4x + 2^^^
5a; ux

Multiplying by 15x, the L.c.Ji. of the denomiaators, we get

51-6x-(20x + 10) = 15a;,

or 5I-6a;-20x-10= 15x,

from which we shall find x=l.

Note. It is from want of attention to this way of treating

fractions preceded by a negative sign that beginners make so

many mistakes in the solution of ecLuations.

Examples.—Iv.

x + S ^, 5x 5x 9 3-05
1. 5x—2-=a. 4- y—4=4— 2--

3-x .2 _ r)x-4 ^ l-2»
2. X—3-=03. 5. 2x-^-=7—^.

5-2x 03=. _^-? 6 a; + 2_14 3 + 5a;

2 9 4 •

5x + 3_3-4x x_31 9-5x
7. —

g

3~^2~2' 6~'

- a+ 5 JB— 2 x + 9 „ x + 2 x
8. -^—5-=-ir-, ^°- ^-^--^=3

x + l a;-4_x + 4 x + 5_x + 2 x-2
9. —

g

^
^-. II. y- ^- ^.,
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8. - a(? + \rc + ahcx= aSc -f cm.i; - ac"-£, + h"c — mc.

9. (a + X + 0) (a + & - a:) = (a + x) (i - x) - ab,

10. (a - ar) (« + x) = 2a' + 2(.cx - x-.

11. (a^ + a;)- = x--l-4a- + ('A

1 2. (tt^ - x) (a- + x) = a' + 2t?x - x^.

1-5. + a = -. 17. —-^^ '^mqxAr .

3(T. - ?)X I - X
J

c

14. ax ^—=
j^.

IS. --^ = j^-^

Anx-lh x^ — a n-x 2x a
15. 6a = x. 19. —t; '~=ir~v

hr + T rr. f
r/'- - 1

)

3 ah-x^ Ax—ae
16. ax =^ -. 20. T— =———

»

ah + x Ir -X_x-h ab-x
b' a-b " a- b^

3ax-2h ax-a_ax 2
^^-

35 2b T'S*

, ax X _
21,. am-b--Y--\ = 0.

•^
b VI,

2ft-// b-x 3a -c 3ocx l^- ^ah^X
^' {a + b) a{a + b) a + b~ b {a + b)'

nx- nx ^ ah
J J

1
>:. = + a + — = 0. 27. — = bc + d + -.
^ b-cx c ' X X

. a(f?- + x") ax -, m(a-x)
26. -^^-7 ^-= ac + ^. 2S. c = ftH- .. .^

(Zx d 6a + x

29. (« + x)(5 + x)-a(& + c) = -,-' + x''.

^-^-^±^^-&.r==a.-36x.3^- -r--

191. Iji tlie examxjles alread}'- given the L.c.M. of the

denominators can generally be determined by inspection.

When compound expressions appear in the denominators, it

is SDUietinics desirable to collect the fractions into two, one
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on e;ich side of tljp equation. Vrhou lliis has Lecn done, we
Ciui cluar tlia eqiuitioil of JVactious Ly inuItiplyiiiL,' tlic nu-

jULM'ator on tlie left by the denominator on the riyld, and the

numerator on the right by the denominator ou the kjL. and
making the products equal.

For, il" T = '„ it is evident tliat ad = lc.
a

Ex.
4x + 5

_
13a;-G_2j;-3

^

10 7x+T~ 5 *

4.x -f 5 _ 2x-3_ 133;-G
^

I'J ~5 7x + 4 *

4.T + 5- (4.c-G)^ 13.r-6
,

lb ~ 7x + 4 *

. 11^13.c-6.
*• 10 '7a; + 4 '

ll(7x + 4) = 10(13x-6);

104
whence we find x= ,

,

53

Examples.— Ivii.

3x + 7 3x + 5 . 2
6.

II.

4x + b 4j; + 3 " 1-5x 1-2x
x + 6 ^ X _l_ 1 3

2x + 5 2a;-5* ^* o;-"!'''^ 1
~ x--

I'

2x + 7 4a;-l 4x + 3_8x + 19 7.r-29
1* ""O ~1S 5x - 12'

3 X x^-bx_2
"3" 9* 3"3x^~3'

3x + 2 2x-4 ^— = 0. lo. r- + -s-
= 5.

-o X— 1 x + 2

J(x + 3)-^(ll-.T)=^(x-4)-2\(x-3). .

3-



112 C.V FRACTIONAL EQtL-iT/OXS.

^4 3 5
l6. rr + ;^ 777-1

x-S 2ic-iii 24 3x-2-i*

17. ~

—

^ -.
-^ = j:- + 2.c-4'

x-' - 2u; + 4

_ /.I 2\ 1 3a;-(4-5a;)
20. 5-x(3---) = -x \ \

\ 2 x/ 2 4

192. Equations into vvliicla Decimal Fractions enter cIo not

present any serious difficulty, as may be seen from the follow-

ing Examples :

—

Ex. 1. To solve the equation

•5a;=-03x + l-41.

Turning the decimals into the form of Vulgar Fractional

we get

5x_2x_ 141

10~100'*'l60*

Then multiplying both sides by 100, we get

50x=3a;+141;

therefore 47x=141;

therefore 05=3.

Ex.2. l-2a;-^l^^f^ = -4x + 8-9.

First clear the fraction of decimals by multiplying its

numerator and denominator by 100, and we get

1.2x-i?^= -4x + 8-9;
50

,, , 12x 18x-5 4x 89
therefore ___-__=_ + _;

therefore 60x - 18x + 5 = 20x + 445 j

therefore 22x=440

;

therefore x=20.
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Examples.—Iviii.

1. •5x-2 = -25^- + -2a;-l,

2. 3-25a;-5-l+a;--75x=3-9 + -5x.

3. •125x4- -Ola;= 13 --20; +-4.

4. •3x4- 1-305X + •5x= 22-95 --IDSx.

5. •2x--01x+-00jx= 11-7.

6. 2-4x-'^^'^~'"^= •8x4 8-9.

7. 2-4x- 10-75 = -25x. 8. •5x4 2--7jx= -4a;-lL

4-05
9. . 4 3875 = 4-025.

yx

10. 2-5x-^(^-2) = -5-'5x + 3

"a '

8-5 -2 .1 l--lx •4Sx 3-4x
II. ----=4:--^^-^\ 12. -^--.^=1993.

2 X 4 X 6 '2

2-3x 5x 2x-3_x-2 ^^
*2' ~r5~'^r25 ~9~""T-8 ^"9*

14. !il^ + l.-04(x4-9) = 241-2.XX
•45.r--75 1-2 '2x--%

15. -0X4 :y—= ::2- rg--

^ ^ 3-5x 24 -3x ^^.
16. -5 ^ >j

— =-3/ox.
X— A o

•135r--225 -36 •09x--18
17. -ISx-f

^3
=^-^ ^—

.

193. To ilicw that a sim;ple equation can only have one root.

Let x= a be the equation, a form to wliich all eq^uations of

tL.e first degree may be reduced.

l^ovf suppose a and ft to be two roots of the eq^uation.

Then, by Art. 109,

a= «,

and (i= (^,

therefore «' = A;
in other word.'., the tvo supposed roots are identical.

[S.A.] a



XIII. PROBLEMS IN FRACTIONAL
EQUATIONS.

194. We shall now give a series of Easy Problems resulting

fur the most part in Fractional Equations.

Take the following as an exanijilc of i\ie form in v/hieh such

riubleni-s should be set out by a bcyiimer.

" Find a number such that the sum of its third and fourth

parts shall be ec[ual to 7."

Suppose X to represent the number.

Then - will represent the thinl part of the number,
o

and 2 will represent the fourth part of the number.

Uence t^ + j will represent the sum of the two parts.

But 7 will represent the sum of the two parti

Therefore ^ "*" Z~ "^^

Hence 4x + 3x=84,

that is, 7:c=84,

that is, a;=12,

and therefore the number sought is 12,

Examples.—lix.

1. What is the number of which the half, the fourth, and

the fifth parts added together give as a result 95 ?

2. "Wliat is the number of which the twelfth, twentietJi,

and fortieth parts added together give as a result 38 ?

3. What is the number of which the fourth part exceeds

the fifth part by 4 ]
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4. Wliat is tlje inmilier of -wliicli the tweiity-fiftli pr.rt

exceods the tliii-ty-firLli part by 8 \

5. Divide GO into two such parts that a seventh part of one

may be ei^ual to an eighth part o! the other.

6. Divide 50 into two such parts that one-foiirth of one

]i:!rt being added to five-sixths of the other part the sum may
bi- 40.

7. Divide 100 into two such parts that if a third part of the

o!ie be suljtractcd from a fourth part of the otlier the remainder

may lie 11.

S. Vriiat is cae number wliich is greater than the sum of its

third, tenth, and tweli'th parts by oS \

9. "When I have taken away from 33 the fourth, fifth, and

ti iilli parts of a certain number, the remainder is zero. Wliat

is the nuudjer ?

10. What is the number of wliich tlie fourth, fifth, and

sixlh parts added together exceed the half of the nuuibi-r

by 112

i

I r. If to the sum of the half, thio third, the fourth, and the

twelfth parts of a certain number I add 30, the sum is twice as

huge as tlie original number. Find the number.

12. The difference between two numbers is 8, and the

quotient resulting from the division of the greater by the less

is 3. What are the numbers ?

13. The seventh part of a man's property is equal to liis

wliole property dimini^hed by £1(J26. What is his property \

14. The difference between two numbers is 504, and the

quotient resulting from the division of the greater by the less

is 15. What are the numbers ?

15. The sum of two numbers is 5760, and their difference

is equal to one-third of the greater. What are the numbers ?

16. To a certain number I add its half, and the result is as

mucli abov(i 00 as the number itself is below 65. Tiud the

number.
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17. The (lifTerence between two nuiulnjis is £(>, ami one-

seventh of the one is e(|iiiil to oiiu-third of Lhc oUier. What
ai'e the numbers ?

18. The sum of two numbers is 31207. On tli vising one

by the othur the quotient is found to be 15 and tiie remainder

1335. What are tlie numbers ]

19. The ai^es of two brothers amoi\nt to 27 years. On
dividin;^- the age of the elder by that of the } ouiiger the c|uo-

tient is 3J-. AVhat is the age of each ?

20. Divide 237 into two such parts that one is four-hfths of

the other.

21. Divide £1800 between A and B, so that ZJ's share may
be two-sevenths of ^4 's share.

22. Divide 46 into two such parts tliat llie sum of the

qiiotients obtained liy dividing one i)art by 7 and tlie other by

3 may be equal to lU.

23. Divide the iiuuibor a into two Fiich ji;n'ts tiiat tlie sum
of the f[U(jl.i.-nls ul'tained by dividing one part, h}' 7/1 and the

oilier by n ma}' be e(|Ual to 6.

24. The sum of two numbers is a, and their diiference is h.

Find tlie numbers.

25. On multiplying a certain niimher by 4 and dividing

the product by 3, I obtain 24. Wiiat is tlie number?

26. Divide .£804 between A, B, and C, so that A gets ---

of what B gets, and C"s share is (qnal to the sum of the shares

of A and B.

TJ. A man leaves the half of his pri)j)erty to his Avife, a

sixth part to each of his two cuildieu, a twelfth part to his

brother, and tlie rest, amounting to i,(JOO, to charitable uses.

What was the amount of his pioi)erty \

28. Find two numbers, of whicii the sum is 70, such tlait

the first divided by the second gives 2 as a quotient and 1 as

a remainder.

29. Find two numbers of which the diiference is 25, suih

that the second divided by the first gives 4 as a q^uotient and

4 as a remainder.
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30. Divide fne nnm'ber 208 into two parts such thnt the

siun of tlie fourth of the greater and the third of the less is

less by 4 than luur times tlie dilfereuce between the two part?.

31. Til ere are thirteen daya between division of term and

tlie end of tlie first tvv'o-thirds of Ihe term. How many days

are there in tlie term \

32. Ont of a cask of wine of which a fifth part had lonhi'd

away 10 gallons Avere drawn, and tlien the cask was two-thirds

full. How much did it hold ?

''^. The sum of the ages of a father and son is half what it

will be in 25 years : tlie difference is one-tliird what the sum
will be in 20 years. Find the respective ages.

34. A mother is 70 years old, her daughter is exat-tly linll'

that age. How many years have passed since the mntlier was

3.^ times the age of the daughter ?

35. A is 72. and B is two-thirds of that age. How long is

it since A was 5 times as old as jS ?

Note I. If a man can do a piece of work in x hours, the

part of tlie worlc whicli he can do in one hour will be repre-

sented bj' -.

Til us if A can reap a field in 12 hours, he will reap in one

hour -7; of the field.

Ex. A can do a piece of work in 5 days, and B can do it

in 12 days. IIow long will A and B working together take to

do the work ?

Let z represent the number of days A and B will take.

Then - Avill represent the part of the work they do daily,

Kow jr represents the part A does daily,

, f

and p represents the part B does daily*
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Hence v + t^ "\vill represent tlie part A and B do daily.

Conseciuentl V . -f t^= -.
•^ ' 12 a;

Hence 12x + 5x = CO,

or 17x=G0;

60

That is, tliey will do the ivork in 3 ^= days.

36. A can do a piece of work in 2 days. J? can do it in 3

days. In what time will tliey do it if llicy work togetlier?

37. A can do a piece of work in 50 days, B in 60 days,

and C in 75 days. In Avhat time will tbey do it all working

together ?

38. A and B together finish a work in 12 days ; A and G
in 15 days ; B and G in 20 days. In wliat time will they

finish it all workin" toirether \

in 3- honrs : B and C in 5^ hours. In what time can A do
o 7

f 39. A and B can do a piece of work in 4 liours ; A and G

in 3'^ hon
o

it alone ?

40. A can do a piece of work in 2_- days, B in 3- daj's,

3
and C in 3

,
days. In what time will they do it all working

together?
"'^

3
41. A docs - of a piece of work in 10 days, xle then calls

in B, and thej"" finish the work in 3 days. ITow long would B
take to do one-third of the work hy himself?

XoTE II. If a tap can fill a vessel in x hours, the part of

the vessel fdled by it rsx one hour will he represented hy -.

Ex. Three taps running separately will fill a vessel in 20,

SfV and 40 minutes respectively. In what time will they fill it

U"hen thev all run at the same time?
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9

Let X represent tlie number of minutes tbey will take.

Then - will represent the part of the vessel filled in 1

minute.

Now qt represents the part filled by the first tap in 1 minute,

1
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46. A vessel containing 755.- gallons cau be filled by three

pipes. The first lots in i2 gallons in 0- minutes, the second

15. gallons in 2^ minutes, the third 17 gallons in 3 minutes :

in what time -will the vessel he filled by the tliree pipes all

running togetlier ? -»^

47. A vessel can be filled in 15 minutes by tliree pipes,

one of vrliich lets in 10 gallons more and the other 4 gallons

less than the third each minute. The cistern holds 2400 gallons.

How much comes through each pipe in a minute ?

Note HI. In questions involving distance travelled over in

a certain time at a certain rate, it is to be observed that

Distance „.
--^ -= Tune.

That is, if I travel 20 miles at tlie rate of 5 miles an hour,

number of hours I take= _ .

5

Ex. A and B sot out, one from Xewmnrlvet and tlie other

from Ca.nibridge, at the same time. The distance between the

towns is 13 miles. A walks 4 miles an hour, and B 3 miles an

liour. "Where will they meet ?

Let X represent their distance from Cambridge when they

meet.

Then l.'l -x will represent their distance from Newmarket.

Then "^ —time in hours that B has been v/alking,

13 -x
4

And sijice both have been walking the same time,

^_l^-«
3" 4~

or 4.r= 30-.3a;,

or 1x= 39
;

39
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4
Tliat is, they meet at a distance of 5- miles from Cam-

bridge.

48. A person »*^iirts from Ely to walk to Cambridge (which

4
is distant 16 mile*; «t the rate of 4- miles an hour, at the

same time that another person leaves Cambridge for Ely

walking at the rate of a mile in 18 minutes. Where will they

meet?

49. A person walked to the top of a mountain at the rate

of 2- miles an hour, and down the same way at the rate of

3^ niilcs an hour, and was out 5 hours. How far did he walk

altogether ?

50. A man walks a miles in h hours. Write down

(1) Tlie number of miles he will walk in c hours.

(2) The number of hours he will be walking d miles.

51. A steamer which started from a certain place is fol-

lowed after 2 days by another steamer on the same line. Tlie

first goes 244 miles a day, and the second 286 miles a day. In

how many daj^s will the second overtake the first ?

52. A messenger who goes 31,^ miles in 5 hours is followed

after S hours by another who goes 22- miles in 3 hours. When

Tvill the second overtake the first ?

53. Two men set out to walk, one from Cambridge to

Tjondon, tlie other from London to Cambridge, a distance of

60 miles. The former walks at the rate of 4 miles, the latter

3
at the rate of 3 - miles an hour. K\. what distance from Cam-

4

bridge -n-ill tiicy meet ?

54. A sets out and travels at the rate of 7 miles in 5 hours.

Eiglit hours afterwards B sets out from the same place, and
tiavels along the same road at the rate of .5 miles in 3 hours

Aiti-tr what time will B overtake A ?
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Note IV. In problems relating to clocks the chief point t»

be noticed is that the minute-hand moves 12 times as fast as

the hour-liand.

The fuUow-iiig examples should be carefidly studied.

Find the time between 3 and 4 o'clock when the hands of a

clock are

(1) Opposite to each other.

(2) At right angles to each other.

(3) Coincident.

3f M

(1) Let ON represent the position of the minute-hand in

Fig- I.

OD represents the position of the hour-hand in Fig. L
M marks the 12 o'clock point.

T 3 o'clock

The lines OM, OT represent the position of the hands at

3 o'clock.

Now suppose the time to be x minutes past 3.

Then the minute-hand has since 3 o'clock moved over the

arc MDN.

And the hour-hand has since 3 o'clock moved over the

arc TD.

Hence arc MDX= twelve times arc TD,

If then we represent MDN by x,

we shall represent TD by j^.

Also we shall represent MT by 15,

and DN by 30.
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Now WD^= J/r + TD + DiY,

that is, x=15 + :^ + 30,

or 12:c=180Va; + 3C0,

or ll.r= 540;

540

Hence the time is 49— minutes past o.

(2) In Fig. II. tlie description given of tlic stnte of the

c^ock in Fig. T. ap[)lies, except Uiat DN will be rcpi'csented by
1

") instead of 30.

Now suppose the time t(j be x minutes past 3.

Tlien since

x= 15 + -"-1^ + 15.

from which we get

_3G0

that is, tlie time is 32—- jniuutes past

(3) In Fig. III. tlie hands are both in the position OX
Now suppose the time to be x minutes past 3.

Then since

MX=in^TN,

or 12x = lS0 + x,

180
or x= ^--,

.... A.

that IS, the time is IG y minutes past 3.

55. At what time are the hands of a watch opposite to

each other,

(1) Between 1 and 2,

(2) Between 4 and 5,

(3) Between 8 and 9 ?
.
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''
56. At Avliat time are the hands of a watch at riglit angles

bo each other,

(1) Eetw-een 2 and 3.

(2) Between 4 and f ,

(3) Between 7 and o %

57. At wliat time are the liauds 01 a watch together,

(1) Between 3 and 4,

(2) Between 6 and 7,

(3) Between 9 and 10 ?

58. A person "buys a certain number of apples at the rate

of tive for twopence. He sells half of them at two a ])enny,

and the remaining half at three a penny, and clears a penny

by the transaction. How many does he buy %

59. A man gives away half a sovereign more than half as

many sovereigns as he has: and agnin half a sovereign more

than half the sovereigns then remaining to him, and now has

notliing left. How much had he at first ?

60. "miat must be the value of n in order that
-"

/i + G9(*

inav be canal to -;- when a is -

1

61. A body of troops retreating before the enemy, from

which it is at a certain time 25 mile^ distant, marches 18 miles

a day. The enemy pursues it at the rate of 23 miles a day,

but is first a day later in starting, then after 2 days is forced

to halt for one day to repair a bridge, and this they have to do

again after two days' more marching. After how many days

from the beginning of the retreat will the retreating ibrce be

overtaken \

62. Aperson, after paying an income-tax of sixpence in the

pound, gave away one-thirteenth of his remaining income, and

had .£540 left. AVhat was his original income \

• 63. From a sum of money I talce away ^'0 more than the

lialf, then from the remainder i;30 more than the filth, then

from the second remaindc-r .£i!0 more than the fourth part

:

and at last only £\^ remains. Tv'hat was the original sum ?
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64. I boiii^'lit a certain nuniLer of eggs at 2 a penny, and

the same number at 3 a penny. I sold tliem at 5 i'ur twopence,

and lost a penny. How many eggs did I buy \

65. A cistern, holding 1200 gallons, is filled by 3 pipes

A, B, C in 24 minutes. Tlie pipe A requires 30 minutes more
tlian G to fill tlie cistern, and 10 gallons less run through C per

minute than througli A and B together. What time would
each pipe take to fill the cistern by itself?

66. A, B, and C drink a barrel of beer in 24 days. A and
4

7? drink rds of what G does, and B drinks twice as much as A.

In what time would each separately drink the cask 1

()]. A and B shoot by turns at a target. A puts 7 bullets

out of 12 into the centre, and B puts in 9 out of 12. Bctweeu
them they put in 32 bidlets. How many shots did each fu-e?

68. K. farmer sold at market 100 head of stock, horses,

c^en, and sheep, selling two oxen for every horse. He obtained

on the sale £2, 7s. a head. If he sold the horses, oxen, and
sheep at the rcsp'e^tive prices £22, i;i2, 10s., and £\, 10s., how
mauy horses, oxen, and sheep respectively did he sell \

69. In a Euclid paper A gets IGO mai-ks, and i> just passes.

A gets fall marks for book-work, and twice as many marks
for riders as B gets altogether. Also B, sending answers

to all the c[uestions, gets no marks for riders and half" marks

for book-work. Supposing it necessary to get - of full marks

in order to pass, find the number of marks which the paper

carries.

70. It is between 2 and 3 o'clock, but a person looking at

the clock and mistaking the hour-haud for the minute-hand,

fancies that the time of day is 55 minutes earlier than the

reality. What is the true time ?

71. An army in a defeat loses one-sixth of its number in.

killed and wounded, and 4000 prisoners. It is reinforced by
3000 men, but retreats, losing a fourth of its number in doiu"

60. There remain ISOOO men. What was the original force i

72. The national debt of a country was increased by one-

fourth in a time of war. • During twenty years of peace which
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followed ^25,000,000 was paid off, and at the end of that time

the interest was reduced I'rom 4^- to 4 per cent. It was then

found that the interest was the same in amount as before the

war. What was the amount of the debt before the war ]

73. An artesian well supplies a brewery. Tlie consump-

tion of water goes on each week-day from 3 a.m. to 6 p.m. ist

double the rate at which tlic water flows into the well. If

the well contained 2250 gallons when the consumption began

on ]\Ionday morning, and it was just emptied when the con-

sumption ceased in the evennig of the next Thursday but one,

what is the rate of the influx of water into the well in gallons

per hour?

XIV. ON MISCELLANEOUS FRACTIONS.

lf).5. In this Chapter we shall treat of various matters con-

nected with Fkactioxs, so as to exhiliit the mode of applying

the elementary rules to the simplification of expressions of a

more complicated kind than those which have hitherto been

discussed.

196. Tlie attention of the student must first be directed

to a point in which the notation of Algebra difters from that of

Arithmetic, namely wlicn a whole number and a fraction stand

side by side with no sign between them.

3 3
Thus in Arithmetic 2- stands for the sum of 2 and =.

7 7

Eut in Algebra x- stands for the product of x and -.

So in Algebra 3-—- stands for the product of 3 and
;

il^i • o « + & 3a + 35
that IS, 3 =

.
c 6
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EXAMPLES.—IX.

Simplify tlie following fractions

:

1. a + a; + 3-, 3. ^ + 2--^—.
X '' X x-y

a^ + ax ^x-a ,a + h ^a^ — b
2. -^-- --J. -. 4. 4 r-2-^—-TT,.

X- X a-0 a- + U'

197. A fraction of wliicli the Numerator or Denominator

is itself a fraction, is called a Complex Fraction.

Tims -, -. and — are complex fractions.

A Fraction wLose terms are wliole numLers is called a

Simple Fraction.

All Complex Fracti(ms may Le reduced to Simple Fractions

by the processes already described. We may take the follow-

ing Examples :

-. 6 ffl,m a n _an

, . h d_/a c\ /m 'p\_ad-hr._ mq — np
^ ' iib p \b d/ ' \n q' bd ' iiq

n q

_acl — he nq _ nq (ad - he)

bd Viq-lip bd{inq~npy

(3) _-^ =(l+^)^(l+J=(l+x)---
1 + -

X

l+x X x(l+x)
met X = —

• =XL
1 X+1 l+» .

*
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1-x 1+x
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_1 1_

^' a; . 1 "~\l-x l + x/ • \l-u;'*'l+x/

l + g-l+x . 3; + :;:S+l-re

1 — x^ ' 1-x-

(5)

3 3(4-.t) _12-3x
"4-x + 3-3x~4-x4-3-3x~ 7-4a;*

4 —

X

Examples.—Ixi.

Simplify the following expressions

:

x-y

1
5 + X + -,

2-X + -,

I.
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1 + 3: + x'
"• 7-1— '4-

1 + - + -.r
a; u;-

a + 6 ft

i (f + ft

- + /:a 6

198. Any fraction may be split np into a numLcr of frac-

tions equal to the number of terms in its numerator. TliUB

2m.-
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Chapter IV. ve treated of cases of division in whicTi the divisor

is eoiitained an exact numoer of times in the dividend. We
now proceed to treat of cases in which the divisor is not con-

tained exactly in tlie dividend, and to shew the proper method

of representing the Quotient in such cases.

Suppose we have to divide 1 by 1 - a. We may at once

represent the result by the fraction -^
—

-. But we may

actually perform the operation of division in the following

way.

\-a) 1 (l+a + a= + a3 + ...

1-a

a



ON MISCELLANEOUS FRACTIONS. 131

alwaj's being careful to attach to that term of the quotient, at

wliich we intend to stop, the remainder at that point of the

division, phaced as the numerator of a fraction of which the

divisor is the denominator.

Examples.—Ixiii.

Carry on each of the following divisions to 5 terms in the

quotient.

I.
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Or we may first reduce the nuilliplicand and tlie multiplied

to single fractions and proceed in tlie following way :

6a:'^ + 4x+ 3 3x-2 _ 18j;-4-x-6
^'. 12 ^ G - 72

" 72 '"72 72" 4 "^72*12°

This latter process will be found the simpler ly a beginner.

EXAMPLES.—iXiv.

Multijily

^ X \ y X \ Ol.^l 0,1,1
'• -3- + 2 + 5^^y3 + 4' ^ «-l+^byx- + l + ^.

a2al,al 11,11
=^- y-6 + 3^^4-5- 5. ^+F^^^-P--
-"11, 1 ,111,111

3. a?+ z+ - + -,- by X—

.

o, ---+- by - + r + -.

5 ?)2 , & &2

7. 1 + - + -ir by 1 - - - + -5-.

8. i4._a:f-x-byl-2X + g^-_-^x^

5^ 3_7,,^_1_1
9* 2x2 "^x 3 ^ x^ X 2*

10. 72- + -2- + 2l>y r5
2--2.

202. If we have \r> divide such an expression as

, o 3 1

X x-> ^*

1
by X+ -, we may proceed as in the division of whole numbers,

carefully observing that the order of descending powers of x

ia

. 2 1 1 1
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Any isolated digits, as X, 2, 3 ... will stand between z

X

Thus the expression

1 f R
4 4- 0^ + -3,+ 3j;2 + -3 + 5x+ -,

n-anged acco]:ding to descending powers of x, will stand thus,

a;3 + 3x2 + 5a; + 4 + - + ^,4-i.

The reason for this arrangement will he given in the Chapter
on the Theory of Indices.

Ex. x + -)oi^ + 2x + --^-Ax^ + 2 +K

a?+ X

2x + ~
X

2x + - -

X

1 1
- + -%
X or

1 I

X 7?

Or we may proceed in the following way, which will be

found simpler by the beginner.

^ gg + 3x-* + 3.-c^4-l ^x2 + l

0^ ' x~

a;« + 2x2 + l a;4 2x'-* 1 , „ 1
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EXAMPLES.—IXV.

Pivide

:

,1,1 ,1,1
, 1

,

1 x^ . y^ . X y
b- " b 2/' X" '' y X

,1, 1 ,1 11,111
or tr „« „'/ 1 3; V

7. -,-=^3-3-+ 3^ by---.

- 3x5 -77 43 33 o- 1 a^^

8. -r-4x* + -^a;'--T-x--—.x + 27 by — -x + 3.
4 o •* 4 2S

a3 fc5 rt ft 1113,111
Q. T^ + —, bvy + -. 10. -•, + *-,+",— 7- bv - + =- + -.

203. In dealing with expressions involving Decimal Frac-

tions two methods may be adopted, as will be seen from the

follo'wing example.

Multiply -Ix - 2y by •03x + '4y.

We may proceed thus, applying the Piules for Multiplication,

Addition, and Subtraction of Decimals.

'lx—'2y

•03x + •4y

•003x'-- -006x2/

+ -04 xy - -OSy* \

•003x2 + -034x2/ - -08!/2*

Or thus,

Cl.-.,)C00...4,) = (f„-f|)(j=^.|?) .

x-2y 3a- + 40?/
" 10 ^"~Tocr~

3x2 + 34x?/-802/^"
1000

"=•003x2 + -034x2/ --OSt/'.

The latter method will he foxind the simpler for a hoginner.
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Examples.—Ixvi.

Multiply :

I . -Le - -3 by -Sx + "07, 2. 'Oox + 7 by •2x - 3,

3, -Sx - -22/ by •4x + -ly, 4. 4-3x + 5-2?/ by 04x - -OGy.

5 Fuid tlie value of ^
^3 _ ip. ^ J.3 + o^j^c when a = -03, 6 = -1, and c=: -07.

6. Find tlie value of

x' - 3ax- + 3a^.c - a^ when x= '7 and a= '03.

20-1. AYlien any expression E is put, in a form of wlucli/ia

E
a factor, tlien^ is the other factor.

Thus a-k-h-=a\'— — \

=„(.:i).

o , , T ab-Vac->r\)G
ISO ab->rac-^-w = ahc. — ,—

—

aha

a^ + 2x:/ + 2/^ =a;^(^^!±|P^)

=x^(l+^ +a
Examples.—Ixvii.

1. "Write in facto'rs, one of which is a^x, the series

a^x + a.;p? + a^^x^ + o^^ + ...

2. "Write in factors, one of which is xyz, the expressioa

xy-xz + yz.

3. "Write in factors, one of which is x", the expressioa

x^ + xy + y"^.

4. "Write in factors, one of which is a + h, the expression

(a + h)^ -c (a + L)- - d (a + h) + e.

and
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203. "We shall now give two examples of a process by

wliicb, when certain fractions are known to be equal, other

relations between the q^uantilies involved in them may be

determined.

Tliis process will be found of great use in a later part of

the sul^ject, and the student is advised to pay particuk'"'

attention to it.

.a c
(1) If , =^, she'^ tkat

a—h c-cT



ON MISCELLANEOUS ERA CTIONS. XVJ

Examples.—Ixviii.

I. If r = T prove the following relations:

2. If—r = T
—

-
=

, then t + ?>i + n=0.
a - c - c c - a

3- -^^ A = 1= 7) prove that t= .-. =——^oaf'- b Ib + md + nj

jfa-hh h + c c + a ... ,
4- " ~r~= =

,
prove that a= i)= c

5. If ^^= ^?= ^^ shew that ?= ^,?^+|?-+ "^^

6- If I, >^, ^, y be in descending order of magnitude, shew

h + d + f
^^ less than j- and greater than -;,

.1 .
a + c + e

tha"

7. If ='-^=^S shew that jM:|li = l^±l^?.'?.

o. n r^ 'n shew that -5
, = - , - ,_.

6 ti' - c^ + cd cd-(F

9. li T= J. shew that .^—, , = ~ -^
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lo. If r be a mo-par fraction, elie^v t4iat t— is prrcater

than r, c being a positive quantity.

II. If r be an im'proper fraction, shew that -r is leaa

than .-, c being a positive quantity,

20G. We sliall now give a series of examples in tlie v.orhing

of which most of the processes connected wi'Ji fractious v.jU

be introduced.

Examples.—Ixix.

1. Find the value of 3a' H
yr, when

c b-

„. ,.» 2x' + x3-8a- + 5 , rt^-39a + 70
2. Simpliiy —s-^5

—

T^—r^^ ^"^ -^^—i 7^«

3- Siniplify (^i±i?-^),-ri±IV^-J^).

4. Add together

4 "6^8' 4 6^8'^^'U'^6'*"8»

and subtract 2- - x" + '^ from the result.

c. rind the value 01 -
, ,., —5—j-r- when

a=4, h=-^, c=l.

6. Multiply ^a;2 + 3ax - -a- hy 2x- -ax--^,

7. Shew that , r—, = a + 2& -t-
-

—

j-.
' id - by a --
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8. Simplify ^:i^ +^^ +'4^t
^ "^ X x-y ar-xy

0. Shew that ^-r,—7,
^r— = 12x-25 + x.

10. Simplify ^,-p^^3--y^3-_-^^-_^g.

11. -Sunplify^j +— -p-.

12. Simplify a + a6 + &2 f^a + a5 + ^'"i^Zt)-

13. Multiply together (^ + 7) (^- +
J,)

(^ - 1).

Ill
14. Add together—-r, xrT»

'

T'
''^^^'^ ^'''^"' ^^^^^ ^^ *'l^^"f

Bum be equal to 1, then dbc= a + &4-c + 2.

15. Divide — 1
T->-\—h-r, oy x - a.

•' a a a- X x^ •'

a h c ,

T-^cA—~a + ~-^b

16. Simt)lify •. —-, and shew that it is equal
—rc + r-^a + ~~b
a c

, s(s-a) + (s - ?)) (^ - f) . r n T
to -^^ —

T

— -^if 2s = a + & + c.

be

1 8. bunplify T- H f - 2 -—,7,.' ^ a-b a + b a' + b^

1 9. Simplify —-T- - -^ + ^—

,

rr.^ ''
'' a + b 2a 2a {a - b)

„. ,.- cir-ah + b'^ a^-h^
20. Siinoaly —.—

—

xt m—r? >< > . : ii»
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^. y, 2 1 1
21. Simplify -j-T,

—-p - TT-r,—7——r - ^j
—

-S-.

22. Simplify ^,-^^^,-^-^-^-^^;-^^.

S3. Simplify /-^^+i--I^\ ^^-±-^-x-^y

^. , ., , . fx-a\^ x-2a + h , a + &
24. Find the val"c of I—,- ) -,, when x=:—jr—

.

^ \x-h/ x + a-2b 2

25

.

Siraplu'^y 7-—-—
7 . + r-

, ,v'
'- + 7r-rv>

—
v

26. Simplify 5^,-L_-2-.

27 Simplify (^^)^^''::^^->'
27. ;:).mpuiy^^_^^^3^^2_^^y

28. Simplify -IT + -.7- , , . ,v., +——^ 0-7-0

—

rrr^ '' x-^ x^ X {x' + ly x' + l x-{x-+ly

^. . 1 x^ X a a^ . X a
29. Divide —0

i ~ by .

a"^ a X ay "^ a X

„. ,., ( a + h a-h 21r )a-b
30. Simpiiiy|2^^-^^-^r^^^+^i:z-.|^

31. bunp.ily
^T¥Tc^ •

33. Simplify (i±yl-i=^')^('^^-^.

3.si.pH,.(?5-0(,!^-:),(i:-l)(,.^-i).

|5. Simplify'

c g- -

a

6 a'^ + alj + l?' { 2c» I'Vl-. ?-^ '^
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36. Simplify

1^ 1__ 1 1

2(a:-l)2 4(.r-l)"^4(a; + l)"(x-l)2(x + l)*

37. Proye tliat

J^^ 1 ^ 1 ^ 1
^

ah£ u{a-h){x-a) b{b— a){x-l) x{x-u){x-l)'

38. Ifs = a+7; + c+ ... to 7i terms, Siiew lliat

s—a s-h s-c /111 \+—,— -r + ..• =s(- + r + -+ ...)-».
a b c \a c / -

39. Multiply (-J~-J^ by (^;zft-^

a-x , a" — x^
1+ l+^-"2

~. ,.r a + x a--i-x^
40. Simphfy—̂ ---^^,.

a + ja d' + x^

41. Divide x^ + .,
- c( -, - a;- ) + if a; -h ~ ) Iv a; 1- -.

a;-* \u;- / \ x/ " x

42. If s= rt + 5 + c+ ...to w terms, slicw tliat

s-a s—b s-p
+ + + ... = «-!.

s s s

43. Divide (-^---J/ -) hv LJt-, + -JL^,
•^ ^^ — y x + yf ~ \x- + y X'~y-y

J
-y?/

44. Simplify ~i::it]l)l

1 H
—

"' -^

(x-7/)2

„ o 6 c '

(Z

46. , Simplify

^4 + ^p3q 4. (;p9^2 ^. 4^^^i + 5*
_^ jf^ -f 3/)-g ->- ^^iq" 4- qr'

jp* - 4p''2 + Cp-2" - 4j92^ + 2* ' p^- Sjrg + Sp^" ~ 2**

47. Keduce ^ry-^ ~::t f 5T •^TT\ + Fi^rrx*
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48. Simplify

1
2/

2/ + ,-

lis; «
+ • ^ —

49. Simplify
j^ 1

"•

((X -
2/)

(a - x)- (a - j';
- (a - x)

c,. ,.» rt/;o 3-a-&-c
50. Simplify

,
'. T .

io at a6

6
a +—

-

1+T
51. Simplify J.{a?-V^

a

XV. Sir.IULTANEOUS EQUATIONS OF
THE FIRST DEGREE.

207. To determine several unknown quantities \ve must
have as many independent equations as there are unknown
quantities.

Thus if we Lad this equation given,

a; + y= G,

we could dcteniiinc no definite values of x and y, for

or other values mij^lit he given to x and y, consistently with

the equation. In fact Ave can find as many jiairsiof values of

e and y as we please, which will satisfy the equation.
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"We must have a second equation independent of the first,

and then we may find a pair of values of x and y "which will

satii>fy both equations.

Thus, if besides the equation x + y = 6, we had anotlier

equation x-y = 2, it is evident that the values of x and y
which will satit^fy Loth equations are

since 4 + 2 = 6. and 4-2 = 2.

Also, of all the pairs of values of 2 and y which will satisfy

one of the equations, there is but one pair which will satisfy

the other equation.

We proceed to shew how this pai" of values may be found.

208. Let the projiosed e(iuation3 be

2a; + 7?/ = 34

5x + 9^= 51.

Multiply the first equation by 5 and the second equation by

2, we then get

10x + 35//= lT0

10x+lS2/ = 102.

The coefficients of x are thus made alilx in both equations.

If we now subtract each member of the second equation

from the corresponding member of the hr.st equaLioii, we i^hall

get (Ax. 11. page 5S)

35i/-lSy = 170-102,
or 17)/= 68;

-•
2/ = 4.

We have thus obtained the value of one of the unknown
symbols. The value of the other may be found thus ;

Take one of the original equations, thus *

2u;+7?/ = 34.

Tow, since 1/ = 4, 7y = 28
;

.-. 2x + 28 = 34;
•. x= 3.

Hence the pair of values of z and y which satisfy the

equations is 3 Uiid 4.
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Note. The process of tlms obtaining from two or more

equations an eijuation, from which one of the unknown quanti-

ties lias disa]>|ieart;d, is called Elimination.

209. "We -worked out the steps fully in the example given

in the last article. We shall now work an example in the form

in which the jirocess id usually given.

Ex. To solve the equations

3x+7y= G7

5x + 4y = 58.

Multiplying the first equation by 5 and the second by 3,

15x + 35?/ = 335

15a;+12// = 174.

Subtracting, 23?/ = 161,

and therefore 2/= "*

Now, since 3.x + 77/= G7,

3X + 49-67,
.•.3.x =18,

.'. a;=6.

Hence z = G and 2/='7 arc the values required.

210. In the examples given in the two preceding articles

we made the coelficients of x alike. Sometimes it is moi'e con-

venient to make the coeihcients of 1/ alike. Thus if we have

to solve the equations

29a; + 2y= G4

13x+ y= 2d,

we leave the first equation as it stands, and multiply the

second equation by 2, thus

29x4-22/= 64

2Gx-l-27/= 58.

Subtracting, 3x=6,

and therefore a= 2.

Now, since VSx + y= 29,

26-l-?/= 29,

.-. y= 3.

Hence x = 2 and ?/ = 3 arc the values required.
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Examples —ixx,

I. 2a; + 7y= 41 2. 5x + 8j/= 101 3. 13x + l72/=i89

3.r + 4(/= 42. 9x + 2?/ = 95. 2x+ t/ = 21.

4. 14x + 9!/= 15G 5. a;+ir)y= 49 6. ir«H-19?/= 132

7x + 2i/ = 53. 3x+ 72/= 71. 35x+17i/==22G

7. Gx+ 4?/= 23G 8. 39x + 27y= 10r) 9. 72,c + 14)/= 330

3x + 15?/= 573. 52u; + 29i/= lo3. G3u;H- 7y = 273.

211. "We sliall now give some examples in wLich negative

signs occur attached to tiie coefficieut oi" y iu one or both of

the er[uation3,

Ex. To solve the equations:

ex + 3%= 177

8x-2l7/= 33.

Multliily the first equation by 4 and the second by 3.

24x + 140!/ = 703

24x- G3(/= 09.

Subtracting, 203?/= GOO,

Aui\ therefore l/=3.

The value of x may then be found.

Examples.—Ixxi.

I. 2x + 7y= 52 2. 7x- 42/= 55 3. x + y= 9G

^-5!/= lG. 16x-13i/= 109. x-2/ = 2.

4. 4x4- 9?/ = 79 5. x+19y= 97 6. 29x-14i/= 175

7x-17y= 40. 7x-53i/=121. 87x-5Gy= 497;

7. 171x-213;/ = 642 8. 43x+ 2?/= 2CG 9. 5x + 9y= l8S

114x-326y= 244. _ 12x-17t/= 4. 13x-2?/ = 57.

[S.A.] K



14S S/AfC/L TANEOUS EQUA TIONS

212. We have liitlierto taken examples in vliich Wt-

coellicients of x are buth j^osilive. Let us now take t"l)C lollo"'*?*

ing e(]^uations :

5x-7y= 6

9y-2x= 10.

Glyange all the signs of the second equation, so tliat w« get

5.C — Vy = 6

2x -dij= -10.

Multiplying by 2 and 5,

10x-i4j/= 12

1Ox -45*/ =-50.

Subtracting,

-14?/ + 45?/= 12 + 50,

or, 31?/ = G2,

or, i/ = 2.

Tlie value of x may tlien be found.

Examples.—Ixxii.

I. 4x-7j/ = 22 2. 9x-5?/= 52 3. l7x + 3i/= 57

7?/-3i;= l. 82/-3x= 8. lC?/-3x=23.

4. 7?/ + 3x= r8 5. 5x-3?/= 4 6. 3x + 2?/= 39

19y-7x = 136. 127/-7x=10. 3?/-2x= 13.

7. r)?/-2x= 21 8. 97/-7x= 13 9. 12x+ 7?/=176

13x-4?/=120. 15x-7?/ = 9. 3i/-19x=3.

213. In the preceding examples the values of x and y have

been positive. We shall now give some equations in which x

or 7/ or both have negative values.

' Ex. To solve the equations

:

2x-dy= ll

3x-4i/= 7.

Multiplying the equations by 3 and 2 respectively, we get

6x-27?/= 33

6x- 87/= 14.
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Subtracting,

-19(/= 19, I

or, 191/= -13,

or, 2/=-l.

Now since 9»/= -9,

2x - 9i/ will be equivaleut to 2x - ( - 9) or, 2.r+ 9.

Hence, from the first equation,

2x + 9 = ll,

/. x= l.

Examples.—Ixxiii,

I. 2,r + 3y= 8 2. 5.r- 2/7 = 51 3. 3x-5?/= 51

3x + 7;/ = 7. 19«-;3y = 130. 2.(; + 7?/ = 3.

4. 7?/-3,x= 13!) 5. 4.r+ 9.v=]()(; 6. 2,c-7y = S

2.i; + r)(/ = 9L 8x+17(/ = li)tf. -J// - 9.<; = 19.

7. 17x+12;/ = r)0 8. 8x + 3;/= 3 9. (;ny-17x=103

19x- 4?/=153. 12x + 9)/ = 3. 14x-13y=-41.

214. "We shall now take tlie case of Fractional Equations

involving two unknown qsautilies.

Ex. To solve the equations,

5

First, clearing the equations of fractions, we get

10a;-j/ + 3 = 20

9y= 27-x+ 2,

from which we obtain,

10x-i/ = 17

a; + 9»/= 29,

and hence we may find x= 2, 2/ = 3.
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Examples.—Ixxiv.

I. 1 + ^= 7 2. I0.r + '(= 210 3. ^ + 7i/=25l

f + | = 8. 10^-;' = 290. l' + 7x = 209.

4. ^ + 5110 s. Vx + ^;i = 413 -6. ^^= 10-^

^-l + 7 = 9i. 39x=14^-lG09 fc^^^J+l

»• + 2
10. —^^—1-8?/ = 31

^'^- + 10x-= 192.
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215. We bave now to explain the method of solving Literal

Ecpations involving two unknown cjuantities.

Ex. To solve the equations,

ax + h!j = c

2>x + qy= r.

Multiplying the first erjnation Ly p and the second by a, we
get

apx + hpij — cp

apx + aqy= ar.

Subtracting, hpy — aqy = cp ~ ar,

or, {bp — aq)y — cp - ar

;

en — ar

bp — aq

We might then find x by substituting this value oF ?/ in one

of the original equations, but iisually the safest course is to

begin alTesh and nialce the coethcients of y alike in tlie original

equations, multiplying the lirst by q and the second by 6,

which gives

aqx + hpj — cq

hpx + hqy= br.

Subtracting. aqx-lpx= cq-hr,

or. {nq — li))x= cq - ir;

en - hr

" aq-bp'

Examples.— Ixxv.

I. wx + ny — e, 2. ax + ly — c 3. ax-hj=m
px + qy =/. dx - cy =/. cx + ey = n.

4. ex =dy 5. nix -vy= r 6. x + y= a

x + y= c. 'i7i'x + i(,'y = r'. x-y = b.

7. ax + hy=c 8. ahx + cdy = 2 g.
j

=
;

h + y '3a + x

dx+fy=c^. ax-cy=-j-T-. ax + 2hy= d.
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lo. 5cj; + 2&-cy= ii. (5 + c)(x + c-&) + ff(i/ + a) = 2£j*

^
he c {b-c)x a^

i^x - — 1- ( (5 + c + ?h) my = r?i-x + (5 + 2m)bm.
b + 7n

216. We now proceed to the solution of a particular clas8

of Simultaneous Equations in which the unknown symbols

api^ear as the denominators of fractions, of which the following

are examples.

Ex. 1. To solcc tlic equations,

a b
- + - = c
X y

in n ,= a.
X y

Multiplying the first Ly m and the second by a, we get

Suhtractinf*.

am hm
X y
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Ex. 2. T-o solve the equations:

X 3y~27

-1-4.1=—

Multiplying tlie second eqiiation liy 8, we get

2__5^_ 4

2 8^n
X y~ 9*

Subtracting, A_? A_ll
37/ y'^a? 9*

^, . . 5 8 11 4
Changing signs, — -1-

^
= -^- -

^^,

5 + 24 33-4

whence we find 2/= 9?

and then the value of x may he found by substituting 9 for y
in one of the oiiginal equations.

Examples.—Ixxvi.

12,^ 12 a b- + -=10 2. - +-=a 3. - + -=e
X y X y -^ X y

- + -= 20. - + -= h. ~ + -= d.
X y X y X y

ah 75,^ ^•'>2^
- + -=m 5. - + - = 19 6. — + --=7
X y ' X y 6jc by

a_&_ 5_3_^ 7 1 _
X y~ '

X y~ '

Qx I0y~

2 3 _ „ m n
7. — + i-= 5 8. — + =m + n

ax by nx viy

^2 TC TO „
,

„

ax oy X y
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217. There are t^yo otker methods of solving Siinultaneo«it

Equations of which "we have hitherto made no mention, Lecaus*

thej^ are not generally so convenient and simple as the method
which we have explained. They are

I. The method of Substitution.

If we have to solve the equations

35 + 3?/= 7

2x + 4!/ = 12

we may find the value of x in terms of y from the first equa-

tion, thus

x=7-S2/,
,

and substitute this value for x in the second equation, thus

2(7-3y) + 4y= 12,

from which we find

y=l.
^

"We may then find the value of x from one of the original

equations. ~-

II. The method of Comparison.

If we have to solve the equations

5x + 2y= lG

7x-3!/= 5

we may find the values of a in terms of ij from each equation,

thus

x=—p

—

-, from the first equation.

ac=

—

f^, from the second equation.

^ Hence, equating these vaiues of x, we get

l6-2y_ 5 + 2y

5 " 7 '

an equation involving only one unknown symbol, from which

we obtain
''

2/ = 3,

and then the value of a; may be found irom one of the original

'equations.
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218. If there be tlireR iniknov.-n symbols, tlieir values maj
be found from tbree independent equutions.

For from two of the equations a third, •^^'hich involves only

tico of the unknown symbols, may be found.

And from the remaining equation and oile of the others

a fourth, containing only the same two unknown symbols, may
be found.

So from these tw'o equations, whicli involve only two un-

known symbols, the value of these symbols may be found, and

by substituting these Amines in one of the original equations

the value of the third unknown symbol may be found.

Ex. 5x-Gy + 4z= l5

7.c + 4y-3:<!=19

2.(;+ y + Gz= 4iJ.

Multiplying the first by 7 and the second by 5, we get

35x-42?/ + 2S3 = 105

35x + 20(/-15,:; = 95.

Subtracting,

-C2(/ + -43^=10 (1).

A^ain, mull iplying the first of tlie original equations by 2

and tlie third by 5, we get

lite -12?/ + 82 = 30,

10u; + 57/ + 303=230.

Subtracting, -17ij-22r.= -200 (2).

Then, from (1) and (2) we have

02^-43^= -10
I7ij + 22z = 200,

from which we can find y = 4 and s= G.

Then subslituting those values for y and z in the first equa-

tion we lind the value of x to be 3.

EXAMPLES.-



tS4
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Examples.—Ixxviii. -^

1. Tlie sum oC two numbers is 28, and their difrercnce is 4,

find the nnmhers,

2. The sum of two numbers is 25G, and their difference is

10, find the nuniliors.

3. The sum of two numbers is 13-5, and their difference ia

1, find the numbers.

4. Find two numbers such that the sum of 7 times the

greater and 5 times the less may be 332, and the jn-oduct of

iheir difference into 51 may be 408.

5. Seven ycard ayo tlie age of a father Avas four tin)e3 that

of liis son, and .seven years hence the age oi' the father will be

d{nible that of tlie son. Find their ages.

6. Find tl)ree numbers such that the sum of the first and

second sliall be 70, of tlie first and third 80, and of the second

and third 90.

7. Three persons A, B, and C make a joint contribution

which in the whole amounts to ^400. Of this sum B contri-

butes twice as much as A and £20 more ; and G as much as A
and B together. What sum did each contribute]

8. If A gives B ten shillings, B will have three times as

much money as A. If B gives A ten shillings, A will have

twice as much money as B. What has each i

9. The sum of i>7G0 is divided between A, B, 0. The

shares of A and B together exceed the share of G by i;240,

and the shares of B and G together exceed the share of A by

£360. What is the share of each t

10. The sum of two numbers divided by 2, gives as a quo-

tient 24, and the did'erence between them divided by 2, gives

as a quotient 17. What are the numbers'?

11. Find two numbers such that when the greater is

divided by the less the quotient is 4 and thu remainder 3, and

when the sum of the two numbers is increased by 38 and the

result divided by the greater nf the two numbers, the quotient

is 2 and the remainder 2. ^.

12. Divide the number 144 into three such parts, that

when the first is divided b}' the second the iiuotient is 3 and

tlie remainder 2. and when the third is divided by the sum
of the other two parts, the quotient id 2 and the remainder t>.
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13. A and B h\\\ a Iiorse for ^120. A can pay for it MB
will advance hall' the money lie lias in liis pocket. B can pay

for it if A will advance two-thirds of the money he has in his

pocket. How much has each ?

14. "How old are you?" said a son to his father. The
father replied, ".Twelve years hence you Anil be as old as I was

twelve years ago, and I shall he three times as old as you were

twelve years ago.J' Find the age of each. (

:$. Eequired two numbers such that three times the

gi-eater exceeds twice the less by 10, and twice the greatei

together with three times the less is 24.

16. The sum of the ages of a father and son is half what it

will be in 25 years. The did'orcnce is one-third what the sum
will be in 20 ye;irs. Find their ages.

17. If I divide the smaller of two numbers by the greater,

the quotient is '21 and the remainder Ul.')7. If I divide the

greater number by the smaller, tlie quotient is 4 and the

remainder "742. Find the numbers.

iS. Tlie cost of 6 barrels of l)eor and 10 of j^orter is £51

;

the cost of 3 barrels of beer and 7 of porter ii £02, 2s. How
much beer can be bought for £30?

19. Tlie cost of 7 lbs. of tea and 5 lbs. of cofl'ee is £1, 9s. Ad.

the cost of 4 lbs. of tea and lbs. of coffee is £\, Is. : what is

the cost of 1 lb. of each ?

20. The cost of 12 horses and 14 cows is £3S0 : the cost ol

5 horses and 3 cows is £130 : what is the cost of a horse and a

cow respectively?

21. The cost of 8 yards of silk and 19 yards of cloth is

£18, 4s. 2d: the cost of 20 yards of silk and 16 yards of cloth,

each of the same quality as the former, is £25, 16s. Sd How
much does a yard of each cost? &'

>

22. Ten men and six women earn £18, 18s. in 6 days, and

four men and eight women earn £G, Cs. in 3 days. ^Vhat are

the earnings of a man and a woman daily?

23. A farmer bought 100 acres of land for £4220, part at

£37 an acre and part at £45 an acre. How many acres had

lie of each kind 1

J.' V-/^ =

!l J \^ mm It
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Note I. A mmilier consisting of two digits may be ropre-

leuted algebraically by 10j; + 7/, where x and y represent the

lignificant digits.

- For consider such a number as 70. Here the significant

ligits are 7 and G, of which the former has iix conse(|uence of

ts position a local value ten times as great as its natural

'alue, and the number represented by 70 is er^uivaleut to ten

imes 7, increased by 0.

So also a number of which x and y are the significant digits

ivill be represented 'by ten times x, increased by y.

If the digits composing a number 10x4- y be inverted, the

'csulting number Avill be lOy + x. Thus if we invert the digits

;omposing the number 70, we get 07, that is, ten times 0, in-

ireased by 7.

If a number be represented by lOx + y, the sum of the

ligits will be represented by x+ y.

A number consisting of three digits may be represented

ilgebraically by
lOOx+lOy + z.

Ex. The sum of the digits composing a certain number is

1, and if 9 be added to the number the digits will be inverted.

Find the number.

Let lOx + y represent the number,

riien x + y will represent the number of the digits,

md lOi/ + a; will represent the number with the digits inverted,

riien our equations will be

•
• a; + y=5,

10x + y + d = lOy + x,

from which we may find as= 2 and y=3 ;

.'. 23 is the number req^uired.

24. The sum of two digits composing a number is 8, and if

ZG be added to the number the digits will be inverted. • Find

the number.

25. The sum of the two digits composing a number is lOj

and if 54 be added to the number the digits Avill bo inverted.

What is the number ?
'
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26. The sum of the digits of a nuraher less than 100 is 9,

and if 9 be added to the number the digits will be inverted.

"What is the number ?

27. The sum of the two digits composing a number is 6,

and if the number be divided by tlie sum of th-i digits tlie

(luotient is 4. What is tlie number ?

28. The sum of tlie two digits composing a number is 9,

and if the number be divided by the sum of the digits the

r^uotieut is 5. What is the number '\

29. If I divide a certain number by the sum of the two

digits of which it is composed the quotient is 7. If I invert

the order of the digits and then divide the resulting number
diminished by 12 by tlie difierence of the digits of the original

number the quotient is 9. What is the nundier?

30. If I divide a certain number by the sum of its two

digits the quotient is 6 and the remainder 3. If I invert ibe

digits and divide tlie resulling number by the sum of the digits

the quotient is 4 and the I'emainder 9. find the number.

31. If I divide a certahi number by the sum of its tM^o

digits diminished by 2 the quotient is 5 and the remainder 1.

If I invert the digits and divid.e the resulting number by the

sum of the digits increased by 2 the quotient is 5 and the re-

mainder 8. rind the number.

32. Two digits which form a number change places on the

addition of 9, and tlie sum of these two numbers is 33. Find

the numbers.

33. A number consisting of three digits, the absolute value

of each dii^it being the saniCj is 37 times the square of any

digit. Find the number.

34. OP the three digits composing a number the second is

double oL' the third : tlie sum of the first and third is 9 : the

gmn of all the digits is 17. Find the number.

35. A number is composed of tliree digits. The sum of the

digits is 21 : the sum of the first and second is greater tliau the

third by 3; and if 198 be atUled to the number the digits will

be inverted. Find the numbcE,



SIMULTANEOUS EQUATIONS. 159

C Note II. A fraction of wliiclx tlie terras are unlcnown may-

be represented l^y -.

Ex. A certain fraction "becomes - when 7 is added to its
A

denominator, and 2 when 13 is added to its numerator. Find
the fraction.

Let - represent the fraction

y

are the equations ; from which we may find a; = 9 and 2/= 11.

9 '

That is, the fraction '^
TT*

'

30. A certain fraction becomes 2 when 7 is added to its

numerator, and 1 when 1 is subtracted frojii its denominator.

"What is the fraction ?

37. Find such a fraction that when 1 is added to its

numerator its value becomes -, and when 1 is added to th©

denominator the value is -.
4

38. "What fraction is that to the numerator of which if 1 be

added the value will be -^ : but if 1 be added to the denominator,

the value wiH. be - ?
o

39. The numerator of a fraction is made equal to its

denom'mator by the addition of 1, and is half of the deno-

minator increased by 1. Find the fraction

40. A certain fraction becomes - when 3 is taken from the

numerator "and the denominator, and it becomes ^ when 5
2
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is added to the numerator and the denominator. What is the

fraction ?

41. A certain iraction uecomcs - when the denominator is

20
"

increased by 4, and ^j when the numerator is diminished by

15 : determine the fraction.

42. "What fraction is that to the numerator of which if 1 be

added it becomes ^^, and to the denominator of which if 17 be

added it becomes - ?
o

Note III. In questions rehating to money put out at

simple interest we are to observe that

T , ^ Principal x Eate x Time
^,

Interests L___
,

where Eate means the number of pounds paid for the use of

£100 for one year, and Time means the number of years for

which the money is lent.

43. A man puts out £2000 in two investments. For the first

he gets 5 per cent., for the second 4 per cent, on the sum
invested, and by the first investment he has an income of

£10 more than on the second. Find how much he invests i^

each case.

44. A sum of money, put out at sinii>le interest, amounted

in 10 months to £5250, and in 18 months to £5450. What
was the sum and the rate of interest 1

45. A sum of money, put out at simpie interest, amounted

in 6 years to £5200, and in 10 years to £C000. Find the sum

and th6 rate of interest.

Note IV. When tea, spirits, wine, beer, and such com-

modities are mixed, it must be observed tliat

quantity of ingredients= quantity of mixture,

cost of ingredients= cost of mixture.

Ex. I mix wine which cost 10 shillings a gallon with

another sort which cost 6 shillings a gallon, to make 100
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gallons, whicli I may sell at 7 sliillinc^s a gallon, without pvodt

or ]oss. How much of each do 1 take ?

Let X represent the number of gallons at 10 shillings a gallon,

and y 6

Then a;+ ?/= 100,

and . 10x + 6-(/= 700,

are the two equations from which we may find the values of

X and y to be 25 and 75 respectively.

46. A wine-merchant has two kinds of wine, the one costs

36 pence a quart, the other 20 pence. How much of eacli must

he put in a mixture of 50 quarts, so that the cost price of it

may be 30 pence a quart ?

47. A grocer mixes tea which cost him Is. 2cZ. per lb. with

tea that cost him Is. 6c^. per lb. He has 30 lbs. of the mixture,

and by selling it at the rate of Is. 8cZ. per lb. he gained as

much as 10 lbs. of the cheaper tea cost him. How many lbs.

of each did he put in the mixture ?

Note V. H a man can row at the rate of x miles an hour

in still water, and if he be rowing on a stream that runs at the

rate of y miles an hour, then
"

a; + y will represent his rate Aown the stream,

x — y wp

48. A crew which can pull at the rate of twelve miles an

hour down the stream, finds^hat it takes twice as long to come

up a river as to go down. At what rate does the stream flow %

49. A man sculls dowTi a stream, which runs at the raue of

4 miles an hour, for a certain distance in 1 hour and 40 minutes.

In returning it takes him 4 hours and 15 minutes to arrive at

a point 3 miles short of his starting-place. Find the distance

he pulled down the stream, and the rate of his pullipg.

V;,'; A ,--?:-
:

50. A dog pursues a hare. The hare gets a start of 50 of

her own leaps. The hare makes six leaps while the dog makes

5, and 7 of the dog's leaps are equal to 9 of the hare's. How
many leaps will the hare take before she is caught ?

[S.A.] i



162 PROBLEMS RESULTING m
51. A greyhound starts in pursuit of a hare, at the distance

of 50 of his own leaps from Iier. He makes 3 leaps Avliile the

hare makes 4, and he covers as much ground in Xasq leaps as

tlie hare does in three. How many leaps does each make
before the hare is caught ?

52. I lay out half-a-crown in apples and pears, buying the

apples at 4 a penny and the pears at 5 a penny. I then sell

half the apples and a third of the pears for thirteen pence,

wliich Avas the price at which I bought them. How many of

each did I buy '\

53. A company at a tavern found, when they came to pay

their reckoning, tliat if there had been 3 more persons, each

would have paid a shilling less, but had there been 2 less,

each would have paid a shilling more. Find tlie number of

the company, and each man's share of the reckoning.

54. At a contested election there are two members to lie

returned and three candidates, A, B, and C A obtains 1056

votes, B, 987, C, 933. Now 85 voted for B and G, 744 for

B only, 98 for G only. How many voted for A and C, for

A and B, and for A only ? .;

z' 55. A man walks a certain distance : had his rate been,

half a mile an hour faster, he would have been 1^ hours less

on tlie road; and had it been half a mile an hour slower, he

would have been 2^ hours more on tlie road. Find the distance

and rate.

/ 56. A certain crew pull 9 strokes to 8 of a certain other

crew, but 79 of tlie hitter are ecj^utd to 90 of the former. Which
is the faster crew 1

Also, if the faster crew start at a distance equivalent to

four of their own strokes behind the other, how many strokes

will they take before they bump them ?

57. A person, sculling in a thick fog, meets one barge and

overtakes another which is going at the same rate as the

former; shew that if a be the greatest distance to which he

can see, and 6, h' tlie distances that he sculls between the

times of his- fust seeing and passing the barges,

21 1
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58. Two trains, 92 feet long and 84 feet long respectively,

are moving with uniform velocities on parallel rails in opposite

directions, and are observed to pass each other in one second

and a half ; but when they are moving in the same direction,

their velocities being the same as before, the faster train is

observed to pass the other in six seconds; find the rate iu

miles iier hour at which each train moves.

59. The fore-wheel of a carriage makes six revolutions

more than the hind-wheel in 120 yards ; but only four revolu-

tions more when the circumference of the fore-wheel is increasp^l

one-fourth, and tliat of the hind-A\heel one-fifth. Find the

circumference of each Avheel.

60. A person rows from Cambridge to Ely (a distance of

20 miles) and back again in 10 hours, and finds he can row
2 miles against the stream in the same time that he rows

3 miles with it. Find the rate of the stream, and the time of

his going and returning.

61. A number consists 01 6 digits, of which the last to the

left hand is 1. If this number is altered by removing the 1

and putting it in the unit's place, the new number i^ three

times as great as ^\q. original one. Find the ninuber.

XVII. ON SQUARE ROOT.

220. Ix Art. 97 we defined the Square Root, and explained

the method of taking the square root of expressions consisting

of a single term.

The square root of a positive quantity may be, as we
explained in Art. 97, either positive or neijative.

Thus the square root of 4a- is 2a or - 2a, and this ambiguity

is expressed thus,

• V4a2=±2a.

In our examples in this chapter we shall in all cases regard

the square root of a single term as a positive quantity.
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221. The square root of a product may be found by taking

the square root of eacli factor, and multiplying the roots, so

taken, together.

Thus s'a^' = ab,

222. The square root of a fraction may be found by taking

the square root of the numerator and the square root of the

denoiiiinator, and making them the numerator and denominator

of a new fraction, thus

/4ct^_2a

l25x~y*_ 5xy^

V^

Examples.—Ixxix.

Find the Square Boot of each of the following expressioDs:

I. 4x-i/. 2, Sla%\ 3. 121miW*.

4. 64a«Z;^0c2. 5. 7l2S9a^i-x8. 6. lC9ai«6V2.

^ 9a2 - 1 _ 25a^66
'•

1G62-
"•

4a2c*'
*• 121a;«'(/io*

256a;^2 625ft^
^°* WSf' "' 32462*

223. We may now proceed to investigate a Rule for the

extraction of the square root of a compound algebraical

expression.

We know that the square of a + & is a'^ + 2ab + h^, and there-

fore a + 6 is the square root of a^ + 2ab + h''.

If we can devise an operation by whicli we can derive a + b

from a^ + 2ab + b'\ we shall be able to give a rule for the

extraction of the square root.

Now the first term of the root is the square root of the first

term of the square, i.e. a is the square root of a^.

Hence our rule begins :

, ^'Arrange the terms in the order of magnitude of the indices

of one of the quantities involved, tlien take the square root of tlia
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first term and set down the result as the first term of the root

:

suhtract its square from the given expression, and bring down the

remainder :" thus --

a2

2a6 + 63

Now this remainder may he represented thus 6 (2a + B) :

hence if we divide 2a5 + 6- hy 2a + 6 we shall ohtain +&, the

second term of the root.

Hence our rule proceeds :

"Double the first term of the root and set down the result as the

first term of a divisor:'' thus our process up to this point will

stand thus : .

a2

2a 2ab + b^

Now if we divide 2ah hy 2a the result is h, and hence we
ohtain the second term of the root, and if we add this to 2cs

we obtain the full divisor 2a + b.

Hence our rule proceeds thus :

"Divide the first term, of the remainder by this first term oftlia

divisor, and add the result to the first term of the root and also to<

the first term of the divisor;" thus our process up to this poinb.

will stand thus :

a'^ + 2ah + W{a + h

a2

2a + & 2a6 + 62

If now we multiply 2a + 5 by b we obtain 2a5 + 5^, which we
subtract from the first remainder.

Hence our rule proceeds thus :

" Multiply the divisor by the second term of the root and sub-

tract the result from the first remainder :" thus our process will

stand thus

:
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a2

2a + ^) 2rt6 + ?(2

If tlicre is now no remainder, the root has been founcl.

If there be a remainder, consider the two terms of the root

1 ready found as o;ie, and proceed as before.

224. The following examples worked out will make the

piocess more clear.

(1)

2a-l -2ab + b^

- 2ah + 62

Here the second term of the root, and consequently the

gicond term of the divisor, will have a negative sign prefixed,

because —^ — -0.
2a

(2)

(3)

9p^ + 24272 + 16g2 {3p + 4q

025 + 42

lOx-6

24^2 + 162^

24232 + 162^

2dx- -60x + 36 {px-B
25x2

-60X + 36

-60x4-36

Next take a case in which the root contains three ternUL

o2 + 2ah + b"- 2ac -2hc + c'^(^a + b-c

2a + b

2a + 2b-c

2ab + b'^-2ac-2bc + c^

2ab + b'^

- 2ac - 2bc + c'

~2ac-2bc-i-<?
I- ..J .

.-«£."gB» '
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When we obtained the second remainJ.er, we took the double

of a + 6, considered as a single term, and set down the result aa

the fust part of the second divisor. We then divided the first

term of the remainder, —2ac, by the first term of the new
divisor, 2a, and set down the result, - c, attached to the part

of the root already foi;nd and also to the new divisor, and then

multiplied the completed divisor hy — c.

Similarly we may proceed when the root contains 4, 5 or

more terms.

Examples.—Ixxx.
Extract the Square Root of the following expressions :

1. 4a^ + l2ah + dh-. 6. a:*-G.'c3 + 19x2-30a; + 25.

2. 16/j"'-24i5P + 9^«. 7. 9.<;^ + 12r''+10x2 + 4a;+l.

3. a-b' + lQ2ab-i-G561. 8. 4r»- 12r'' + 13r2-6r + 1.

4. ^/•'-SSy' + SGl. 9. 4H'» + 4n3-7?i2-4)i + 4.

5. Oa-iV - 102a&c + 289. 10. l-Gx + l3x^~l2x^ + 4x^,

11. x^-4x^ + 10j^-12x^+9x^.

1 2. 4r/ - I2i/z + 2r)?/V - 24ys^+ 16z*.

13. a- + 4ai + 4.¥ + dc''--i-Gac + l2hc.

14. a" + 2a?6 + ZaW + 4a»63 ^ 3^254 ^ ga^'' + 6".

15. x"- 4x5 + 6x3 + 8x2 + 4x4-1.

J 6. 4x^ + Sax^ + 4aV + 1 Gh'^x- + 1 Ca5-x + 1 Gh*.

17. 9 -24x + 58x2- 116x3+ 129x4-140x5+ 100x8.

18. 1 6a-» - 40ft3& + 25tt=Z>3 - SOa&^x + G4Z»2x2 + Gia^bx.

1 9. ga* - 24a.^j)3 _ 30^2; + jg^y ^ 40ap3f ^. 0542,

20. 4?/*x2 - 12?/3x3 + I7y-x* - I2ij3^ + 4x^.

21. 2bxHf- 2>0s?%f + 29x-(/* - 12xi/5 + Aif.

23. 16x*-24x3?/ + 25x-?/2_i2xjf3 + 4(/*.

23. 9a2-12a& + 24ac-16&c + 4&2 + i6c2.

24. x4 + 9x2 + 25-Gx3+10x2-30x.

25. 25x2 - 20x7/ + 4?/ + 9a2- 121/3 + 30x2.

26. 4x2 (x^- y) + 2/3 (vy - 2) + y- (4x2 + 1).
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225. When any fractional terms are in the expression of

which we have to find the Square Root, we may proceed as in

the Examples just given, taking care to treat the fractional

terms in accordance with the rules relating to fractions.

8 16
Thus to find the square root of a;- — -.x + kt'I

9 oi

'

Since
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8. x^ + 8x2 + 24 +^ + ^2-

Q. — + 4a* + ^V'a;2-3a2-2a'x + ^a5«.

1 4 9 4 6 12

a;2 1/^ g2 jcy xa 1/Z

11. obm -
,^ + 5 +,i2

+ 25 5»

1 2. a2^2 _ (3a/,c^ + __^^ 4. 9c2(^2 ^ _|L- ^,

4x2 j,2 9j^2 6y 12SCT/

J 2.2 3.2 j,2 a; 2-

Am? 9?^2 , IGni 24n
14. —r- + -;r + 4 - + .

71'= TO- ?i 111

a^ }p c^ <P ah 2ac ad he Id cd

16. 49x'« - 28x3 - 1 7x2 "^ gj. + ^^
4

1 7. gx* - 3ax3 + Ghx^ +^-ahx^ + Vh?.

18. 9x*-2x3-—x2 + 2x + 9.

XYIII. ON CUBE ROOT.
"^ -.

220. The Cube Root of any expression is tliat expression

whose cuhe or third power gives the proposed expression.

Thus a is the cuhe root of a^,

3h is the cube root of 276^

The cube root of a negative expression will be negative, for

since

(-ay— —ax —ax ~a= -c^,

the cube root of - a^ ia — (»,
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So also

- 3x is the cube root of - 27x^,

and — 4ix-6 is tlie cube root of — 64a^i^

The symbol Ij is used to denote the operation of extracting

the cube root.

Examples.—Ixxxii,

Find the Cube Eoots of the following expressions

:

I. 8a', 2. Ti-j^^f. 3. - 125?7i'n.^

4. -^l^a^-W. 5. 3-13?;-V8, 6, -1000*356^12

7. -1728m"'H24. 8. 1331a°i^8.

227. "We now proceed to investigate a E.ule for finding the

cube root of a compound algebraical expression.

"VVe know that the cuT)e of «• + 6 is a? + 3a-& + Sai^ + J3^

and therefore a + i is the cube root of 0? + 3a-6 + SaS^ + }^,

We observe that the first term of the root is the cube root of

the first term 01 the cube.

Hence our rule begins

:

"Arrange the terms in the order of magnitude of the indices of

one of the quantities involved, then take the cube root of the first

term and set down the result as the first term of the root: subtract

its cube from the given expression, and bring down the remainder:"

thus '
'~~

a^ + Za% + 2ab^+ l^{a

a^

Za^h^Zab^\¥

Now this remainder may be represented thus,

J(3a2 + 3aJ + 62);

hence if we divide Za-b-\-Zab''^ + W by 3a- + 3a6 + 6^, we shall

obtain + b, the second term of the root.

Ilence our rule proceeds :

" Midtiphj the square of the first term of the root by 3, and set

down the result as the first term of a divisor:" thus our process

up to this point will stand thus

:
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ffl3 + 3a26 + 3ftZ(2 + i3(^Qj

a

3a2
I

3a26+3a62 + i3

Now if we divide 3a-& by Zc? the result is 6, and so we

obtain the second term of tlie root, and if we add to 3a''^ tlio

expression 3a6 + W- we obtain the full divisor 2>a?-\-'iah + V^.

Hence our rule proceeds thus :

" Divide, the first term of the remainder hy the first term of the

divisor, and add the result to the first terra of the root. Then take

three times the product of the first and second terms of the root,

and also the square of the second term, and add these results to

the first term of the divisor." Thus our jirocess up to this point

will stand thus: -

"~

a3 + 3a26H-3a62 + &Ha+ &

3a2+3a6 + 62 3a26 + 3a62 + 63

If we now multiply the divisor by h, we obtain

which we subtract from the first remainder.

Hence our rule proceeds thus

:

" Multiply the divisor hy the second term of the root, and sub-

tract the result from the first remainder;" thus our process will

stand thus

:

a^+ Za^ + Za^+Pi^a + h

a^

3tt2 + 3a6 + 62 2a-b + 3uh' + P
Za-h + Sab^^ + lP

If there is now no remainder, the root has been found.

If tnere oe a remainder, consider the two terms of the root

already found as one, and proceed as before.

228. The following Examples may render the process more
clear

:
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Ex. 1.

«3

-12a2 + 48a-64
-12a2 +48a-64

Here observe that the second term of the divisor ia formed

thus

:

3 times the product of a and — 4= 3xax -4= — 12a.

Ex. 2. sc^ - 6x5 + 15x* - 20x3 + 15a;2 - 6x + 1 (x^ - 2x +

1

3x*- 6x3 + 4x2

3x*-12x3

+ 15x--6x + l

- 6x5+ 15x* - 20x3 + 15x2 - 6x +

1

-6x5 + 12x*-8x3

3x* -12x3 + 15x2 -6x+l

Here the formation of the first divisor is similar to that in

the preceding Examples.

Tlie formation of the second divisor may be explained thus

:

Regarding x^ — 2x as one term

3 (x2-2x)2=3 (a;*-4x3 + 4x2) = 3x^- 12x3 + 12x2

3 X (x2- 2x) X 1 = 3x2-6x
12 =

and adding these results we obtain as the second divisor

3x* -12x3 + 15x2-6x + L

i

Examples.—Ixxxiii.

Find the Cube Root of each of the following expressions;

I, a3-3a2& + 3a52_63. 2. 8a3 + 12a2 + 6a + l.

3. a^- + 24a-b + 192ah'^ + 512P.

4. a3+ 3a2& + 3a&2 + h^ + 3a^c + 6ahc + 362c + 3ac2 + 36c2 + c^.

5. jc3 - 2x-tj + 3x7/2 ->if + 2x'z - Gxyz + Zy-z + 3xs2 - Sj/^a+ gS^

6. 27cc« - 54x5 + 63x* - 44x3 + 2 1x2 - 6a; + ^.
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7. 1 - 3a + 6a2 - Va^ ^- 6tt* - Zw" + a«,

8. x^ - 3a;2?/ + 3x^/2-f^ 8«^ + 6a;2« - Vixjz + Gv/^s + 12x,-j2 - 127/22,

9. a« - \^a^ + 54a* - 1 Via? + lOSa^ - 48a + 8.

10. 8 /?(,« - 36toH 66to * - 63m" + 33nj.2 _ 9™ + 1.

11. x3 + 6a;2j/ + Vlxf + 8?/3- Src'-Jg _ \^x\jz - 1 2?/% 4. 3x-'2 + 6?/^- - ;.-.

12. 8?/i.^ - 36mV- + 54to?i2 _ 27^3— 12tti2^ + ZZamr — 27n"r

+ Gmr"-9nr--r^.

3 1
13. m^ + 3m2-5+-^ =.

229. The fourth root of an expression is found by taking

the square root of the square root of the expression.

Thus 4/16a86*= V4a*&-= Sa^ft.

The sixth root of an expression is found Ly taking the cube

root of the scpiare root of the expression.

Thu3 SJMa>'^W= !^Sa%^= 2a'b.

Examples.—Ixxxiv.

Find the fourth roots of

1. 16a* - 96a3x + 216a'''x2 - 21Gaa:3 + 81x*.

2. l + 24a2+i6a*-8a-32a3.

3. 625 + 2000X + 2400x2 + 1280x3 + 25Cx4.

Finct the sixth roots of

4. o»- Qa^b + loa*b- - 20aW+ 15a26* - 6ab^ + W.

5. x^ + 6x5 + 15x* + 20x2 + 15x2 + 6x+l.

6. m^- 12m5+ 60m* - iGOm^ + 240?7i2 _ 192m + 64.



XIX. QUADRATIC EQUATIONS.

230. A Quadratic Equation^ or an equation of two dimcn-

sions, is one into wlucli the square of an unknown symbol

enters, without or with the first power of the symbol.

Thus a;2=16

and a;M-6x= 27

are Quadratic Equations.

231. A Pure Quadratic Equation is one into wliicli the

square of an unknown symbol enters, the first power of the

symbol not appearing. ^;'

Thus, x-= lG is a, pure Quadratic Equation.

232. An Adfkcted Quadratic Equation is one into which

the square of an unknown symbol enters, and also the first

power of the symbol.

Thus, X' + Gx==27 is an adjected Quadratic Equation.

Pure Quadratic Equations.

233. When the terms of an equation involve the square

of the unkno\\'n symbol only, the value of this square is either

given or can be found by the jsrocesses described in Chapter

XVII. If we then extract the square root of each side of tlie

equation, the value of the unkno\A'n symbol will be determined.

' 234. The follo-nnng are examples of the solution of Pure

Quadratic Equations.
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Ex. 1. £C2=16.

Taking the square root of each side

a;==±4.

We prefix tlie sign ± to the number on the right-hand side

of the e(|uation, for the reason given in Art. 220.

Every jiure quadratic equation Avill tlierefore have tv:o roots,

equal in magnitude, but with difl'ereut signs.

Ex.2. 4x2 + C = 22.

Here 4r'= 22-6,

or 4x2=16,

or a;-= 4
;

.-. a;=±2.

That is, the values of x which satisfy the equation are 2

and -2.

P,__ o i28 216

3x=^-4 5x-'-6

Here 128 (5x'^ - 6) = 210 (3.c- - 4).

or 640x" - 7C8 = 648x'' - 804,

or a;-=12
;

.-. x=± V12.

Examples.—Ixxxv.

I. a2=S4. 2. x^=a-b\ 3. x^- 10000=0.

4. x2-3=43. 5. 5x2-9 = 2x- + 24. 6. 3ax"= 192a5c8.

a;2_i2 x"-4
7. —-— =—-;—

.

II. mx- + n= q.'64
8. (500 H^}^0-x)= 233359. 12. X'-ax + h = ax{z-l),

8112 J -y 45 57
•rr J -J*- I •J. —r =

,
• ^ ^ 2X- + 3 4x^-5

10.'' 5^x2- ISx-l- G5 = (3x - 3)2. 14- ^aZ:^^^^'
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Adfected Quadratic Equahons.

235. Adfected Quadratic Equations are solved by adding

a certain term to both sides of the equation so as to make the

left-hand side a perfect square.

?' Having arranged the equation so that the first term on the

left-hand side is the square of the unknown symbol, and the

second term the one containing the first power of the unknown
quantity (the known symbols being on the right of the equa-

tion), we add to both sides of the equation the square of half the

coefficient of the second term. The left-hand side of the equa-

tion then becomes a perfect square. If we then take the square

root of both sides of the equation, we shall obtain two simple

equations, from which the vplues of the unknown symbol may
be determined.

- 236. The process in the solution of Adfected Quadratic

Equations Avill be learnt by the examples which we shall give

in this chapter, but before we proceed to them, it is desimble

that the student should be satisfied as to the way in which an

expression of the form

a?+ax

is made a perfect square.

Our rule, as given in the preceding Article, is this : add the

square of half the coeSicient of the second term, that is, the

square of ^, that is, —. We have to shew then that

x' + ax + -r- 4

is a perfect square, whatever a may be.

This we may do by actually performing the operation o£

extracting the square root of x^+ ax + -^, and obtaining the

/
result x + H "'^'itli ^0 remainder. "~ -
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237. Let us examine this process by tlie aid of numerical

coefficients.

Take one or two examples from tlie perfect scjuares given

in page 48.

We there have

a;2+ 18aj+ 81 which is the square of x+ 9,

a;2 + 34x4 289 x + 17.

X-- 8a;+ 16 x- 4,

x2-36x + 324 x-lS.

In all these cases the third term is the ^ciuare of halj the

coefficient qfx.

18\2
For 81=(9)2=(^),

289= (17)2=(^)',

16=(4)^ =(!)',

324=(18)2=(|)'.

£38. Now put the question in this shape. TThat must w«
add to x^ + ax to make it a perfect sqtiare 1

Suppose & to represent the quantity to be added.

Then x^ + aa; + & is a perfect square.

Now if we perform the operation of extracting the square

root of x^ + ax+ &, oui" process is

a;2 + ax + 6( 35+ 5

x^

2.+I
a'

aa/+-r

[S.A.] U
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Hence in order that x- + ax + 5E:ay Ls a perfect sc[uare wa
must have

or 6=^,

Tliat is, 5 is equivalent io the square of half the coefficient

cfx.

239. Before completing the square we must be careful

(1) That the square of the unknown symbol has no coeffi-

cient hut unity,

(2) That the square of the unknown symbol has a positive

sign.

These points will be more fully considered in Arts. 245 and

246.

240. "We shall first take the case in which the coefficient of

the second term is an even number and its sign positive.

Ex. a;2 + 6x=:40.

Here M'e make the left-hand side of the equation a perfect

square by the following process.

Take the coefficient of the second term, that is, 6.

Take the half of this coefficient, that is, 3.

Square the result, which gives 9.

Add 9 to both sides of the equation, and we get

a;2+ 6x + 9 = 49.

Now taking the square root of both sides, we get

a+3=±7.
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Hence we liave t^vo simple equations,

a; +3=+7 (1),

and a; + 3=-7 (2).
'

From tliese we find the values of x, thus

:

from (1) x=7 -3, that is, x=4, '

from (2) »= - 7 - 3, that is, a;= - 10.

Thus the roots of the eq^uation are 4 and - 10.

Examples.—Ixxxvi.

J, x- + Gx= 72. 2. x"+12x=64. 3, a;2+14a;=15.

4. x2 + 46:c = 96. 5. x2 + 128a;=393. 6. x- + Sx-Go =

7. x2 + i8x-243 = 0. 8. x2 + i6a;_420= 0.

241. We next talce the case in which the coefficient of the]

second term is an even nuniber and its sign nerjative.

Ex. . x2-8a;=9.

The term to be addod to both sides is (8—2)''*, that is, (4)^,

that is, 16.

Completing the square

a;2-8a; + 16 = 25.

Taking the square root of both sides

a;_4=±5.

This gives two simple equations,

x-A= +5 (1),

a;-4=-5 (2),

From(l) a;=5 + 4, .-. a- = 9;

from (2) a;= - 5 + 4, :. x= ~l.

Thus the roots of the ecj[uation are 9 and - L
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EXAMPLES.—IxXXVii.

I. a;2-Ca;= 7. 2. x^-Ax=ti. 3. a;--20a;=21.

4. a;2-2x= 63. 5, a!;2-12x+32 = 0. 6. a;^ - 14x + 45 = 0.

7. x2_234x + 13688= 0. 8. (a: - 3) (a; -2) = 3 (5a; + 14).

9. a;(3x-17)-a;(2a; + 5) + 120= 0.

10. (a;-5)- + (x-'7)'=x(a;-8) + 4G.

242. "We now take the case in Avhicli the coefficient of the

eecond term is an odd, nuniher.

Ex. 1. a;-- 7.^ = 8.

The term to be added to Loth sides is

Completing the square

'

, w 49 81
or, a;^-7a; + --^= -T-.

' 4 4.
Taking the square root of both sides

%— = + -.

2 -2

This gives two simple equations,

a;-2=+2 (^>'

7 9x--=- (2).

From (1) a;= ^ + 2, or, x=—, .*. a;= 8;

9 7 -2
from (2) a;= -3 + 2' '^^j *= ~2~' •'• *= ~^*

Thus the roots of the equation are 8 and - 1.
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Ex. 2. a;2-x=42.

The coefficient of the second term is 1,

The term to be added to both sides is

.-. x2-x+ ,=42 + j4 4

„ 1 109
or, a:2_a.^.^=_.

1 _^13

Hence the roots of the equation are 7 and —6b

Examples.—Ixxxviii.

I. a;2 + 7a;=30. 2. a;2-llx=12. 3. a;2 + 9j;=43

5
4. x--13x=140. 5. x2 + x= T,:. 6. x2_a;=72.

iu

7. x2 + 37x=3G0O. 8. x"=56+ aj.

9. x(5-x) + 2x(x-7)-10(x-6) = 0.

10. (5x-21)(7x-33)-(17x+15)(2x-3)= 448.

243. Our next case is that in which the coefficient of the

second term is a fraction 0/ wl\,id\, the numerator is an even

nuialer.

Ex. x2-|x= 21.
o

The term to be added to both sides is

444
•••'^4-^25= 2^ + 25'

or, «:-5'*: + 25~25 '
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_2_ 23
•'•5 6~-5"

21
Hence the values of x are 5 and - -^.

o

Examples.—Ixxxix.

, 2 35 „ 4 3 „ 2S,x 1 _

l»- ^'-3^=T- ^: '^' + 6"=-25- .3. »^—9- + 3-O.

„ 8 3 - ,2,4 3 ,„ 16 16

, 26 16 - o 9 4 ,^

244. We now tal:e tlie case in -wliicli tlie coefficient of the

second term is a fraction xvhose numerator is an odd mimlcT.

rr 9 7 136
Ex,

, ^-^-s-'
The term to Ijc added to both sides is

•*•*'
3^ "^36""

3 ^36'

„ 7 40 1681
«^ ^"-3" + 36=-36-'

"
i> ~ C

1^
nence the values of x arc 8 and —

-rr-
«i

Examples.— xc.

.ix= 8. 2. ic— Ja "" ° "*

3 5
I. a;2-.^.x= 8. 2. a;"-^x= 98. 3. x-+_a; = o9.

o 3 ^ .0 11
4. a;- + -x=,6. 5. a;--.3;= 16. 6. x--^x + G = 0.

1 T) "3 3
7. x2--j^:r- 34= 0. 8. X"-~^-x=

'

4 7 4
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245. The sqiiare of the unknown symbol must not he pre-

ceded by a negative sign.

Jlence, if we have to solve the equation

6a; — a;"= 9,

we change the sign of every term, and we get

a;2_cx=:-9.

Completing the square

a;2-Gx + 9= 9-9,
or a;2-6x + 9=0.

Hence a; -3 = 0,

or a;= 3.

Note. We are not to be surprised at finding only one

value for x. The interpretation to be placed on such a result

is, that the two roots of the equation are equal in value and

alike in sign.

246. The square of the unknown symbol must have no

coefficient hut unity.

Hence, if we have to solve the equation

5a;2-3x= 2,

we must divide all the terms by 5, and we get

„ 3x 2

5 D

2
From which we get x= 1 and a;= — =••

247. In solnng Quadratic Equations involving literal co-

efGcients of the unknown symbol, the same rules will apply aa

in the cases of numerical coeflicients.

Thus, to solve the equation

^-^-2= 0.
X a

Clearing the equation of fractions, we get

2a2-3;2_2ax= 0;

therefore -ac^ — 2«x= -Sfi^,

or .z*+2ax=2a2.
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Completing tlie square

whence »+ a=±^3.a; ••

therefore x= -a-\- ,JZ.a,ox x= —a- ^Z.a.

The following are Examples of Literal Quadratic Equations.

Examples.—xci.

I. si^ + 2ax=a'^. 2. a?— Aax=la^. 3. x^ + Zmx=~^»

4. a^-^x—2-- 7.
^^^^y {x-af~^-

5, x- + (a-l)x=a. 8. adx-acx"= hcx-bd.

O. x^+ (a-6)a;=a&, '."^ <0. cx-\ i= (a + h)x\
'

f-' a-\-o

a-x- 2(Tx ?)- .
10. -J.. + ^= 0.

, „ 3«2x 6a2 4- rt5- 252 525.

11. ai/x--! =
o •

c c c

1 2. (4a2 _ 9c(Z2) x2 + (4o2c2 + 4.aW) x + (ac^ + liPj^= 0.

248. If both sides of an equation can be divided by the

unknown symbol, divide by it, and observe that is iu that

case one root of tlie equation.

Thus in solving the equation

x3_2x2 = 3x,

we may divide by x, and reduce the equation to the form

x2_2x= 3,

from which "we get

x=3 or x= -1.

Then the three roots of the original equation are 0, 3 and - 1.

We shall now give some Miscellaneous Examples of Quad-

ratic Equations. /
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Examples.—xcii.

I. x2-7x + 2= 10. 2. x2-5x + 3 = 9. 3. x2-llx-7= 5.

12—1!
4. x2-13x-G= 8. s. a;2 + 7x-18= 0. 6. 4a;--=—^=22.

7. a32-9a; + 20= 0. 8. 5a;-3^=—-—

.

iC-S 2

9. x2-6x-14 = 2. 10. —— -
^~^

=2.^
x + 3 2x + 5

4x x — l

14. _x2--a; + 7'' = 8. 15. 3x-— -26. 16. 2x- = 18x-40.Zoo X

4-^37; 15-x 7a;-14 000^.
^7- -io-¥r(r=-20-- ^S- 3x^-24^-36.

3x - 5 6x _ 1 ^ 7 2:c-5_3x-7
/

•^* Dx 3x-25 3* /* ' 4 x+ 5 ~ 2x

4x-10 7-3x 7 / „vo . ..
21. -. =7. 22. (x-3)2 + 4x= 44.

/ x+o X 2 ^ '

23. —;— =< Y~' 24. 6^- + x=2. 25. x2__a;= -.

G 2 4r2 X
26. x2-x = 210. 27. r+ =3. 28. -V-ll = .v' x+1 X J 3

2n. r= K + -• "^o. 15x--7x= 46.
X- 1 2 X

1 2 3 Ax 20 -4x _
^i. —— = . vi. =15.~^x-2x +25 "^u-x X

10 14 -2x_22 '
g; _ 7

2^' X x2 "'9' ^^" x + GU~3x-5*

^^" 5-x"^4-x"~x + 2' 2 7-x'^ X ~~10'

37. x- + (a + ?()x + «7; = 0. 38. x--(5 -a)x-a&= 0.

35. x--2rfx + a" — Z<- = 0. 40. x--(«'-a^)x — a^=0.

fi a- + })-



XX. ON SIMULTANEOUS EQUATIONS
INVOLVING QUADRATICS.

249. For the solution of Smmltaneous Equations of a de-

gree higher than the first no fixed rules can be laid down. We
.sliall point out the methods of solution which may be adopted

with advantage in particular cases.

250. If the simple power of one of the unknown symbols

can be expressed in terms of the other symbol by means of one

of the given equations, the Method of Substitution, explained

in Art. 217, may be employed, thus:

Ex. To solve the equations

From the first equation

x= 50-y.

Substitute this value for x in the second equation, and we
get (50 -2/). 2/= GOO.

Tins gives 507/-i/-= GOO.

From which we find the values of y to be 30 and 20.

And we may then find the corresponding values of x to be

20 and 30.

251. But it is better that the student should accustom

himself to work such equations symmetrically, thus

:

To solve the equations

x+y^bO (1),

xy=mQ (2],

From (1) x2 + 2.7:?/ + j/^= 2500.

From (2) Axy =2400.
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Subtracting, a- - '^xy + 1/-= 100,

.-. a;-i/=±10.

Then from this equation and (1) we find

a;=30 or 20 and 2/= 20 or 30.

Examples.—xciii.

I. a5 + 2/ = 40 2. a; + 2/
= 13 3. x + j/

= 29

fl;?/= 300. an/= 36. X2/= T00.

4. X -?/=19 5. a;-t/= 45 6. a;-?/ = 99

xy= 66. ccT/= 250. xy = 1 00.

252. To solve tin; equations

x-y=\^^ (1),

a;2+ i/2= 74. (2).

From (1) a;2_2a;,y+ 2/2^144 (3^^

Subtract tliis from (2), then

2a;7/=-70,

.". 4x?/= —140.

Add this to (3), tlien

x2 + 2a;y + 2/2=:4^

.*. x+ y=±2.

Then from this equation and (I) we get

a;=7 or 5 and y= -5 or— 7.

Examples.—xciv.

I. x-y= 4 2. «-i/ = 10 3. x-2/=l4
x2 + t/2=4Q. x2 + 2/2=i78. x2 + 2/2= 436.

4. x+ i/= 8 5. x + 7/= 12 6. x + y= 49

«2+ 1^2=32. 0:2 + 2/2= 104. «2 + 2/2=2681_
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253. To solve the ecjuations

a:^ + '/= 35 (1),

x + ?/= 5 (2).

Divide (1) by (2), then \ve get

x^-xij + y-^l (3),

From (2) a;2 + 2x?/ + ?/=25 (4),

Subtracting (3) from (4),

• 3x2/= 18,
\

.'. 4x7/= 24.

Tben from tbis equation and (4) we get

:. x-y=±l;
and from tbis er^iiation and (2) we find

a;= 3 or 2 and i/ = 2 or 3.

EXAMPLKS.—XCV.

I. a;^ + 7/= ni 2. a;3 + i/= 341 3. z^ + y^= 1008

x + y = 7. x + y = n. x + y= l2.

4. a;3-i/= 56 5. x^-y^=93 6. a;3-i/= 279

x-y= 2. x-y= 2. . »— 1/= 3.

254. To solve tbe ccjuations

1 1 5 ,,,

x+ro - ^'^'

J. +4=^ (2).
x^^y^ 3G •

•
W

From (1), by squaring it, we get

i- ^ + 1-= '^
(3)

x^ xy y'^ 3(^ ••V /•

, From tbis subtract (2), and we lui\'6
-^

• ^y 3G'
;

/
, _4^_24
'\xy~'Sii'

'^\
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Now subtract tliis from (3), and we get

a;2 ^y 1/2 ~36'

* X y -6*

and from this ec^uation and (1) we find

x=2 or 3 and i/= 3 or 2.

Examples.—xcvi.

a; 2/ 20
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256. To solve the ec[uatioii8

a;3-?/= 26 (1),

a;2 + x2/ + 2/2= 13 (2).

Dividing (1) by (2) we get x-y=2 (3),

Bquaring, x^-2xij + y^=4: .., (4).

Subtract this from (2), and we have

. 3x1/= 9;

>':. 4x1/= 12.

Adding this to (4), we get x'^ + 2xy + y^=l6;

:. x+i/=±4.

Then from this equation and (3) we find

x='3 or —1, and i/= l or —3.

257. To solve the equations

x2 + 2/2= C5 (1),

JC2/= 2S (2).

Multiplying (2) by 2, we have

a;2 + y2=C5)
2xi/=56|*

.. K2 + 2xy + i/=121>
;

a;2-2x2/ + -(/2= 9)'

.-. 35 + 1/= ±11 (A),

x-y=± 3 (B).

The equations A and B furnish four pairs of simple

equations,

T x + y= ll, x + y= ll, x + i/=-ll, a; + i/=-ll,

x-y= 3, x-i/=-3, x-y= 3, »-i/=-3.

from whicli we find the values of x to be 7, 4, - 7 and - 4,

and the corresponding values of y to be 4, 7, - 4 and — 7.

258. The artifice, by which the solution of the equations

given in this article is eflected, is applicable to cases in which

the equations are homogeneous and of the same order.



INVOLVING QUADRATICS. 191

To solve tlie ecLuations

0:1/ -1/2= 2.

Suppose y=mx.

Then x^+ mx^^lh, from tlie first equation,

and mx^- 771^x2= 2, from tlie second equation.

Dividing one of these equations by the other,

cc2 + ma;2 _15
ma? — TO%^ 2 '

a;2(l+m) 15

x^ (m - TO-) 2

'

1 +m 15
or ——o=-H-'<m — m^ 2

From this equation we can determine the values of m.

2
One of these values is k, and putting this for m in the

2
equation x^-\-mx^=\f>, we get x^+ ;^ x2=16.

From which we find 05= + 3,

and then we can find y from one of the original equations.

259. The examples which we shall now give are intended

as an exercise on the methods of solution explained in the

four preceding articles.

Examples.—xcvii.

I. x^-y^= yi 2. x2 + 6x!/= 144 3. x'4-a;j/= 210

x2 4.x2/ + 2/2= 37. 6x^+ 361/2= 432. . 2/2+ x2/= 231.

^4. x2 + i/2= 68 5. x34.2/3=152 ^6. 4x2+ 9xi/=190.

xy=lQ. x'^-xy + y'=\Q. 4x-57/= 10.

7. x2+ xi/ + i/= 39 8. x^+ xy= GQ g. 3x2 + 4x?/= 20.

3?/2 - 5x2/= 25. xy — y''='C). 5xy + 2y-==12.

10. x^-ocy + y"= 7 ,11. x^ — x2/= 35 ^12. 3x2 + 4x7/ + 57/2= 71.

3x2 + 13x1/ + 8i/2= 162. XT/+ 1/2= 18.
' ox + 7y= 2d.

13. x3 + 1/3= 2728 ^14. x2 + 9x7/ = 340 15. x2+ i/=225
x2_x7/ + 7/2=124. 7X7/-1/2= 171. x?/=108.



XXI. ON PROBLEMS RESULTING IN

QUADRATIC EQUATIONS.

260. The method of stating problems resulting in Qtiad-

rtitic Equations does not require any general explanation.

Some of tlie Examples whicli we shall give involve one

unknown symbol, others involve two.

Ex. 1. Wliat number is that whose square exceeds^ the

number by 42 1

Let X represent the number.

Then x^=x-i-42,

or, x^-x= 42;

therefore z^-x-]-.= —r- ;4 4

whence a; - h == i "s--

And we find the values of a; to be 7 or - 6.

Ex. 2. The sum of two numbers is 14 and the sum of

their squares is 100. Find the nunibera.

Let X and y represent the numbers.

Then a + 2/= 14,

and a;2+2/2=100.

Proceeding as in Art. 252, we find

35= 8 or 6, i/ = G or 8,

Hence the numbers are 8 and 6.
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Examples.—xcviii.

1. "What number is that whose half inultipllcd by its thif 1

part gives 8(J4 ]

2. What is tiie number of which the seveirth and eighth

parts being multiplied together and the product divided by

2
3 Ihe fiuotient is 298.,?

3. I take a certain number from 94. I then add the

nnmber to 94.

I multiply the tv/o results together, and the result is 8512.

What is the number ]

4. What are the numbers whose product is 750 and the

liUotieut of one by the other 3-?

5. The Slim of the sqnares of two numbers is 13001, and
the dillerence of the same sijuaivs is 14^9. Find the number^.

6. The product of two numbers, one of which is as much
above 21 as tiie other is below 21, is 377. Find the numbers.

7. The half, the third, the fourth and the fifth parts of a

certain number being multiplied together the product is 6750.

Find the number.

8. By Avhat number must llfjOO be divided, so that

the quotient may be the same aa the divisor, and the re-

mainder 51 {

9. Fhid a nu7nber to which 20 being added, and from
which 10 being subtracted, the square of the first result added
to twice the square of the second result gives 17475.

10. The sura of two nnmljors is 2G, and the sum of their

squares is 43(5. Find the numl)erri.

11. The dillerence between two numbers is 17, and the

Bum of their squares is 325. What are the numbers ?

12. What two numbers are they whose product is 255 and
the sum of whose squares is 514 ?

13. Divide IG into two parts srch that their product

added to the sum of their squartis may be 208.

[8.A.] tf
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14. What number added to its eouore root gives bs a

result 1332 ?

3
15. Wliat nunibcr exceeds its square root by 48-?

16. What number exceeds its square root by 2550 ?

17. The product of two numbers is 24, and their smn
multiplied by their dlQorence is 20. Find the numbers.

18. What two numbers are those whose sum multiplied

by the greater is 204, and whose difference multiplied by the

L;.ss is 35 ?

ig. What two numbers are those whose difference is 5

and their sum multiplied by the greater 228 ?

20. Find three consecutive numbers whose product is

ecpial to 3 times the middle number,

21. The dilFerence between the squares of two consecutive

numbers is 15. Find the numbers.

22. The sura of the squares of two consecutive numbers is

481. Find the numbers.

23. The sum of the squares of tliree consecutive numbeia

is 3fJ5. Find the numbei-s.

Note, If I buy x apples for y pence,

- will rej)resent the cost of an apple in pence.

If I buy X sheep for s pounds,

- will represent the cost of a sheep in pounds.

Ex. A boy bought a numlier of oranges for \Q>d. Had he

bought 4 more for the same money, he Avould have paid

one-third of a penny less for each orange. How many did

he buy?
Let X represent the number of orirUges.

Then — will represent the cost of an oiangc in pence.

TT 16 16 I
Hence —= r + -,

X a; + 4 3

or lG(3a;-l-b:2)r=:4Sx+x2 + 4x,

or x-A-Ax^\\)%

froTn v.'liich we find ihe values of a; to be 12 or —16k
Ti!.eri;Jurc; ii.e bouirht \1 oruu<ie8.
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24. I bny a number of handkerchiefs for ^3. Had I

bought 3 more for the sii'.ne money, they woukl hiive cost one

shilling each less. How many did I buy {

25. A dealer bought a nnmlier of calves for ^80. Had he

bought 4 more for the same money, each caU" would have coat

£\ less. How many did ho buy J

26. A man' bought some pieces of cloth for £33. 155.,

which he sold again for £2. 8.5. the piece, and gained as much
as one piece cost him. Wliat did he give for each piece \

27. A merchant bought pome pieces of silk for £180.

Had he bought 3 pieces more, he would have paid £3 less for

• each piece. How many did he biiy J

28. For a journey of 108 miles 6 hours less wtjuld have

isiTfficed liad one gone 3 miles an hour faster. How many
"luiles an hour did one go ?

29. A grazier bought as many sheep as cost him £G0.

'Out of these he kept 15, and selling the remainder for £54,

[gained 2 shillings a head by them. How many sheep did

be buy? ^'^ -. ^''
^

.'

30. A cistern can be filieu wy two pipes running together

in 2 hours,- 55 minutes. The larger pipe by itself will lill it

sooner than the smaller by 2 hours. What time will each

pipe take separately to fill it \

31. The Icngih of a rectangular field exceeds its breadth

by one yard, and the area contains ten thousand and one

hundred scjuare yards. Find the length of the sides.

32. A certain number consists of two digits. The left-

hand digit is double of the right-liand digit, and if the digits

be inverted the product of the number thus formed and the

original numl)er is 2268. Find the number.

33. A ladder, whose foot rests in a given position, just

readies a v.-indow on one side of a street, and when turned

about its foot, just reaches a window on the other side. If the

two positions of the ladder be at right angles to each other,

and the heights of the windows be 36 and 27 feet respectively,

imd the width of the street and the length of the ladder.
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34. Cloth, boing wetted, BhriiLks uj) ^ in its length and

-- in its \vidtli. If the surface of a piece of cloth is di-
10

3
mliiished by 5'- sc^uare yards, and the length of the 4 sidei;

by 4t yards, what -was the length and v.-idth of the cloth ?
•i

35. A certain number, less than 50, consists of two digits

whose dilfereuce is 4. If the digits be inverted, the difference

between the pquares of tlie number th.us formed and of the

original number is 39G0. Find the number.

36. A plantation in rows consists of 10000 trees. If there

had been 20 less rows, there would have been 25 more trees in

a row. How many rows are there ?

37. A colonel wished to form *a solid square of his men.

The first time he had 39 men over: the second time he in-

creased tlie side of the sqiiare by one man, and then he found

tliat he wanted 50 men to complete it. How many men were

there in the regiment ]

XXII. INDETERMINATE EQUATIONS.

2G1. "Whin the number of unknown symbols exceeds that

of the independent equations, the number of simultaneous

values of tlie symbols will be indefinite. We propose to ex-

plain in this Chapter how a certain number of these values

may be found- in the case of Siniultaneoua Equations involving

two unknown quantities.

Ex. To find the. integral values of x and y which will

Batisiy the equation

3a; + 7?/= 10.

Here 3x= lb-7t/;
,

/. a;=3-2i/ +i^.

Kow if X and y arc integers, —-^ must also be an integer.
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1 — «
Let —~-=m, tlicn l-i/ = 3??z.;

o

.*•
2/
= 1 — 3/n.,

and x= 3-2// + TO=3-2 + G»i +m = l + 7m;

or tlie general solution of the equation in Avliole numbers is

x— l + 7m and y= l—om,
where m may be 0, 1, 2 or any integer, positive or

negative.

If m=0, x= l,y= 1;

if m=l,x= S,y=-2',

if m=2, z=lo, y= -5]

and so on , from which it appears that the only positive inte-

gral values of x and y which satisfy the equation are 1 and 1.

2G2. It is next to he observed that it is desirable to divide

both sides of the equation by the smaller of the two coefficients

of the unlaiown symbols.

Ex. To find integral solutions of the equation

7a; + 5?/ = 31.

Hero 6y=3l-7x;

l-2c
Let — ;;—^= 771, an integer.

o

Then 1 - 2jc= 5m, whence 2x= 1 - Sm

;

>

l-- . 1—771

2 -2"»-

Let -- '- =», an integer.

Then I -771= 2/1, whence «i= l -"n.

Hence x=n-2m=n-2 + 4n = 5n-2;
y=G-x +m= 6-57i + 2 + l-2n-9-7^

Xow if n=0,x=—2,y= 9;

if n=l, »= 3,y= 2;

if n= 2,x=s 8, 7/=-5j

8Ed so on.
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263, In how many ways can a person pay a bill of_ £13
with crowns and guineas'?

Let X and ?/ denote tlie numher of crowns and giiincaab

Then 5a; + 2bj=260j
.-. 5x= 200 -Sly;

a;=52-4y-|.

Let •_ = m, an integer.
o

Til en !/=5?»,

and 2;= a2--l?/-TO= 52-21m.

11 m= 0, a- = 52, t/= 0;

m=l, x= 31, 1/= 5;

r/i = 2, 3;= 10, ?/ = l(1;

and hi;:;hcr values of 7;i will give ncijatiue valr.es of ar

TliUs the numher of ways i.i throe.

2(i4. To iind a number which v.dien divided by 7. and. I§>

will give remainders 2 and 3 respectively.

Let X he the nuniher.

T-2
Then — — —an integer, suppose m;

and —^— =an integer, suppose n*

Then X = Tot + 2 and a;= 5)1 + 3

;

/, V7)i + 2 = 5)i + 3;

! .'. 57i='7jii- 1, whence ?i=?:i +—-—

,

Let —^— —p, an integer,
o

Then 2 ;ii = 5w + 1 , when ^e ',n= Iv + S-t-^

Let ^2 - = 2, an integer.

Tlieu ,pc=22-l,

TO=22J + (/--4(2- 2 + (7= 52-3,,

xo.7w +2 = 352- 12.



INDETERMINATE EQUA TIONS. 199

Eence if
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21. A farmer buys oxen, sheep, and hens. The whole

nunil)er bought was 100, and the whole price £100. If the

oxen cost £b, the sheep £]., and the hens Is. eacli, how many
of eacli had he ? Of how many solutioaa does thia Problem

admit ?

22. A owes B As. lOd.; if A has only sixpences in his

pocket and B only fourpenny pieces, how can they best settle

the matter ?

23. A person has £\2. As. in half-crowns, florins, and sliil-

liiigs ; the number of half-crowns and florins together is four

times the number of shillings, and the number of coins is the

greatest possible. Find the number of coins of each kind.

24. In how many ways can the sum of £5 be paid in

exactly 50 coins, consisting of half-crowns, florins, and four-

penny pieces ?

25. A owes B a shilling. A has only sovereigns, and B has

only dollars worth 4s. 'id. each. How can A most easily pay B!

26. Divide 25 into two parts such that one of them ig

divisible by 2 and the other by 3.

27. In liow many ways can I pay a debt of £2. 9s. with

crowns and florins ]

28. Divide 100 into two parts such that one is a multiple

of 7 and the other of 11.

29. Tlie sum of two numbers is 100. The first divided by

5 gives 2 as a remainder, and if we divide the second by 7 the

remainder is 4. Find tlie numbers.

30. Find a number 1(>S5 than 400 which is a multiple of 7,

and which ^\'heu divided by 2, 3, 4, 5, 6, gives as a remainder

sa each case 1.
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265. The numljer placed over a symLol to express the

powei- of the symbol is called the Index.

Up to tills point our indices have in all cases been Positive

Whoie Numbers.

Vi'e li.Tvc uu\Y to treat of Fractional and Nec^'ative intlices ;

ainl to imt. this part of the subject in a clearer li.tilit, Ave shall

ciuiiintnce from the elementary principles laid down in Arts,

l.'), 4(i.

2GG. Firsr, we must carefully observe the following results

:

For a' X o^= a . a . ffl . rt . a = a',

and (a")- = a^. a^ = a.a.a .a.a.a= a^.

These are examples of the Two Rules which govern all

combinations of Indices. The general proof of these Rules we
shall now proceed to give.

2G7. Def. Wlien ?)i is a positive integer,

a" means a. a.

a

with a written m times as a factor.

268. There are two rules for the comhination of indices,

Rule I. a"'xa"= a'*+*.

Rule II. (fr)"=a"".

,163. To prove Rule I.

a'^ = a.a.a to m factors,

o"=a.a,a to n factors.
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Therefore

a* X ft"= (rt. ffi. a to m factors) x (a.a.o to n factors)

= a.a. a to {ni-^'\i) fixctora,

s=(i"'+", by tlie Dtfiuitiou,

To 'prove, Rule II.

(»")" = «" .a" .oT to n factors,

*={a.a.a to m factors) (a. ff.a ... to m factors) .,»

repL'titud n time?,

= a . rt . ffl to mn factors,

= a""', by the Defiuitiou.

270. "VVe have detluced immediately from the Definition

that when m and n are positive integers «"' x a'' = a"*+''. Wlieu

w. and 11 are not positive integ'^rs, tlie Definition lias no mean-

ing. We tlierefore extend the Definition l)y saying that a'" and

a", wliatever vi and n may be, sliall be such that w"* x a''= a"'+",

and we shall now proceed to shew what meanings we assign to

a™, in cons(i|ucnce of tliis defmitiou, in the following cases.

271. Case I. To find tli-e vieaning oj a', p and q Icing

jyoHiiive intugcrs.

p p p,p
a^ xa''= a« *,

P P P P^P P ?j.?4.?

a'' xa^xa'> = a'' »xa'=:a« « «;

and by continuing this process,

? ^ „ ''+^ +''- + ... to, icra,

a*x6* X to g lectors = a" * «

= 0".

Bui by tlie nature of the sjTnbol ^

Sja'x ija''x to 2 factors= 0^;

i" p ,

.*. a' X a'' X to 2 factors= ^la'' x ^af x ... to j factora;
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272. Case II. Tofinclihem4:aningofa~'fS'brAngapot>

live number, whole or fraclioiial.

"We must first find tlie meaning of a*'.

We have

Now

a'
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(3) Let n— —a^s being a positive number, wliole or frac-

tioual : then, wLatevcr m may be,

:—
-, by (1) and (2) of this Alticfe |

that is, a")"=^:^
a

275. We sliall no-\v give some examples of the mode iu

which tlie Theorems established in the preceding articles are

applied to particular cases. We shall commence with exam-

ples of the combination of the indices of two single terms.

276. Since .x" x a;" = a;'''+",

(1) ^y.x^-'=x'^-'=^'3f.

(2) ofxx^x'^K

(4) a"-" . l"-' X a"-". 6''-". c

= 1.1.

c

277. Since (x-'")"=x™',

(1) (x«')3= xG><3= x".

(2) (a;^)^=x'''^=J.3.

(3) (a«')*=a'"''^^--i**»a

2 ,

—

gra Since 0'=^!",

(1) J=V^.

(^) x^=^««.
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Note. When Examples are given of actual numbers raki, I

to fractional powers, they may olten be put in a form more i-l

for easy solution, thus :

(1) 144^= (144^}3^(VM4)^ = 12''=1728.

(2) 125^= (125^)2= (4/125)2= 52^25.

i79. Since (x'")- = x-™',

(2) j(a-'")-''i''= (a'°")''=:u™'

(3) \{jr-y\^={x--y^x-^,

280. Since a;-»=—

,

we may replace an expression raised to a negative power bj
the reciprocal (Art. 199) of the expression raised to the same
positive power : thua

-
(2) a-2= --„-(1) a-'=^ (2) fl-2=-].. (3)

„-l=l

Examples.—c.

(1) Express with fractional indices

:

I. Va;5+4/x2 + (Vx)7. 3. lp^ (^^faf^a^^.

2, JJx^i/+ ^x^''y'^+ ^x-y\ 4. ;/xp? + ^a"y-'z* + ijay-i^.

(2) Express with negative indices so as to remove all powers
from the denominators

:

1 a ?)2 3 a? bx^ x
X X- x-^ or *' 4tj-z^ 7yz^ yz

^ X^ ?jX 4 '
xij \ z

%' y^ y* ^ 3z^ ox-y- x'y*

(3) Express with negative indices so as to remove all powsa
from the uumeratois

:
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(4k) Express witli root-symbols and positive indices

:

y i y Z 32/3

_o -\ -?

281. Since 2" -^ x"= --= x" . x~"= x""*,

(1) a;*-T-x3= a;^~3_3;5^

(3) a;"-f-a;"'-" = a;'"-'"'-"'==a;'"~"'+"=a!".

(4) a»^a^=a»-('+" = a'-»-^=ra-'=—

.

a*

(5) x:i-ra;2=x^ "^=x^

i J5 i_R n_s 2 1 ^

(6) a;--~x"=x2 'J=zx« <^ = x '^=x 3=~p

282. Ex. ilfti// i>/)/ a^- - a"' + o' - 1 % a'+ L
(r' — a'-' + a' - 1

a'+ 1

Examples.—cL
Multiply

1. x^'' + x^if + if-'' by z'' - x'')/'' + 7/*.

2. a*" + S.a-"?/" + ^tV^if" + 271/*" by a" - Sj^,

3. a^ - 2ax^'' + Aii" by x*' + 2ax-' + 4a«.
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4. a" + i" + C by a™ — 6" + c'.

5. a^ + i'-Sc'Ly 2a™-5 + c».

6. cc""*"" 7/" by a;" + 1/""""".

7. a?" - afy" + y^ hy cc^ + x"y" 4- 2(*.

8. W'-^^ - 6''* + c" by a" -"+ 1'-'"+ c^"*.

9. Form the sc[uare of af''' + x*" + 1.

10. Form the square of ar^ - of + 1. 'i

283. Ex. Divide x*" -I by if -I.

af -IJ x*" ~ I {x^f + x-" + 0^-^-1

a:^'-
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Fractional Indices.

'i&L Ex. Multiphj iv^ - a-^b^ +P by a^ + b^

a-^-a^b-^ + b^

a'-^ + h^

3 1 J a
a -a^b'^ +a^b''^

a +&

EXAMPLES.—Ciil.

Multiply

3 1,1
1. x'-^ - 2x^ + 1 by x^ - 1.

2.
y'i + y'^ ri/-t I hy^-l.

1 ?, - 4 2 2 4
•^" a^ - a;^ by a-'* 4 a'^.c^ + a;'^?

n 5 2 J 1 1 1 j 1 111
4. a-5 + b^ + c'-^

- a^^s _ (jii^-u _ ^.:^.3 i^y g^-j ^ b^ + c*m

5

.

5x^ -r 2a;- i/^ + 3a;^7/2 + 7y ' 1 .y 2xi - 3yK

4 5 1 2 2 1. 3 4, 1 X
5. m-' +m";t' + m^'/f' + ?jfn- +n-' bym-'-?i",

a 11 1 z 4.1 1
7. m"' - 2(?'i HI- + 4d2 by nv^ + 2cflm^ + 4(;-,

S. 8a'' + 4a 'i' + 'jir b'' + 96'^ by 2a^ -2b'.

Form the si|".i;ire of each of the following expressions:

11 i ^ ? ?
9. x^ + a'^. 10. x^-a-^. II. s'^ + 1/".

13. a + Zy^. 13. a;-- 2x^ + 3. 14. 2x^ + 3.x' +4.

15. x"^-i/3+s3. 16. a;^ + 22/*-8'*
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285. Ex. Divide a -b hj ija- !^b.

Putting a* for ija, and 6* for ijh, we proceed tliua*-

a^-h^)a-h{a^-^ah^ + a^b^ + h^
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Negative Indices.

286. Ex. Multiply a;-3 + x~'y-'^ + x-hj-^ + y-^ hy x~'^ -fK
x~^ + x~-y~^ + x~hj~'^ + y~^

sc-i - y-^

"* + x~^y~' + x~-y~- + x~'j/~'

- a;~^y~^ — x~-y~^ — x~'y~' - y~*

EXAMPLZS.—CV.

Multiply
~

I. a-i + 6-ibya-i-6-i. 2. a;-' + ^-^ by x-^ - &-».

3. x^ + x + x-^ + x-^ by X - x-'^. 4. a;- - 1 + x'- by a;^ + 1 + or*.

5. a-2 + i-2bya-2-6-2. 6. a-i-6-i + c-i by a-i + i-i + c'^

7. 1 + fl6~i + a-b-^ by 1 - oi/-i + a-^-^.

8. a-i-'-^ + 2 + a--b- by a-^-^ - 2 - a--b\

9. 4x-3 + 3x-2+ 2x-i + 1 by x-2 - x"! + L

10. |x-2 + 3x-i-^by2x-2-x-i-^.

%.

287. Ex. Divide x- + l+x-^ Ly x~l-\-TrK
^ a;-H-x-^9x^+l+x-2(^x + l+x""* 1

X- - X + 1

X + X~2

X - 1 + X~' .

l-x~^ + x-*

l-X-l + X-2

Note. The order of the po-^vcrs of a is

.({^, a', ii}, ft^, «~^, a~^, a~'.

a series -which may be Avritten thus

X , , 1 1
'
1

«
'

«'>
''' 1'

a' ^' ^-



THE THEORY OF INDICES. ?.sa

EXAMPLES.—CVi.

Divide

I . ff- — x~2 byx + x~*. 2. a--6~-bya— 6"^.

3. tv? + 7i~^ Ly m + 7i~K 4. c' - <Z~^ by c - d~^

5. x-]}~- + 2 + x~'-'^- by x?/~* + x~'?/.

6. a-* + a-'-h-''- + 6-* by a-2 - a"' Z^-i + i-2.

7. a;''y~^ - x~^?/^ — 3.c7/"~^ + 3x~^i/ by xy^ - x'hj,

3r-5 77r-3 4r5v-2 S^t--!

4 8 4 4

by^-ari + 3.

9. g'Zi~^ + «~'6^ by a6~^ + a~^ 6. 5^

10. a-3 + 6-3 + c-3 _ Sa-'i-^c-i by a"! + ^-^ + (r\

288. To shew tbat (a6)" = a". 6".

{aVf = ab. ah. ah...to n factors

= {a.a.a ...to n factors) x(b .h.h ...to n factors)

= a". h".

"Wl shall now give a series of Examples to introduce the

various forms of combination of indices explained ia this

Chapter.

Examples.—cvii.

4. a „ , 2. -\ JL

1. Divide x^ - 4ri/ + 4x^1/ + '^V by x^ + ^z~ij - + 2y.

2. Simplify {(x»"^')^(x'^y'p=». 3, Simplify (x^<» , x'^)"^^

„. ,.» ! 1 1 x + (t x-a\
A. Simplily < -n ,-,

—„~—r,
-,~—7-

•»• i •' ix''-a- x^^j^w x+a-
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5, Multiply -yr- + 4x-i - 1 by 3.C-2 - 2x-i - ^.

6. Simplify —7=r • 7- Divide x"" - y=" by x" 4 y".

8. ^Multiply {(h + i^)3 by (j"2 - 6'1

9. Divide a - 6 by v'« - 4^^- lo- Prove that (a-)"" -(..")'',

11. If a'*"= (a")", find m in toims of n.

1 2. Simplify a;''+'^ . x'"+'-^ . a;"-'-^" . x'+'-°.

—
-j -^(^;7~rJ

• ^4. Divide 4a' b3----,_

15. Simplify [ J
(rO- !"]-[!(«'")" r^].

16. iMuUiply iC + V - 2c" by Sa*" - 36.

17. Multiply a"*- "?/"-'• by iC""]/-'"c.

1. X 1

18. Shew tliat —^^

—

-— .-^^

—

—=-x—r-

a" + 0"'

19. Multiply x^ + x** + 1 by x^ - x^ + 1

and their product by %'• -x-' + 1.

20. Mulfcijily a'" - ^^a"'^' x + ca"^-x- by a" + /; i""' x - -:'-".?,

21. Divide a;2;<»
-1) _ ./-7(/-i) by a;'-"-" + t/'*'-".

.1 1 _
22. Simplify

j
(a")" "'("'+'.

23. Multiply x^' + x-'?/p + x'i/2'' + 21^'' by a:' _. -_

24. Write down the values of 625* anc! If '^j

25. Multiply x'"'-"" - 2/'"-*^ by x" - 2/"

26. Multiply a;4 + 3x" - 1 by x^ - 2ic~^ ,>
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289. All numbers wliich we cannot exacuy determina,

because they are not multiples of a Pririaiy or Subojilinate

Unit, are called SurdS.

290. Wo sliali con fine our attention to those Surda wliieh

ori^'inate in the Extraction of roots wherf the results cannot

be exhibited as whole or fractional nunibecs.

For example, if we perform the operati)n of extracting the

p [luire root of 2, we obtain 1-4] 42..., and though Ave may
carry on the process to any required e.xtent, we shall never be

able to stop at any particular point and to say that we have

found the exact number which is equiv iilent to the SLjuare

Hoot of 2.

291. We can approximate to the real A'alue of a surd by

finding two numbers Z)t'i?i'cc?i, w.^tc/t it lies, diil'ering from each,

otner by a fraction as small as we i)lease.

Thus, since V2 = 1-4142
..

"
. 14 15 V 1

^2 lies between — and —, which diffe r by r--

;

141 '42 1
'

also between —- and j^, which d JTer by j--

;

'
, , 1414 , 1415 , .

,
,.„, , 1

also between ^-^^ and ^^^ which diCer by—-.

And, generally, if we find the square .oot of 2 lo n places

of decimalii, we shall find two numbers bi tweeu which ^2 lies.

differing from each other by the fraction ,r^.
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292. Next, we can always find a fraction difTering from the

real value of a surd by less than any assigned quantity.

For example, suppose it required to find a fraction differ-

ing from /J2 by less than -r^.

Now 2(12)", that is 288, lies between (IG)- and (17)',

,*. 2 lies between (tt^) and (r^) »

.*. ^2 lies between -— and
j^ ;

/. /(/2 differs from -r-: by less than r^.

293. Srirds, though they cannot be expressed by wiiole or

fractional numbers, are nevertheless numbers of Avliich we may
form an approximate idea, and we may make three assertiona

respecting them.

(1) Surds may be compared so far as asserting that one Is

greater or less tluiu another. Thus aJ3 is clearly greater than

^2, and 4/9 is greater than ^8.

(2) Surds may be multiples of other surds: thus 2^2 is

the double of J-2.

(;]) Surd=^, when multiplied together, may produce as a
result a v.iiG,'". or fractional number: thus

V2x V2-2,

"/s "1-:^ ",'3 3

204. The symbols ,Ja, ^fn, ^'a, ^^a, in cases where tha

second, third, fourth, and ^i"* roots res2>ective]y of a cannot be

exliibited as whole or fractional niiml;ers, will represent surds

of the second, third, fouit!), and Jt"" order.

These eymbuls we may, in accordance with t'ne principiae

laiil down in Cliapter XXIIL, replace by a-, or, a*, a».
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r 295, Surds of the same order are those for wliicli the root-

eymbol or siud-index is tlie same.

Thus fja, 3 >J{oh), 4 >J{mn)^ r- are surds of the same order.

Lihe surds are those in -which the same root-symbol or surd-

index appears over the same quanlity.

Thus 2 ^a, 3 ^a, 4a2 are like surds.

296. A whole or fractional miiiiber may he expressed in

the form of a surd, hy raising tlie number to iho power denoted

by tlie order of the surd, and phicing the result under the

symbol of evolution that corresponds to the surd-index.

Thus o= sja%

b 'Ih^ \

c

297. Surds of different orders may be transformed into surds

of the same order by retlucing the surd-indices to fractions

with the same denominator.

Thus we inay transform ^x and ijy into surds of the same

order, for

and 4/7/= i/= yiy = i=Y,

and thus both surds ai'e transformed into surds of the twelfth

Older.

Examples.—cviii..

Transform into Surds of the same order

:

I. ^x and ll)j. 2. 4/4 and 4/2. 3. ^(18) and 4/(50).

4. ;y2 and ;/2. 5. ;;ya and ^/j. 6. 4^(ft + ^) and J{a-l}.

298. If a whole or fractional number be multiplied into n

Burd, the product will be represented by placing the mullipli.;

and the multi[)licaud side by side with nu sign, or with a d.

(.) between them.

Tlius the product of 3 and ^/2 is represented by 3 ^2,
of 4 and 5 ^/2 by 20 ^2,
of a and Jc by a^'c.
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299. Lilce surds may be combined by tbe ordinary pro-

cesses of addition and subtraction, that is, by adding the

coefFicients of the surd and placing the result as a coefficient

of the siu'd.

Thus ' /s/a+ ^a = 1^a,

SOO. "We now proceed to prove a Theorem of great im-

j^rtance, which may be thus stated.

The root of any expression is the same as the irroduct of tin

roots of Hie separate factors of the expression, that is

"We have in fact to shew from the Theory of Indices that

1 1 .1

(ah)" = a" . h"

.

1 r*

Kow
}
(ah) " j " == (al)" = ah,

1 X 1 1 5 5
and \a" .1" \"= {a"y. {h")''=a".h''=a .hi

,

X 1 1
.*. (aZ*)"=a".5".

I
301. TVe can sometimes reduce an ex]>res3ion in the form

of a surd to an equivalent expression with a whole or ftac-

tional number as one factor.

Thug ,J{12)= ^/(S6 X 2) = V("G) . ^/2 = 6 sf2,

^(12S)= ^'(04 X 2) = ^(G4) . ^2=4 4^2,

J;J{arx)= J^a" ,;i/x= a. yx.
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Examples.—cix.

Rc'fluce to equivalent expressions witli a whole or fractional

number as one factor :

I. V(24). 2. V(50). 3. V(4a3).

4. V(125a<(2'0. 5. V(322/3^). 6. V(lOOOa).

7. v^(720O. 8. 7.V(39Ca;) y. 18.^(^x^).

II. x'((t'' + 2(t-x -h ax-).

12. V(c' - 2.r-?/ + a;;/-). 13. v'(50a-- lOOaZz + .'JOZ/-).

14. v'(()3c*!/-42cV + 7i/=). 15. i]i:)Wh").

16. .y(lGOxY). J7. ^/(I08)7i«?ti").

l«. *7(i372ai6i'<^). /g. ^V + ;3.c-''// + iJ./-//'-^ + xj/-').

20. ^/(a* - Sa^t -L 3( t^Z.2 _ ,,5?)

302. An expression containipg two faL'tor.i, one a surd, the

otiicr a whole or fractional nninber, as 3 v'2, a ^.r, may be

iraiwformed into o complete surd.

Tlius 3 v'^ = (:i-)-^ x/2= v'9. v'2= V(1S),

a 4':, ^(<x")^ ^y.f= ^/cc^ ^a:= ^(a^x).

Examples.—ex.

Red':ce to complete Surds :

I. 4V3. 2. 3^7. 3- 5^:).

4. 24/6. 5. 3./^. 6. 3^'a.

7. 4aV(3x). 8. 2«x^(^£.).

\x + 2//
* \x2-2x]/ + y-/
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303. Surds may be compared by transforming them infri

snrds of the same order. Tims if it be required to determine

whether ^J2 be greater or less than ^''3, we proceed thus :

4,'3= 3i= 3^=:^32=:.^9.

And since ^^9 is greater than 4^8,

4^3 is gre<iter than mJ2.

Examples.—cxi.

AlTange in order of magnitude the following Sards

:

1. v'3 and ^/4. 6. 2 ^87 and 3 v/33.

2. v'i" and ^15. 7. 2 ^'22, 3 </7 and 4 ^2.

3. 2 v'3 and 3 J2. 8. 3 ^19, 5 ^^IS and 3 4/Sa

4. Jl^-^vA^lC^). 9- 2 4/14, 5 4/2 and 3 4'3.

5. 3 ^n and 4 ^t, 10. „ -s^^, ^^ x/3 and - ^'4.

304. The following are examples in the application of the

rales of Addition, Subtraction, ^lultiplication, and Division to

Surds of the same order.

I. Find the sum of ^18, ^1 28, and v'32.

V(1S)+ v^(12S)+ v^32)= V(9x2)+ V(C4x2)+ V(lGx2)

= 3v^2 + 8V2 + 4V2
= 15 V2.

2- -From 3 V(T5) take 4 V(12).

3 V(7-J) - 4 V(12) = 3 x/(2.3 x 3) - 4 V(4 x 3)

= 3.5.V3-4.2.V3
= 15^/3-8^3

B»7V3.
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3. MultiplyVStyVa 2).

= V(96)

= V(16 X 6)

4. Divide ^32 by VI 8.

y(32) _ V(1G X 2) ^ 4 V2^ 4

V(18) V(9x2) 3^2 S*

EXAMPLES.—CXii.

Simplify

1. V(2T) + 2 V(48) + 3 V(IOS). 11. ^6x^8.

2. 3V(1000)+4V(50) + 12V(2SS). 12. V(M) x \'(-0).

3. a V((t''x) + 6 V(^'-c) + c s.'(S'x). 1 3. n/(jO) X V(200).

4. 4^(128)+ 4/ (fiSG)+ (/(IG). u. ^/(3a^?;) X 4/(9«?''^.

5. 7 4/(54) + 3 V(l 0) + -^'(432). 1 5. ^(12rt6) x 4'(8a-'Z;'').

6. V(90)-V(54). 16. V(12)-hV3.

7. V(243)-V(48). J7. -^(13)-V(50).

8. 12 V(T2)- 3 V(128). 18. ^/(a-Z.) ^ ^^(at^).

9. 5 4/(lG)-2 V(54). 19. 4V6)-f- 4'("^')-

10. 7,^(81) -3^(1020). 2a J{j? + x'ij)-~ ^{x + ^x^-ii-^-x'i).

305. We now proceeil to treat of the I\[ultiplication of

Compound Surds, an Ojieration \vhicli will Le frequently re-

quired in a later part of the subject.

The Student must bear in mind the two following Itulca:

Rule I. sjax ^lh= ^!{ah),

Rule II. ^ax ^a = a,

•which will be true for all values of a and \
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Multiply

>Jx by >Jij. 9

Aj{x-y)hjfy lo

J{x + ii)hy^f(x + y). ii

V(x-i/)byv'(.'C + y). 12

6 V-i; ijy 3 v'^' 1

3

7v/(x+l)l)y8V(x + l). 14

10V^;by 9v'(-^--l). 13

Examples.—cxiii.

fx by - ^a;.

V(x-l)by-^^(x-l).

3 >^x by - 4 Jx.

- 2 Ja by - 3 ^fa.

^{x - 7) by - ^x.

- 2 ^/(x + 7) by - ^fx.

-4V(.t--^-l)by-2vV-l).

^/(3x) l>y ,>,/(4x). 1 6. 2 ,v\t^^' - 2a + 3) by - 3 J{a' - 2a 4- 3).

306. The following Examples M-ill illustrate the way of

proci-'ecling in forming the products of Compound Surda.

Ex. 1. To inultii.ly ^fx + 3 by ^fx + 2,

Jx + 2

x + 'i^/x

+ 2^fx-h6

x + b^x + 6

Ex. 2. To multiply 4 Jx + 3 Vi/ l^y ^ V^ •

4^X+3y,flJ

Ajx-zjy

16« t- 12 >^l{xy)

-12 V(.ry)-9y''

16a; - 9?/

Ex. 3. To form the square o[^!(x-1) -
,

V(x-7)-V-c
V(a:-7)- ^/x

^ a;-7 - V(^''-7x)
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Examples.—cxiv.

Multiply

I. Va; + 7byV« + 2. 2. Jx-h\)^ ijz->f%,

3. V(a+9) + 3byV(a + 9)-3.

4. V(«-4)-7byV(a-4) + 7.

5. 3Va;-7 by Va; + 4.

6. 2V(a;-5) + 4by3V(a;-5)-6.

7- V(6 + a;) + V^ by V(6 + a;) - V«.

8. ^(3x+ 1 ) + V(2x - 1) by V3a; - V(2a;- 1).

9. v/a + sj{a - X) by ^x - ^{a, - x). ',

10. V(3 + «) + V« by V(3 + x).

11. Vic+ Vt/+ ^fz by >y/x- a/2/+ V«'

12. js/a+ >J{ci-x)+ mJx hy^a- »J(a-x)+ »Jx.

Form the squares of the following expressions

:

13. 21+ >v/(a;2-9). 17. 2Va;-3.

14. J(x + Z)+ J{x + 8). 18. >Jix + y)- >J(x-y).

15. ^x+ J{z-4). 19. V«.>v/(a;+l)- V(x-1).

1 6. V(-«; - 6) + a/x. 20. V(« + 1) + Va; • V(a; - !)•

307. We may now extend the Theorem explained in

Art. 101. We there shewed how to resolve expressions of

the form

into factors, restricting our observations to the case of perfi?ci

squares.

Tiie Theorem extends to the difference between any two

quantities.
'~~ ~7

ThuB

a-h={j^a+ jjh) {^a- >^b),

a?-y=ix+ ^y) {x- >Jy).

i-x-={l+ »Jx){l- »Jx).'
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303. Hence we can always find a multiplier whicli will

free from surds an expression of any of the/owr forms

I. «+ a/6 or 2. sla-\- «/&>

3. a- ^h or 4. ^a- ,Jh.

For since the first and tliirci of these expressions give

as a product a- — 6, which is free from surds, and since the

second and fourth give as a product a~b, wliicli is free frora

purds, it follows that the refjuired multiplier may be in all

cases found.

Ex:. 1. To find the multiplier which will free from surds

each of the fullowing expressions

:

I. 5+^3. 2. ^fG+ Jo. 3. 2-v'5. 4- s^T- ^'2.

Tlie multipliers will be

I. 5-V3. 2. v'^-V>''»- 3- 2+^5. 4 V7+v'2o

The products will be

I. 25-3. 2. 6-5. 3. 4-5. 4. 7-2.

That is, 22, 1, - 1, and 5.

Ex. 2. To reduce the fraction fZTJ^ ^^ ^'"- equivalent

fraction with a denominator free from surds.

Multiply both terms of the fraction by 6+ „/c, and it bo-

comes

ah + a sJg

U^-c
''

which is in the required form.



ON SURDS. 223

Eeduce the following fractions to equivalent fractions with

denominators free from surds.

,,
-

T. > ,, 4 +V3

'^'
2---V2-

'7. 2^^3. 18.
2TV2-

'^.Va-Va>*
^"'

V(m2+'l)+ V(m2-i) .

^^' I- Ji' _
^'

a-V(''--l)"

^ * ^{a + «) - V(» - ^)' « - V(<*^ - 2;^)"

309. The squares of all numbers, negative as well as posi-

tive, are positive.

Since there is no assignable number the square of which

would be a negative quantity, we conclude that an expression

which appears under the form «/( - a^) represents an impossible

quantity.

310. All impossible square roots may be reduced to one

common form, thus

V(-a^=V!«'x(-l)l=V«'.V(-l) =«.V(-l)

"Where, since a and s/x are possilile numbers, the whole

impossibility of the expressions is reduced to the ajjpearanco of

v'( - 1) as a factor.

311. Def. By V( - ^) "^e understand an expression •vrbich

when multiplied by itself produces - 1.

Therefore

W(-i)P=-i,
{V(-i)P=U(-i)P.V(-i)=(-i).v/(-i)=-V(-i),

W(-i)r=lV(-i)P.)v(-i)P=(-i).(-i)=i,

imd 80 on.
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Examples.—cxvi.

Multiply

1. 4+V(-3)l)y4-V(-3).

2. V3-2V(-2)by ^3 + 2 V(-2).

3. 4V(-2)-2V2byiv(-2)-3V2.

4- V(-2)+V(-3)+V(-4)byv^(-2)-V(-3)-V( 4).

5. 3V(-a)+V(-S)by4V(-a)-2V(-fc).

6. a+ >/(— «) by a- V(-«)'

7. aV(-a) + Jv/(-t)byaV(-o)-6V(-&)-

8. a + j8V(-l)bya-;8V(-l).

9. 1- V(i-0^yi+v'(i-e2).

10. eP^<-" + «-'">/<-» by e''*^<-*> - e-pvt-i).

312. "We shall now give a few Miscellaneous Examples to

illustrate the principles explained in this Chapter.

Examples.—cxvii.

L_ Simplify.-^^— 3-^^.

2. Provetbat 11+ V(-1)P+}1- v^(-l)P=0.

4. Provetliat}l+ V(-1)P-|1- V(-l)!^== V(-16).

5. Divide a* + a* by x^ + ^J'^-ax + a^.

6. Divide m* + »* by m^ - a/Bttmi + Ji^.

7. Simplify */(^^ + Sx^y + xy-) + V(a^ - 2-c-7/ + xi/-).

8. Simplify -^|^^--^^t^, and verify by putting

a = 9 and 6= 4.
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9. Find the sqimre of «^/ r - i\/{cd).

10. Find the square of av^—-^

11. Simplify

aJ(z' + a-) - V (x- - o-) V(x- + a-) + /i^{x^- a'/

12. Simphfy ~-i i.

1+ ^

„. ,.~x-l(x-l 1-x)
13. SnnpWy --

|
-/--^ +--^ } .

14. Form the sfjuare of . /f | + 3 j - j(j -z\

15. Form the square of V(x + a) - A^f(x-a).

16. Multiply ;;/(a'''»-"Z>»"'+ic''') hy :y(a"6"*-ic'^').

17. Raise to the 5"" power —l-a^f{- 1),

18. Simplify 4/(81)- 4/(-512)+ 4/(192).

,9. Simplify ^-^^( ^^3 ).

20. Simplify -^
J
7(3^;-x3 - GZjrx- + AAlfx - 102Dj9^ \,

21. Simplify 2(H - l)^/( - ^-.-^-i-^-,-^).

22. Simplify 2(?i - 1) V(G3) + 1 V(112) - ^^^"|^

Wll75(u-l)V|xA_2^(^)

23. What is the difference between

V!17- V(33)!x V|l7+s/(33)[

and '4/105+ V(129)l X 4^165- V(129)| ?
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313. We have now to treat of the method of finding the

Square Eoot of a Binomial Surd, that is, of an expression of

one of the following forms

:

where m stands for a whole or fractional number, and yfn for

a surd of the second order.

314. We have first to prove two Theorems.

Theoreiyi I. If ,Ja~m+ ^n, m must be zero,

Sq^uaring Loth sides,

a — m^ —n
:. aJu-- 2m

that is, sfn, a surd, is equal to a whole or Itactional number,

which is impossible.

Hence the assumed equality can never hold unless m=0, in

which case aJu— Jn.

Tileoreni II . 7/" i + ^/a=m + Vw, then must h=m, cmd

For, if not, lot 6=m + x.

Then m-\-x+ i^a==m+ s/ih

or »+ ija— ^/n;

whii'h, by Theorem I., is impossible unless x=0,m whi;h case

b= vi and sja= \fii,

315. To find the Square Hoot ofa+ ^.

Assume V(«+ sl^)= ^1^+ Vy«

Then a-¥ Jh = x + 'i ^Jixy) + y

;

.-. x + y= a (1),

2^'(,n/)=^V^ (2),

£10111 which we have to iind x and y.
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Now from (1) a^ + 2x]j + ?/-= a^,

and. from (2) Axy = h
;

.'. x^ - ~xij + y-= a^ — b;

:. x~y= >^'(a--b).

Also, x+ y=a.

From these ef[uatiou3 we find

a+s^{a'-h) , a- sV-J).
2

'^''^
i/ 2 »

Similarly we may sliow tliat

316. The practical use of this method will be more cloaily

Been from the following example.

Find the Square Eoot of 18 + 2 V(77).

Assume V i
18 + 2 ^'(^7) \= »,fx+ ^/y.

Then 18 + 2 V(77) = x + 2 ^(xij) + y

;

.-. x + i/= 18

2V(xt/) = 2V(n,}-

Hence
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Examples.—cxviii.

Find the square roots of the following Binomial Surds

:

I. 10 + 2V(21). 2. 16 + 2V(55). 3. 9-2V(H).

4. 94-42^5. 5- 13-2V(30). 6. 38-12v'(10)

7. 14-4^6. 8. 103-r2V(ll)- 9. 75-12^/(21).

10. 87-12V(^2). II. 3^-^(10). 12. 57-12^(15).

317. It is often easy to determine the square roots of

expressions such as those given in the preceding set of

Examples hj inspection.

Take for instance the expression 18 + 2 \/(77).

What we want is to find two numbers whose sum is 18 and
"whose product is 77 : these are evidently 11 and 7.

Then 18 + 2 V(77)= ll +Y + 2 V(ll x 7)

= jV(ll)+>v/7S=^.

That is v'(ll)+ V^ is the square root of 18 + 2 ^(77).

To effect this resolution hy inspection it is necessary that the

coefficient of the surd should he 2, and this we can always ensure.

For example, if the proposed expression he 4+ ^{15), -we

proceed thus

;

4+V(15)==«-±^^^> 5 + 3+^,^(5x3)

(',', ——j~- is the square root of 4 + V(15)»

Again, to find the Square Root of 28 - 10 ^3. '

^

"

28 - 10 V3 = 23-2^(75)
. .= 25 + 3-2^(25x3)

' ''%, -(5-V3)^;

-•*. t— /J3 ia the square root required^
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318. Ant equation may be cleared of a single surd, by
transposing all tlie other terms to the contrary side of the

equation, and then raising each side to the power correspond-

ing to the order of the surd.

The process will be explained by the following Examples.

Ex. 1. V^=4.

Raising both sides to the second power,

a;=lG.

Ex. 2. 4'a; = 3.

Eaising both sides to the third power,

x= 27.

Ex. 3, *J(afl + 1) — xc='l.

Transposing the second term,

A,/(a;' + 7)= 1 + a:;

Eaising both sides to the second power,

x2 + 7= l+2x + x2,

.-. a;=3.

EXAMPLES.—CXix.

I. ^x=T. 2. ^x=9. 3. x^=5.

4. 4^x=2. 5. a;* = 3. *6. ^Vx=4.

7. V(x + 9) = 6. S. V(z-7) = 7. 9. V(^-15)= 8.

ro. (a;-9)- = 12. ir. ^'{i:c-lQ) = 2, 12. 20-3 V««S.
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13. ^/(2x + 3) + 4= 7. 17. V(4x2 + 5x-2)= 2a; + l.

14. ^)^-c^/x= c^ 18. A./(9x2-12a;-51) + 3= 3afc

15. v'(-^"^-9)4-x=9. 19. s!{x"-ax-\-Ti)-a— x.

16. V(x^-ll)=x-l. 20. )v'(2r)x--3mx + 9!,)-5x=7».

319. '\^nien fwo surds ,ire involved in an equation, one at

least may be made to disappear by disposing the terms in

fiucb a way, that one of tiie sards stands by itself on one side

of the equation, and then raising eaclx side to the power cor-

responding to the order of the surd. If a surd be still left, it

can be made to stand by itself, and removed by raising each

side to a certain power.

Ex. 1. ^(a;-lG)+ v'j;=8.

Transposing the second term, 'vve get

V(:»-1C)=8- Vas.

Then, squaring botli sides (Art. 30G),

therefore 16^^= 04 + 16,

or 10^/-^= SO,

or fjx=5;

:. a=25.

Ex. 2. V(^ - 5) + ^{x + 7) = S.

Transposing the second term,

V(x-5) = 6- v'(a; + 7).

Squaring botli sides, a; - 5 = 3G - 12 i^l(x + 7) + a;+7 J

therefore 12 sj{x + 7)= 36 4- x + 7 - .t + 5,

or 12s/(x + 7) = 48,

or V'(''»^ + 7) = 4.

Squaring both sides, a + 7= 16 ;

therefore z^9, '
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EXAMPLHS.—CXX,

6,

7

1. A/(lC + a;)+ VJ'-= 8.

2. V(^-16) =8- six.

3. >v/(a: + lo)+ V^=15. 8

4. V(x-21)= v'a---l. 9

5. v'(-^-l) = 3- v'(^- + 4). 10,

1+ V(3a; + 1)= V(4x+ 4).

1- V(l-3a;)=2^'(l-a:).

a- »J(x-a)= aJx.

,Jx+ s!{x-m)= -^-.

320. "Wlien surds ajipear in tlie tlcnominntors of fractions

in etiuatioiis, tlie equationa may be cleared of Jiactional teraia

by tlie process described in Art, 186, care being taken to

follow the Laws of Combination of Surd Factors given in

Art. 305.

Examples.—cxxi.

3G ^8

105
2. Jx+ V(x-21) = -^. 4. sj{x-l^)-k- ^x--

5. Va;+V(x-4)= -

8

,/(x-4)-

9rt

^{£- 15)'

6. V''c+ V(3« + a;)--;-^~—-=0.

J(ax) + h_ h — a
'^'

~~' x + h~ ~h^ >J{ax)'

8. (l+^x){2-^x)J^±^. v'.r-8 ^/.r-4
10.

,/x-6 V-c + 2'

321. The following are examples of Surd Equations result-

bag in quadratics.

2
Ex. 1.

Clearing flie equation of fractions, 2,r + 2==5 v'"*

2Va; + -/_j
= 5.
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Squaring both sides, "we get 4x- + 8x + 4= 25x

;

whence we find x= 4 or -.
4

Ex.2. V(-c + 9) = 2v/x-3.

Squaring both sides, a; + 9 =4a; - 12 n'j; + 9 ;

therefore , 12<y^=3x,

or ^ sjx=x.

Squaring both sides, lGa;=x2.

Divide by x, and we get 16 = x.

Hence tlie values of x Avhich satisfy the equation are 16

and (Art. 248).

Ex.3. ./(2x + l) + '>

=;^|)^iy

Clearing tlie equation of fractions,

2x4-1 + 2 V(2a;-4-x) = 21;

therefore 2 ,^/(2a;2 + x) = 20 - 2a;,

or V(2a;' + -^') = 10-a;.

Squaring both sides, 2x- + a;=100-20x + a;',

wlience x= 4 or -25.

322. We sliall now give a set of examples of Surd Equa-

tions some of which are reducible to Simple and others to

Quadratic Equations.

Examples.—cxxii.

1. 4x- 12 ^':s = 16. 4- x'(6.c- II) = v'(2-19 - 2x«).

2. 45 - 1 4 ^x= - x. 5 . ^/(G - x) = 2 - V(2x - 1).

3. 3^'(T + 2x^) = 5V(4x-3). 6. x-2 ^/(4-3x) + 12 = 0.

7. V(2x+ 7) + V(3x - IS) = V("^ + 1).

8. 2 V(204 - 5x) = 20 - V(3x - CS).
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9- -^^-^^^JtI-
'4. V(x + 4)+ v'(2x-l)= 6.

10. ^x^W^-^^-. 15. V(13x-1)- V(2x-1) = 5.

11. V(a; + 5).V(a; + 12) = 12. 16. V(7x+1)- V(3x+ 1)=2.

12. ^/(x + 3)+ V(a; + 8)= 5Vx. i?- V(4 + a;) + Va:=3.

13- V(25 + a;) + V(25 - a;) = 8. 18. V-^ + sji^x + 9975) =-^
vx

21. V|(a;-a)H2a5 + 62i=:a;-a + 6.

22. Vj(a; + a)2 + 2(i6 + 62|=6-a-cc

3^
23. V(x + 4)- V«^j(a; + |),

24-
J^_^

-a; + j- 26. V(a; + 4)+ ^/(x + 5)=9.

25. V(4 + «) - ^3 = ^x. 27. Va: + V(x - 4) = -^-^v.

28. a:2= 21+ V(a;'-9).

29. V(50 + x) - V(50 - a:) = 2.

3a V(2x + 4)-^/(|+6) = l.

3T. V(3 +x)+Vx
^

/(3 + x)'

N'(a;+1) V(-c-l) v'(x2-l)*

,^ 3x+ .'^4a;-x2) „ ,



XXVI. ON THE ROOTS OF EQUATIONS,

323. "We have already proved tliat a Simple Equation can

have only one root (Art. 193) : we have now to prove that a

Quadratic Equation can have only two roots.

324. We must first call attention to the following fact

:

If mn= 0, either m=0, or n= 0.

Thus there is an ambiguity : but if we know that m cvmnot

be equal to 0, then we know for certain that »= 0, and if we
know that n cannot be equal to 0, then we know for certain

that m= 0.

Further, if lmn= 0, then either 1=0, or m= 0,or n=0, and

80 on for any number of factors.

Ex. 1 . Solve the equation (x - 3) (x+ 4)= 0.

Here we must have

85-3= 0, or x + 4= 0,

that is, a;= 3, ora;= — 4.

Ex. 2. (x- 3a) (5x - 25)= 0.

Here we must have

g5_3a=.0, or5x-2J=:0, '

that ia, »»=3a, or x=^
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Examples.—cxxlii.

1. (x-2)(a;-5) = 0. 2. (x-3)(x + 'r) = 0. 3. (x + 9)(a; + 2)=0,

4. (a:-5a)(a;-G&) = 0. 6. (19x-227)(14x + 83) = 0.

5. (2a; + 7)(3a5-5) = 0. 7. (5x-4m)(6a;-ll«)=0.

8, (x2 -I- 5aa; + 6a^ (a;^ - 7ax+

1

1o^ = 0.

9. (a;2-4)(a;2-2ax+ a2)= 0.

10. a; (a;2 - 5x) = 0.

11. (aca;-2a + 6)(6ca; + 3a-5) = 0.

13 (cx-£?)(cx-e) = 0.

325. The general form of a quadratic equation ia

ax2 + Z»x + c=0.

Hence o(x' + -x + - )=0.
\ a a/

Now a cannot =0,

o & c _

a ahe
"Writing p for - and j for -, we may take the following

>^
£( Oi

as the tjqie of a quadratic equation of which the coefficient of

the first term is unity,

326, To show that a quadratic equation has only two roots.

Let x2+^x + 2=0 be the equation.

Suppose it to have three different roots, a, h, c.

Then a2 + a25 + 2= (1),

h^+hp + q= (2),

c2 + cp + 2= (3),

Subtracting (2) from (1),

or, (a-6)(a + 6+|))=a
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Now a-h does not equal 0, since a and 6 are not alike,

.-. a + 6+2)= (4).

Again, subtracting (3) from (1),

a^— c2 + (a — c)|?=0,

or, (oj — c)(a + c+^) = 0.

Kow a — c does not er^nal 0, since a and c are not alike,

A a + c+_p = (5).

Then suLtracting (5) from (4), -we get

6 - c= 0, and tlierefore & = c.

Hence tliere are not more 'than txi'o distinct roots.

327. We no\v proceed to show the relations existing be-

tween the Roots of a quadratic equation and the Coefficients

ol the terms of the equation.

328. a;-+j9a; + g'=

is the general form of a quadratic equation, in which the co-

efficient of the iirst term is unity.

Hence a;^ + j»a;= — j

Now if a and /? be the roots of tlie equation,

—
i-V(t-') •«•

/'-i-VCf "') (^-

Adding (1) and (2), we get

a + /3=-p... (3).
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Multiplying (1) and (2), we get

°^=?-iV(?-')-W(?-')-(^'-')'

«/3=?-?+S,4 4

or a/?= 2 (4),

From (3) we learn that (lie sum of the roots is equal to the

coefficient of the second term with its sign changed.

From (4) we learn that the product of the roots is equal to

the last term.

329. The equation x^+px + q^O has its roots real and

different, real and equal, or impossible according as p'^ is

p. = 01 < 4q.

For the roots are

P l{P'^ _ .^ or
-y- ^fif'-^)

^^•i -l-Vft-O' 2

First, let p- be greater than Aq, then ^{p"^ - 4q) is a possible

quantity, and the roots are different in value and both real.

Next, letp^= 4q, then each of the roots is equal to the real

quantity ~^.

Lastly, let p^ be less than 4q, then ^/(p^ — 4q) is an impos-

sible quantity and the roots are different and both impossible.

Examples.—cxiffiv.

1. If the equations

ax2 + 6x + c= 0, and a'x^+Vx + (f=0,

have respectively two roots, one of which is the reciprocal of

the other, ])rove that

(aa' - ccf= {(xb' - hc^ {a'h - h'c), 1 '
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2. If a, /3 be the roots of the equation 03? + &a; + c = 0, prove

that

3. If a, j3 be tho roots of the equation ax^ + 6x + c= 0, prove

that
I

acx^ + {2ac- h"^ x + ac= ac Ix — yAix — -
^ !

4. Prove that, if tbe roots of the equation ax- + hx + c= be

equal, ax^ + bx + c is a perfect square with respect to x.

5. If a, /3 represent t!\c two roots of the equation

x'^-{l + a)x+ {!-{ a + a^)= 0,

show that a- + p- -- a.

330. If a and f3 be the roota o£ the equation x- -i-;px + q=0,

then x^+px + q={x~ a) (c - p).

For since p~ -{a + jS) and q = ap,

x^ +px-\-q=x- — (a +/i) X + a/3

= {x-a){x-G\.

Hence we may form a quadratic equatioL. (,( which the roots

are given.

Ex. 1. Form the equation whose roi t*» *ie 4 and 5.

Here x-a=x — 4 and x-/3=x-5;
.•. the equation is (x - 4) (x - 5) -• ;

or, x2-9x + 20= 0.

Ex. 2. Form the equation whose roots are ^ aui - 3

Here x - a =x- and x-^ = x + 3;

.•, the equation is (x-jjj(x + 3) = 0j

of, (2x-l)(x + 3) = 0;

or. 2x- + 5x-3 = 0.
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Examples.—cxxv. .;

Form the equatioua wLose roots are

I. 5 and 6. 2. 4 and -5. 3. -2 and -7.

12 5
4. 2'^^^3- 5- 7 and--. 6. v^3 and - ^3.,

1 o 1 1
1 «

.
/^

7. m + n and m~n. 8. - and 7,. 9- ~ 7) 'I'lid -

.

a p pa

331. Any expression containing a; is said to be a Function

of X. Au expression containin;j; any symbol x is said to be a

positive inte(iral function of x \c\\vn all the powers of x con-

tained in it have posilive inti-L^nil indiees.

3 1
For example, Sx'^ + 2x-'' + x.t'' + r :c- + 3 is a positive integral

\

function of x, but 6x* + 3x-^ + l and h.c' -'^x~- + Zx"+\ are
1.

not, because tlie first contains x^, of wliich the index is not

integral, and tlic second contains a;"-, of which the index is not

positive.

332. The expression 5a;' + 4.C"+2 is said to be the expres-

sion corresponding to the equation 5x" + 4a;^ + 2 = 0, and the

latter is the cr[uation corresponding to the former.

333. If a be a root of an equation, then x-a is a factor

of the coiTesponding expression, provided the equation and
expression contain only positive integral powers of x. This

principle is useful in resolving such an expression into factors.

We have already proved it to be true in the case of a (piadratic

equation. The general proof of it is not suitable for the stage

at which the learner is now sup[iosed to be arrived, but we
will illuiitratti it by some Examplea.
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Ex. 1. Resolve 2u;2 - 5x + 3 into factors.

If we solve the e(|uatiou 2x- - 5x + 3 = 0, we shall find that

its roots are 1 ard '-.

Now divide 2x^ - 5x + 3 by x - 1 ; the quotient is 2x - 3

that is 2(x-'- j;

.". the given expression = 2 (x - 1) f x - -
j.

Ex. 2. Resolve Sx^ + x^— llx - 10 into factors.

By trial we find tliat this expression vanishes if we put

a= - 1 ; tliat is, — 1 is a root of the equation

2x3 + x2-llx-10 = 0.

Divide the expression by x+ 1 : the quotient is 2x--x- 10 ;

.•. the expression = {I'j? -x-10)(x + l)

= 2(x2-|-5)(x+l).

We must now resolve x^^ --b into factors, by solving the

corresponding equation x^ - ^ — 5 = 0.

5
The roots of this equation are - 2 and ^

;

.. 2x3 + x2-llx-10 = 2(x + 2)(x-|)(x4-l)

= (x + 2)(2x-5)(x+l).

Examples.—cxxvi.

Resolve into simple factors the following expressions :

1. x3-llx2 + 36x-36.
.

2. x3-7x2 + 14x-8.

3. o(?-bx^-4Q:c-4Q. 4. 4x^+6x2 + x-l,

5. 6x'+nx2^9x-14. 6. x^ + if-^z^-Zxyz.

*j. a^-P-<^-P.abc. 8. 3x3-x2-23x+ 21.

9. 2.^3 _ 5^2 _ 17^ + 20. 10. 15x3 + 41.x2 + 5x-21.
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334. If we can find one root of such an ecpation aa
,

2a;3 +x2-llx-10= 0,

we ran find all the roots.

One root of the equation is - 1 ; f

.-. (a; + l)(2x2-a;-10)= 0;

.-. a;+l=0, or 2x2-x-10= 0;

5
.•. x= -1, or —2, or ^.

Similarly, if we can find one root of an equation involving

the 4*'' power of x, we can derive from it an equation involviug

the o"* and lower powers of x, from which we may find the other

roots. And if again we can find one root of this, the other

two roots can be found from a quadratic equation.

335. Any equation into which an unloiown symbol or ex-

pression enters in two terms only, having its index in one of

the terms double of its index in the other, may be solved as a
quadratic equation.

Ex. Solve the equation x^— 6x^=7.

Regarding x^ as the quantity to be obtained by the solutioa

of the equation, we get

x8-Cx^ + 9= 16j

therefore x^-3=±4;
therefore 0^=7, or x^= — 1.

Hence x= ^7 or x= i^-1,

and one value of v' - 1 is - 1.

336. In some cases by adding a certain quantity to both
Bides of an equation we can bring it into a form capable of
solution, thus, to solve the equation

x2 + 5x + 4= 5V(:c2 + 5x + 28),

add 24 to each side.

Then x2 + 5x + 28 = 5 V(s;H5x + 2S) + 24;

or, x- + 5x + 2S-b^{x^ + 5x + 2S) = 24.

This is now in the form of a quadratic equation, the un-
known quantity being V(x- + 5x+ 2S), and completing the
square Ave have

[S.A.J Q
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a;= + 5x + 2S - 5 V(a:" + 5x + 28) +^=:^;

.-. V(x2 + 5x + 28)-|=±^;

wlience ^{y? + 5x + 28) = 8 or - 3

;

/. a;2 + 5x + 2S = G4 01-9;

from wliicli we may find four values of x, viz, 4,-9, and

Examples.—cxxvii.

Find roots of tlie following equations:

I.
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Hence the Uir&e, roots are 1, ^—- tiud 7-*^^^

—

'-.

is 2

Ex. 2. To solve tlie equation a;* - 1 = 0.

Two of the roots are evidently + 1 and - 1.

Hence, dividing by (x- l)(.-c4- 1), that is by x^— 1, ^ve obtain

X- + 1 = 0, of which the roots are V - 1 and - ^J —\.

Hence the /oiir roots are 1, - 1, ^!— 1, and — ij

-

1.

The equation a;" — Gj;^= 7 will in like manner have six

roots, for it may be reduced, as in Art. 335, to two cubic

equations, jc^ - 7 = and x^ + 1 = 0,

each of which has Varce roots, which may be found as in

Ex.1.

XXVII. ON RATIO.

333. If a and B stand for two unequal quantities of the

same kind, we may consider their inequality in two ways. Wo
may ask

y (1) B\j ivhat quantihj one is greater than the other?

The answer to this is made by stating the ditference be-

tween the two quantities. Now since quantities are represented

in Algebra by their measures (Art, 33), if a and b be the

measures of A and B, the difference between A and B is

rejiresented algebraically hy a-b.

(2) By how many times one is greater than the other ?

The answer to this question is made by stating the number

of times the one contains the other.

Note. The quantities must be of the sann Jdnd. We can-

not compare inches with hours, nor lines with surfaces.

339. The second method of comparing A and B is called

finding the Eatio of A to B, and we give the following defi-

nition.

Def. Ratio is the relation which one quantity bears to

another of the same kind with respect to the number of times

the one contains the other.
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340. The ratio of J. to I? is expressed tlius, A : B.

A and. B are called the Terms of the ratio,

A is called the AxTECEDEXT and B the Consequent.

3 11. Now since quantities are represented in Algebra hy

tlicir measures, w-e must represent the ratio between two
quantities by the ratio between their measures. Our next

stc'i, tlien must be to show how to estimate the ratio between

tw<j numhcrs. This ratio is determiaed by finding how many
times out' contains the other, that is, by obtaining the quotient

ru-uhiny from the division of one by the otlier. If « and 6,

then, be any two numbers, the fraction j will oxiTcss the ratio

of a to J). (Art. 130.)

342. Thus if a and h be tlie measures of A and B respec-

tively, the ratio of A tu B is represented algebraically by the

iracliuu ,

.

b

34;]. If a or h or both are surd numbers, the fraction 7
b

may also be a surd, and its approximate value can be found by

Art. 291. Supiiose tliis value to be -
, where m and n are

wliole numbtrs : tlien we should say that the ratio A : B is

1 ill '"'•

a'>proximateJv representtd 1j\ -.

344. Eatios.mny be cfimpaved witli eacli otlier, by com-

paring tlie fractions by wliith tliey are denoted.

Thus the ratios 3 : 4 and 4 : 5 may be compared by com-

3

4

3 4
paring the fractions - and -..

These are equivalent to -,-- and ^ respectively; and since

^ is greater than -~, the ratio 4 : 5 is greater than the

ratio 3 : 4
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Examples.—cxxviii.

1. Place in order of magnitude tlie ratios 2 : 3, C : 7, 7 : 9.

2. Compare ,tlie ratios x + 3?/ : x + 2^ and x + 2?/ : a; + 1/.

3. Compare tlie ratios x - by : x — Ay and x - 3?/ : x - 2y.

4. What number must be added to eacli of tlic terms of the

rat io a:h, tliat it may become the ratio c :*cZ ?

5. The sum of the squares of the Antecedent and Conse-

quent of a Batio is 181, and the product of the Antecedent

and Consequent is 90. What is the ratio?

3-15. A ratio of greater inequalUy is one whose antecedent

is greater than its con«e!|ueut.

A ratio of less irceqiiality is one whose antecedent is less than

its consequent.

This is the same as saying a ratio of greater inequality is

represented by an Improper Fraction, and a ratio of less in-

equality by a Proper Fraction.

316. A Ratio of greater inequality is diminished hy adding

the same number to loth its terms.

Thus if 1 be added to both terms of the ratio 5 : 2 it becomes

G : 3. which is less than the former ratio, since -,>, that is, 2, is

less than -.

And, in general, if x be added to both terms of the ratio

a : b, where a is gi'eater than, b, we may compare the two
ratios thus,

ratio a -i- X : & + X is less than ratio a : 6,

if -.—^ be less than y,
b + x b

•P ah + hx , , ^, ah + ax
II --n—J- be. less tlian -rr,—,—

,

b^ + bx b' + bx'

if ab + bx be less than ab + ax,

if ^' bx be less than ax, _ --.

if & be less than «.

Kow h is less than a; / , -

.'. a + x : i-fx is less than a : 6,
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347. We may observe that Art. 346 is meiclj a repetition

of that wliicli we proposed as an Example at the end of the

chajjter on Miscellaneous Fractions. There is not indeed any

necessity for us to Aveary the reader with examples on Eatio:

for since "\ve express a ratio by a fraction, nearly all that -we

might have had to say about Ratios has been anticip;ited in

our reniarks on Fractions. *

•

348. The student may, however, worJi the following Theo-

rems as Examples.

(1) \i a:h be a ratio of greater inequality, and x a positive

quantity, the ratio a - «: 6 - a; is greater than the ratio a : b.

(2) li a : h be a ratio of less inequality, and x a jiositive

quantity, the ratio a + x: 6 4- a; is greater than the ratio a : b.

(.3) If a : & be a ratio of less inequality, and x a positive

quantity, the ratio a — x:h — x is less than the ratio a : b.

349. In some oases we may from a single equation in\-olv-

ing two imknown symbols determine the ratio between the

two S}nibols. In other words we may be able to determine the

relative, values of the two s^anbols, though we cannot determine

their absolute values.

Thus from the equation ^x— 2xj,

X 3
we get ~= 7-° 1/4

Again, from the equation 3x- = 2?/',

we get „= -; and tnereiore -=--,tv.
'^

if i y »l^

Examples.—cxxix.

Find the ratio of xioy from the following equations:

1. \)x = (iy. 2. ax= by. 3. ax - by= ex + dij.

4. X- + 2.' y == Tiy-. 5. 'x- -I2xy = l'.)y\ 6. x- + 'inxy= n'y'\

7. Find two numbers in the ratio of 3: 4, of which the

sum is io the sum of their squares :: 7 : 50.

8. Two numbers are in tlie ratio of C : 7, and when 12 is

adiled to each the resulting uumliers arc in the ratio of 12 : 13.

Find the nuinl>er3.
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9, The sum of two numbers is 100, and the nunihers are

in the ratio of 7 : 13. Find them.

10. The difference of the squares of two numbers is 48,

and the sum of the nunilier.s is to tlie dillerence of tlie num-
bers in the ratio 12:1. Find the numbers.

ir. If 5 gohl coins and 4 silver ones arg worth as much aa

3 gokl coins and 12 silver ones, find the ratio of the value of a

gold coin to that of a silver one.

12. If 8 gold coins and 9 silver ones are worth as much aa

6 gold coins and 19 silver ones, find the ratio of the value of a

silver coin to that of a gold one.

350. Ratios are comjjoimded by multiplying together tlie

fractions by which they are denoted.

Thus the ratio compounded of a : 6 and c : dia ac : bd.

Examples.—cxxx.

Write the ratios compounded of the ratioa

"

1. 2:3 and 4:5.

-i. 3 : V, 14 : 9 and 4:3.

3. z'^ — y-:x'^ + y^ and x^-xy + y^ : x + y.

4. a^— 5- + 2&C-C- : a"^ - b"^ - 2l>c - c" and a + h + c : a+ h-e,

5. m^ + n^ : m^ — h^ and m— n : m + n.

6. x" + 5x + G : y- - 7y + 12, and y'^ - 2y : x^ + 3x.

351. The ratio a- : I" is called the Duplicate Eatio of a : 6.

Thus 100 : 64 is the duplicate ratio of 10 : 8,

and 36x2 . 257^2 jg t]jg duplicate ratio of Q>z : mj.

The ratio a? : ¥ is called the Triplicate Ratio of a : 6.

Thus 64 : 27 is the triplicat>e ratio of 4 : .3,

tod 343x3 : ISSli/ is the triplicate ratio of 7x : lly.
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'• 352. The definition of Ratio given in Euclid is tlie same as

in AlgeLra, and so also is the expression for the ratio that one
quantity bears to another, that is, A : B. But Euclid cannot

employ fractious, and hence he cannot represent the value of a

ratio as we do in Al^rebra.
'

XXVIII ON PROPORTION.

353. Proportion consists in the equality of two ratioa.'

The algebraic test of Proportion is (liat the z^mo fractmm
representing the ratios must he equal.

Thus the ratio a : h will be equal to the ratio c : <C,

and the four numbers a, h, c, d are in such a case salt* to be in

proportion.

354. If the ratioa a : b and c id form a prop^;ttion, we
express the fact thus : ^

a : 6=c : d.'

This is the clearest manner of expressing the eqiTality of the

ratios a : b and c : dr, but there is another way of e^?e«ung
the same fact, thus

a:b.:c:d, s';;

Which is read thus,

a is to & as « is to d.

.

The two terms a and d are called the ExTREMEa."!

, h and c the Means

355. JVIten four numbers are in proportion,

product of extremes=product ofmcans,^^

Let a, h, c, d, be in proportion.

Then y=^
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Multiplying both sides of the equation by Id, we get

ad='bc.

Conversely, if atZ=6c we can show that a : 6=c : d.

For since ' ad=hc,

dividing both sides by bd, we get

'

ad_ he

bd~¥d*

that is, h~i' ^•^- ^ '• ^—'^ ' ^
b d'

356. Uad = bc,

Dividing by cd, we get --=-,, i'C. a : c=b : d;

d c .

Dividing by ah, we get ^ = , i.e. d : b= c : ai

Dividing by ac, we get 7 = -, i.e. d : c= b : a.

357. From this it follows that if any 4 numbers be so

related that the product of two is equal to the product of the

oilier two, we can express the 4 numbers iu the form of a pro-

portion.

^
The factors of one of tlie products must form the extremes.

The factors of the other product must form the means.

.358. Tlircc quantities are said to be in Continued Pro-

portion when the ratio of the first to the second is equal to

the ratio of the second to the tliird.

Thus a, b. c ai'e in continued proportion if

a : h= b : c.

The quantity b is called a Mean rRoroEiioxAL between
a and c
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Four quantities are said to be in Continued Proportion

when the ratios of the first to tlie second, of the second to

the third, and of the third to tlie fourth are all equal.

Thus a, h, c, d are in continued proportion when

a : b=h : c= c : d.

359, We showed in Art. 205 the process hy which when
two or more fractions are known to be equal, other relations

between the numbers involved in them may be determined.

That process is of course applicable to Examples in Ratio and
Proportion, as we shall now show by particular instances.

Ex. 1. 1[ a : h = c : d, prove that

a- + 6^ : a^ - Ir = c- + d- : c- - d\

Since a : h = c : d, t= -

b tf

LetJ= \. Thcn-,=X;

Now

and

d

:. a= \h, and c=Xi.

a" + l)'_ \y- + h"^ ?;-(\- + l)_ X- + 1

a- - 62~ X--i2 - 12 ~
i-' (\- - 1

) ~ X2 _ i»

c^+fZ2_ \kP+j:r-_ ff2 (X2 + 1) _ X2 + 1

C' - dJ'
" \-d- - d-

~ d^(X^^~ X- -
1*

a^-h-^-c^-d^''
Hence

that is, a? + W : a--b^= C' + d- : c^-cP.

Ex. 2. li a : h :: c : d, prove that

a:c::4/(a' + t'):^(c'' + d*).

Let? = X. Tlien^ = X;

:. a= \h, and c=\d.
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^T a "Kb h
-Now - =w = ^>

""^
^(c' + d') "^'(xV + rfi) ^<7T 4/^x4 + 1) 4/^f-rf-

Hence " V(a'' + h^)

,

that is, a:c:: 4/ (a* + i') : -4'(c'' + d^).

Ex. 3. If (X : Z) = c : f?= e :/. prove tliat oacli (jf these ratios

13 etjual to tlie i;',: in a + c + c : h + d +/.

Let -^ = X,
^^^
= X,

^.
= X.

Then a = '\h, c— \:J, e= \f.

h+d+J 'b+d+f b+d'+f

Hence ,
—-,—.= ,

= -== r,

b + d+J b d J'
;

that is, a + c 4-e : 6 + cZ+/=a : b= c : cZ= e :/

Ex. 4. If rt, t, c are in contimicd proportion, show that

ar + b"^ : b- + c-— a : c.

Let ^=X. Then -= X.
c

Hence a= Xh and b= \c.

t'-' + c- 6- + c^ XV + c- c'-(X- + l) c'^" c^^c'

Ex. 5. If 1 5rt + Z, : iSc + tZ= 12ft + h : Us + d, prove that

a : 6=c :

d

Since I5a + h:ljc + d= 12a + b:12c + d,

and since nroduct of extremes = product of means.
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(15« + ^) (12c + cO = (15c + fO (12a + 5),

or, 180ac 4- 12k + \bad + 6(i= 180ac + 12aa' + Ibhc + M,

or, 12Z;c + 15atZ = 12acZ+156c,

or, 3aiZ= 36c,

or, ad= hc.

Whence, by Art. 355, a :b = e: d.

Additional Examples Avill be found in page 137, to which

we may add the following.

EXAMPLES.—CXXXi.

1. If a : h= c : d, show that a + h : a = c + d • c

2. If a : 6= c : d, show that a^-h" : h-^c^-d"^ : cP,

3. It tti : o, = a3 : o,, show that —v =,- =t-.

y

4. \i a -.b w c : d, show that

3a= + ab + 2Z/" : Sa^ -^V^v. 2,o" + ccZ + 2lZ= : So^ - 2(^2.

5. If a : &= c : d, show that

a^+ 3ct& + 52:c" + 3c(Z + d2= 2a& + 362: 2cc^ + 3cZ2.

6. Ifa:&= c:(Z= e:/ then a : 6 = mc — ne : wicZ - ?;/.

7. If ~a, —6,* any parts of a, 5, be tahen from a ana 6

respectively, show that a, 6, and the remainders form a propor-

tion,
'^"^

8. If a : 6=c ; cZ=6 :/, show that /

ac. hd= la^ + mc^+ ne^ : lb- + md" + np. »

.X ,
• • ^' . - *y

Q. If fl], : &i=aa : 63=0^8 : &3) show that
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10. If a^ : l)-^ = «3 •.l)^= a^: h^, show that

^^a^-ah + b^ c^ — cd + (P . ^, ^a c
11. II -——,—7T>= ^i ;—r.) show that -,=-5.

12. If «2+ 62 ; a2 _ j2^ c2+ (Z2 . c2 .- d\ show that

a ; 6= c : d.

13. If a : 6 = c : d, show that . .

{a - c) (a^ - c2) (h -d) (b^-- d^'

14. If ai : &i = a2 : hy show that

On the Geometrical Treatment of Proportion.

3G0. The definition of Proportion (-viz. the equality of

ratios) is the same in Euclid as in. Algebra. (Eucl. Book v.

Def. 6 and 8.)

But the ways of testing whether two ratios are equal are

quite different in Euclid and in Algebra.

The algebraic test is, as we have said, that the two fractions

representing the ratios must be equaL

Euclid's test is given in Book v. Def. 5, where it stands

thus

:

' " The first of four magnitudes is said to have the same ratio

XjO the second wMch the third has to the fourth, v/hen any
equimultiples whatsoever of the first and third being taken

and any equimultiples whatsoever of the second and fourth :

* " If the multiple of the first be less than that of the second,

the multiple of the third is also less than that of the fourth :

or,

f
" If the multiple of the first be equal to that of the second,

•the multiple of the third is also equal to that of the fourth :

or., -
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" If the multiple of the first he greater than that of the

second, the niulliple of the third is also greater than that of

the foui'th."

Yv^c shall now show, first, how to deduce Euclid's test of the

equality of ratios Yrom the algebraic test, and secondly, how to

deduce the algebraic test from that employed by Euclid.

3G1. I. To show that if quantities be proportional accord-

ing to tlie algebraical test they will also be proportional

according to the geometrical test.

If a, h, c, d be proportional according to llie algebraical

test,

a_e

Multiply eacli side by — , and we get

ma_me
• nh ~ nd'

Now, from the nature of fractions,

if ma be less than nh, vie will also be less than nd, and

if ma be equal to nh, mc will also be equal to nd, and

if ma be greater than nh^ me will also be greater than nd.

Since then of the four quantities a, h, c, d equimultiples have

been taken of the first and third, and equimultiples of the

second and fourth, and it appears that when the multiple of

the first is greater than, equal to, or less than the multiple of

the second, the multiple of the third is also greater than,

equal to, or less than the multiple of the fourth, it follows that

a, h, c, d are proportionals according to the geometrical test.

3G2. 11. To deduce the algebraic test of proportionality

from that given by Euclid,

Let a, h, c, d be proportional according to Euclid,

Then if -.- is not equal to -,,

let j-^-- be equal to ^.. (1).
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Take m and n such that

ma is greater than nh,

bixt less tlian n (i + a;) (2).

Then, by Euclid's definition,

inc is greater than nd (3).

But since, by (1), ^^---^ = -^,

and, by (2), ina is less than 72(6 + a-),

it follows that 7?ic is less than nd (4).

The results (3) and (4) therefore contradict each other.

Hence (1) cannot be true.

Therefore -7 is equal to -,.

We shall conclude this chapter witli a mixed collection of

Examples on Ratio and Proportion.

EXAMPLES.—CXXXii.

1. If a - 6 : 5 - c :: 6 : c, show that 6 is a mean proportional

between a and c.

2. If o : 6 : : c : d, show that

0.79 ^ o , 70 c

a+b c+d

and a:b:: ij(ina^ + nc'^) : 4/()7i6* + :id%

3. If a : 6 :: c : (7, prove that

ma — nh_^mc-nd
ma + lib 1)10 + nd'

4. If 5a + 36 : Va + SJ* :: 56 + 3c : 7i + 3c,

6 is a mean proportional between a and c.

5. If 4 quantities be proportional, and the first be tlia

greatest, the fourth is the least.

'' If a + &, m + », m - n, a — 6 be four such quantities, show that

h is greater than ». .-
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6. Solve tlie ef[iialioii

a;-l :x-2 = 2x + l :a; + 2.

7. If

—

,———J—, show tliat the ratios a : 6 and c : (Z are

also equal.

8. In a mile race between a bicycle and a tricycle, their

rates were proportional to 5 and 4. The tricycle had half-a-

minute start, but was beaten by 176 yards. Find the rates of

eacli.

9. If a : h :: c : d and a is the greatest of the four quanti-

ties, show that a' + d" is greater than li--rC^.

01 ii i -c lOtt + 6 12a + l)
, J ,

10. Show that it — ;
= ^> „ then a : :: c : a,

IVc + d 12c + d

11. If X : 1/ :: 3 : 2 and x : 25 :: 24 : ?/, find x and y.

1 2. If a, &, c be in continued proportion, then

(1) a : a + h :: a-b : a-c;

(2) (a2 + i,2)(;,2^.e2)^(„^^Jc)2,

13. If a : & :: c : d, show that

—

i— = —r-i

and hence solve the equation

ah — he — dx_a — h — c

bc + dx b + c
'

14. If a,h,c are in continued proportion, show that

a + mh : a-mh ::b + mc:b- inc.

15. If a : 6 :: 5 : 4, find the value of the ratio

a^-h'^:a^- + b\

16. The sides of a triangle are as 2^ ;
3'-

: 4, and the peri-
ls 4

meter is 205 yards : find the sides.

17. The sides of a triangle are as 3 : 4 : 5, and the peri-

meter is 480 Awards : find the sides.
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' iS. Assuming ft + ^ : 75 + (]r :: p -7 : ffl-/), prove ttat the sum
of the greatest aud least terms of any pro^'ortion is greater than
the sum of the other two.

19. A Avaterman rows 30 miles and hack in 12 hours, and
he tiiuLs that he can row 5 miles with the stream in the same
time as 3 against it. Find the rate of the stream.

20. Tliere are three equal vessels A, B, C ; the first con-

tains water, the second brandy, the third brandy and water,

ir the contents of B and G be put together, it is found that the

mixture is nine times as strong as if the contents of A and G
had been put togetlier. Find the ratio of the brandy to the

water in the vessel G.

21. A factor buys a certaui ([uanlity of wlit-at which he

Sells again so as to gain 5 jior cent, on his outlay, and thus

clears ^16. Had he sold it at a gain of 5-9. a quarter he would
have cleared •'^ many jiounds as each quarter cost .shillings.

How many quarters did he buy, and what did each quarLer

co>t liim I

22. A man buys a horse and sells it for ^144, gaining as

much per cent, as the horse coit hiui. What was the price of

the horse ?

23. I buy goods and sell them again for £06, gaining as

much per cent, as the goods cost. "What ig the cost price 1

24. A man bought some sheep and sold them again for ^£24,

gaining as much per cent, as the sheep cost him. What did he
give for them ?

25. A certain crew, wiio row 40 strokes jier minute, staTt

at a distance equivalent to four of their own strokes behind

another crew, who row 45 strokes to the minute. In 8 ndnutes

the former succeed in bumping the latter. Find the ratio

between the lengths of the strokes of the two boats.

26. The time which an express train takes to travel a

journey of ISO miles is to that taken by an ordinary train a^
y : 14. The ordinary train loses as much time from stoppages

as it would take to travel 30 miles without stopping. Tl.e

express train only loses half as much time as the other in t"''-"

rs.A.;i
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manner, aiifl it also travels 15 luiU's an hour quicker. Sup-

posing^ the rules ol' travelling uniiorni, what are they in miles

per hour ?

27. An article is sold at a loss of as much per cent, as it

is wortli in pouiids. tjiicvv that iL cannot he sold for more

than i;:J5.

XXIX. ON VARIATION.

363. If a sum of money is put out at interest at 5 per cent,

the principal is 20 times as great as the annual interest, what-

ever the sum may he.

Hence if X be the principal, and j/ the interest,

x-=20y.

Now if we change x we must change 7/ in (he same projyor-

tion, for so long as the "rate of interest remains the same, x

Avill always be 20 times as great as y, and hence if x be

doubled or trebled, y will also be doubled or trebled.

This is an instance of what is called Direct Variatiok,

of which we may give the following definition.

Def. One quantity y is said to vary directl}' as another

quantity x, when y depends on x in such a manner tliat any

increase or decrease made in the value of x produces a propor-

tional increase or decrease in the value of y.

3G4. If x = 7ny, where m is a constant quantity, that is, a

quantity which is not altered by any change in the \alues of x

and y,

y will vary directly as x.

For any increase made in the value of x must produce a

proportional increase in the value of y. Thus if x be doubled,

y must also be doubled, to preserve the equality of x and my^

eince w :annot be changed.
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365. Siippose a man can reap an acre ol' corn in a d;iy.

Then 10 men can reap 60 acres iu 6 days,

and 20 men can reap CO acres iu 3 days.

So that to do tLe same amount of work if we double the

miuiLur of men we mu^t halve the numher of days.

This is an iustance of w'hat is caHcd Inverse Variation,

of which we niay give the following definition,

Def. One quantity y is said to vary inversely as anoluLf

quantity x, when y depends on x in sucli a manner that any

increase or decrease made in the value of x produces a propor-

tional decrease or increase in the value of y.

366. Ifx=— , where m is constant,
V

y will vary inversely as x.^

For any increase mM\e. in the value of x must jn-oduce a pro-

pcrtional decreask in the value of y. Thus if x be doubled,

y must be halved, to preserve the equality of x and —

.

For 2x= =—

.

y y
2

367. If 1 man can reap 1 acre in 1 day,

5 men can reap 20 acres in 4 days,

and ~ 10 men can reap 80 acres in 8 days.

That is, the number of acres reaped will depend on tha

product of the number of men into the number of days.

This is an example oijoint variation, of wMch we may give

the following definition. .,

Def. One quantity x is said to vary jointly as two others

y and ?, when any change made in x produces a proportional

change in the product of y and z.

3G8. One quantity x is said to vary directly as y and

inversely as z when x varies as -.
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3C9. Theorem. If x varies as y m lien z is constant, and
as z when y is constant, then wlien j/ and z are Loth variable,

X va-ries as yz.

Let X= 77? . T/S.

Then we have to show that m is constant

How when z is constant,

X varies as y

;

/. mz is constant.

Now z cannot involve y, since z is constant when y changes,

and tlierefore vi cannot involve y.

Siinilarlv it may Le sliown that m cannot involve a;

.•. Ill is constant,

and X varies as yz.

370. The symbol oc is nsod to express variation ; thus xocij

stands for the words x varies an y.

371. Variation is only an abbreviated form of expressing

proportion.

ThTis when we say that x varies as y, we mean that x bears

to y the same ratio tliat any given value of x bears to the

corresponding \ahie of y, or

X : i/ = a given value of x : the correspojiding value of?/.

And similarly for the otlier kinds of variation, as will be

seen from our examples.

Ex. 1. If X OCT,' and yocz,to show that xocz.

Let x=my, a.nd y= nz.

Then substituting this value of y in the first equation.

X= mnz
;

and therefore, since mn is constant,

xocz.
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Ex. 2. If ococi/ and Xoc::, then •will xcc y/(yz).

Let a;= mi/, and x= ns. .i-

Then x'= m?i?/3

;

Kow nj{mn) is constant;

.-. xoc ^{yz).

Ex. 3. If 1/ vary as X, and when x=l, y = 2, what v/ill ba

the value of y when x= 2 ?

Here y : x= a given value of y : corresponding value of x;

.*. y : x= 2 : 1

;

.-. y= 2x.

Hence, when x = 2, i/= 4.

Ex. 4. If A vary inversely as B, and when ^ = 2, i> = 12,

what will B become when 4=9?

Here 4 ; -p,= a giA'en value of A :

5 ° ' corresponding value of JB
'

" 12'
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Hence, when B= \0 and C=Z,

90^ =6x10x3;

..A- ^^-2.

' Ex. 6. If z vary as x directly and y inversely, ana if wnsa
z— 2,x= 3 and y = 4^ what is the value of z when x=15 and

_T x . 1 <• correspondintT vahie of x
Here s : -= a "ivcn value oi z :

£—=rr-^ , ?—
;

V ° corresponding value oi y

a; „ 3
.-. z : -=2 : -.;

Hence, when x= 15 and y= 8,
'

32;_30
4" 8'

^ 120 -
*

/ ,

Examples.—cxxxiiL

1. If ^ cc 4 and Tec
J^

then will AkG.
IS U i

'

'
' A B

2. If ^ cc 2> then will jj°^ p-

3. If yl cxI? an d Ccx 2) th -^n will A Ccc BD.

4. 11' xccy, and when x = 7, y = ^, fmd the value of x when

5. If a; -, and when x = lO,y = 2, fmd the value of y when
y

a;= 4.
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6. \{xoz'\p, and when x=l, i/ = 2, ^ = 3, fmrl the value of t/

when a;= 4 and 2 = 2.

7. If tozt, and when x= 6, 2/ = 4, and z= ?,, find the value

of 2: when y — o and s= 7.

8. If 3x + 5?/ oc 5a; + 3?/, and when z = 2, ?,• = 5, find the value

of^.
y

9. If ^oci? and B^ccCr^ express how A varies in respect

of a

10. If z vary cnnjnintlj* as x and y, and s=4 when x=l
and 2/

= 2j what will be tlie value of a; when a= 30 and y — 'il

11. ir AccB, and when A is 8, ^ is 12; express A in

teims of B.

12. If tlie square of x vary as the cuT)e of y, and .r = 8 when

2/ = 4, find the equation between x and y.

13. If the square of x vary iiivorscly as the cube oft,', and

x~2 wlieu 2/ = 3, find the equation between x and y.

14. If tlie cube of x vary as the square of y and x= 3 when
t/ = 2, find the equation between x and y.

l^. If xcc^ and 1/°^-, show thatxcc-

16. Show that in triangles of equal area tlie altitudes vary

inversely as the bases.

17. Show that in jinranelograms ot cqiial area the altitudes

vary inversely as the bases.

18. 1^ y=ji + q + r, where p is invariable, q varies as x, and
r varies as a;-, find the relation between y and x, supposing

that Avhen x==l, y= G', when a; = 2, y= ll ; and when x= 3,

J/
= 18.

19. The volume of a pyramid varies jointly as the area of

its base and its altitude. A pyramid, tlic base of v.-hich is
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feet square and the hei.^'llt of wliicli is 10 feet, is found, to con-

t:iin 10 cubic yards. Wliat must be the height of a pyrainiJ

upon a base 3 feet square in order that it may contain 2 cubic

}ard.^ ?

20. Tlie amount of glass in a window, the panes of M-hicli

are iu every respect equal, varies as the number, lengtli, and

brc^adtii of the panes jointly. Show that if their number varies

as the square 01 their" breadth inversely, and their leugtli varies

as tbeir breadth inversely, the whole area of glass varies as the

square of the k-nglh of the panes.

XXX. OI\[ ARITHMETICAL PROGRESSION.

372. An Arithmetical Progression is a series of

numbers which increase or decrease hy a constant difference.

Thus, the following scries are Aiuthjietical Progressions:

2, 4, G, 8, 10

;

9, 7, 5, 3, 1. ,•

The Constant DilTerence being 2 in the first sexies and - 2

in the second.

373. In Algebra v/e express an Arithmetical Progression

thus : taking a to represent the first terra and d to represent

the constant difterence, we shall have as a series of mimbers iu

Arithmetical Progression

a, a + d, ai- 2d, a + od,

and so on.

We observe that the terms of the .series dilTer only in the

C0]iUcicnt of d, and that each coefficient of d is always Jess by 1

tiian the number of the term in which that particuhir coetficieut

standa. Thus

tlie cocfiicient of d in the 3rd term is 2,

iu the 4th 3,

in the 5th 4. -
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Consequently tlie cocfEcient of d in the ii"" term will be

n- 1.

Therefore the 7i"' term of the series will Le a -• {n - \) d.

u74. If the scries be

^ a, a + d, a + 2d,

auil z the last term, tlie term next before 2 will clearly hez-d,
and the term next before it will be 3-2d, and so on.

Hence, the series Avrittcn backwards will be

z, z-d, z- 2d, a + 2d, a-r d, a.

375. To find Ilia sum of a series of nuvihtrs in Arilhinctical

Frofjrcssion.

Let a denote the first term.

... d the constant dilfercncr

... z the last tei in.

... n tlie number of terms.

... s the sum of the n terms.

Tlien s==a+{a + d) + (a + 2d)+ +(z-2ir) + {z- d) +z.

Also s= :: + {r.-d) + {z-2d)+ +f^a + 2d) + (a + d) + a,

the series in the second case being the s;ime as i:i the fust, but
written in the reverse order.

Therefore, by adding the two scries together, we get

2s={n + u) + {a + z) + (a + z) + + (a + z) + (a + z) + {a + z);

and since on the right-hand side of this equation we have a

Bel ics of n numbers eacli equal to a+z, we get

25 = «(« + ,:);

This result may be put in anoi'u^r form, because in tliQ

place of s we may put « + (u- 1) d, by Article '6 to.

Hence s=
;_, {

« + a + (;i - 1) i ?
[•

,

thati3,
) =''ll2a, + {n-'i)dl.



266 ON ARITHMETICAL PROGRESSION:

378. "yVe have now obtained the following results :

jj=a + (n-l)d (A),

«=|(a + 2) (B),

5=^}2a+ (n-l)^J (C).

m

From one or more of these equations we have in Examples

to determine the values of «, i, n, s or z. Yv'"e shall now pro-

ceed to give instances of such Examples.

Ex. 1. Find, the LAST TERi: of the seriea

7, 10, 13, to 20 terms.

Talvluc; the equation z=a+ (n — l)cl,

for a put 7 and for n put 20, and we get

z= 7 + (20-l)cl,

or, z= 7-\-l0d.

Kow d is always four:d hy taldng tJicfsst tcrr.ifrorn the secondf

and in this case,

^=:10-,7==3;

/. s = 7 + i9x3= 7 + 57 = 64.

Ex. 2. Find tlie lar-t term of the Ecrics

12, 8, 4, to 11 terms.

In the equation z= a + {n — l)d,

put a=12 and n= ll.

Then z= l2 + ml.

Now d= 8-12=-4.

Hence 2 = 12-40= -28.

EXAMPLZS.—CXXXiV.

Finu the last term of each of the followiiy seriee:

i. 2, D, 8 to 17 tenns.

2. 4,8,12 to 50 terms.
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3- ^'4-'y to 16 terms.

4. \,-l, -\ to 23 terms

5- e'3'6
tol2tori.i3.

6. -12,-8,-4 to 14 terms.

7. -3, 5, 13 to IG terms.

„ V -^ V -2. n — Z
8. , , to n terms.

n u n

9. (x + y)'-, x" + 1/-, {x-y)" to n terraa,

a-b 4a-?jh 1a — -->h

10. •,, ,-, ,- to n terms.
a+6 a+b a+b

SVT. Ex. 1. Find tlie scii of tlie aeries

2, T), 7 to 12 terina.

In the equation s = -\2a + {n-1) d(

put 3 for a and 12 for n, and we get

.s=^;iG+iirf|.

Now d—5-3= 2, and so

«=^j6 + 22!-Gx2S = ie8,

Ex. 2. Find tlie sum of the scries

10, 7, 4 to 10 terms.

put 10 for a and 10 for n, then

t= ~\20 + 9d\.
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Now d= 7- 10= -3, anJ therefore

10,
«=^j20-2Tj=5x(-7)=-3a.

Examples.—cxxxv.

Find tli'j sum of tlic follow! ncr series:

1, 2, 3 to 100 terms.

2, 4, C to 50 terms.

3, 7, 11 to 20 termg.

IIP,
4' 2' 4

to 15 terms.

-9; -7, -5 to 12 terms.

-, -. - to 17 terms.
o 2 o __^

1^ 2, 3 to n terms.

1, 4, 7 to ?i terms. '\

i

1, 8, 15 to n terms.

n-\ n-2 71-3

n ' n ' n
to 71 terms.

378. Ex. What is the Coxsta>"t Difference when 'Jst

first term is 24 and tlie tenth term is — 12?

Taking tlie cfiuation (A),

z — a + (n- l)d,

ami regajxliii;^ t];e tenth as the last term, we got

-12 = 24 + (10-l)iZ,

or -3G = 9<7,

whence we obtain d= -4,
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EX.'VMPLES.—CX^XXvi.

Wliat is the Constant DifTerence in the following cases?

I. When the first term is 100 and the twentieth is —14.

2 X fifty-first is -x.

3 -- forty-ninth is 5-.

4 -? twentv-fiflh is -21^.

5 -10 sixth is -20.

6 IdO ninety-first is 0.

379. Ex. AVhat is the First Term when

tlio 4t)th term is 28 and tlie 43rd term is 32?

Talcing equation (A),

z = a + {n- \)d,

and rega.rding tlic last term to be the 40Lh, wc get

2S = a + 30(? (I).

Again, regarding the last term to be the 43rd, we get

32 = (t + 42(? (2).

From equations (1) and (2) we i::uy thid the value of a to

be -24,

EXAMPLES.—CXXXVii.

I. What is the first term when

(1) The 59th term is 70 and the GGth term is 84;

(2) The 20th term is 93 - 355 and the 21st is 9S - ZTc
\

'"' - -. \.^Y

(3) The second term is -^ and the 55th is 5-Sj

(4) The second term is 4 and the 87th is -CO 2
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2. The sum of the :3id and 8th terms of a peries is 31, and
the sum of the 5th and lOth terms is 43. Find the sum of

10 terms.

3. The sum of the 1st and 3rd terms of a series is 0, and

the sum of the 2nd and 7th terms is 40. Find the sum of

7 terms.

4. If 24 and 33 be the fourth and fifth terms of a series,

what is the 100th term 1

5. Of how many terms does an Arithmetical Progression

consist, whose difference is 3, first term 5, and last term 302 \

6. Supposing that a body falls through a space of 16r-^ feet

iu the first second of its fall, and in each succeeding second

32t; feet more than in the next preceding one, how far v/ill a

body fall in 20 seconds ?

7. What debt can be discharged in a year by weekly pay-

ments in arithmetical progression ; the fast payment being 1

shilling and the last £5. 3s. %

8. Find the 41st term and the sum of 41 terms in each of

the following series

:

(1) -5,4,13

(2) 4a2, 0, -4a2

(3) 1 + X, 5 + 3x, 9 + 5x

(4)
-4i -1-4......

(5) 4' 20

9. To how many tenns do the following series extend, and

what is the sum of all the terms ? -

./

(1) 1002 10,2.

(2) -G.2 ,186.
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(3) ^''"^-^
'

~'"^^'

(4) I \
-24.

(5) TO-1 137(1 -m), 130(1 -TTJ).

(6) X + 2U, x + 2,x-2.

380. To iiisent 3 arithractic means bcticccn 2 and 10,

The nuiuljer of terms will be 5,

Taking tlie equation z = a + (ii-l) d,

,veliave 10 = 2 + (5 - 1) cZ.

Whence 8 = id; :. d^2.

Hence the scrips will he

2, 4, 6, 8, 10.

Examples.—cxxxviii.

1. Insert 4 arithmetic means between 3 and 18.

2. Insert 5 arithmetic means between 2 and —2.

2
"». Insert 3 arithmetic means between 3 and -.^ 3

4. Insert 4 arithmetic means between - and -.

J81. To insert 3 arithmetic means hctireen a and b.

The number of terms in the series will be 5, since there

f^rc to be 3 terms in addition to the lirst term a and the last

term h.

Taking the equation s = a + (?i — 1) dl,

we have to find d, haA'ing given
'

a, «=&andn=f
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Hence 6 = a + (5 - 1 ) (Z,

or, 4a=-b-a, .. d ———

Hence the series will be

h~a h-a PAh-a) ,
a,a + --4—, « + -2-> « + —4— > ^

that 13, «, —4—, -£-, —4— ^•

Examples.—cxxxix.

1. Insert 3 aiilhnietic means between m .and n.

2. Tusei t 4 ai'itlimctic means between m + 1 and in - j.

3. Insert 4 aritlunctic means between n" and «,'-= + 1.

4. Insert 3 aritlanetic means between x" + y- and x^ — y^.

382. We shall now give the general form of the proposition

" 2b insert m arithmetic means between a and b."

Tlie number of terms in the scries will be m + 2.

Then taking the eqration z— a + (n — '[)d,

we have in this case h= a + {in + 2-'[)d,

cr, b = a + {vi + l)d.

Hence d— ,,m + r

and the form of the series will be

h-a 2b -2a , 2h-2a , h-a ,-

7/1+1 m+1' ' m+1' 771+1' '

that is,

am + h am -a + 2h bm-h + 2a hm + a ,

' »r+T' m+i '
' m+r~ ' 7/1+1'

•
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383. A Geometrical Progression is a series of ininiljcrs

wliich increase or tlecrease hy a constant factor.

Thus the following series arc Geometiucal Puogressioks,

2, 4, 8, 16, 32, 64;

10 3 3 A A.
1-, <5, 4, 1(3, (34.

_1 J^ ]_ _1_
' 2' 16' 128' 1024'

The Constant Factors being 2 in the first series, j ill the

second, and —5 in the thii'd.
o

Note. That wliich we sliall tall the Constant Factor is

usually called the Conuuon Ratio.

384. In Algebra Ave express a Geometrical rrogrcssion

tluis : talcing a to represent the first term and / to represent

the Constant Factor, we shall have as a series of numbers in

Geometrical Progression

a, nf, af", aP, and so on.

We observe that the terms of the series differ only iu the

index of/, and that each index of/ is always less by 1 than the

Dumber of the tenu in which that jiarticular index stands.

Thus the index of/ in the 3rd term is 2,

in the 4th 3,

in the 5th 4.

Consequently the index of/ in the nth term will be n - 1.

Therefore the nth term of the series will be a/"'\
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Hence if 2 be the last term,

385. If the series contain n tcrmS; a being the first term

and/tlie Constant Factor,

the Last term will be a/"~\

the last term but ono will be fl/"~',

the last term but two will be a/""'.

Now ff/"-^ x/=a/'-i ^p= af'^'+^= af\

af-^ x/= a/'-'' xf= 0/"^+'= af'-\

of-^ x/= af'^ xf --= fl/"-»+' = a/"-«.

386. We may now proceed to find the aum of a scries of

Tiumbers in Geometrical Fro<jrcsslon.

Let a denote the first term,

/ the constant ftictor,

n the number of terms,

s the sum of the 11 terms.

Then s = a + af+ «/ + ... + af"-^ + af-- + af^K

Now multiply botli sides of this equation by/, then

fs = «/+ af- + «/ + ...+ af'-' 4- af-' + af.

Hence, subtracting the first equation from the second,

/5_s = rt/"-a.

.•.•8(/-i)=«(/"-i);

'•'- /-I •

Note. The proposition just proved presents a difhculty to

a beginner, wliich we f^hall endeavour to explain. When w©
laultiply the series of n terras

a + af+af-r + af-^ + af"""+ af"'^
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by/, we shall obtain anotlicr series

af+af- + ap + + a/'-' + o/'-' + a/»,

which also contains n terms.

Though Avc cannot fill up the gap in each scries compktcly^

vje see that tlie terms in the two series must be the same,

except the^^J's^ term in the former series, and tlie last term in

the latter. Hence, when we subtract, all the terms will dia-

aj)pear except these two.

387. From the foruiulae :

« = «/"-' (A),

*—
f_^ W/>

prove the following

:

(a) sJj^. (y) «=/.-(/-!)&

388. Ex. Find the last term of the series

3, 6, 12 to 9 terms.

The Constant Factor is -, that is, 2.
o

In the formula ^

putting 3 for a, 2 for/, and 9 for n, we get

ai = 3x2S = 3x256 = 7G8.

Examples.—cxl.

Find the last term of the following series

1, 1, 2, 4 to 7 terms.

2. 4, 12, 3G to 10 terms".

•3. 6, 20, 80 to terms.
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4. 8, 4, 2 to 15 terms.

g. % 6, IS to 9 terms.

6- 64' Tg' 4
^'^ 1^ ^'''^^'

7. -., M, -7: to 7 terma*
3 o b

389. Ex. FuilI the suii of the series

3

2

3
6, 3, 5 to 8 terms.

Generally, s= y_j^

—

and here a= C,/= =, w= 8,

250 256 765
' _1 ~ 1 ~ 6T*

2 2

EXAMPLES.—CXli.

Find the sum of th^i following series :

i. 2, 4, 8 to 15 terms.

2. 1, 3, 9 to 6 terms.

3. a, axr^ ax* to 13 terms.

A. a, -, -, to 9 terms.

a — x
5. a2-x2, a-x, —,— to 7 terms.
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6. 2, 6, 18 to n terms.

7. 7, 14, 28 to Ji terms.

8. 5, -10, 20 to 8 terms,

2 1 1 . ^.
9. - .,, ;,, -TT to ( terms.

6 6 o

390. To find tlie sum of an Infinite Series in Geometrical

Progression, when the CoiiHtant Factor is a proper fraction.'

If/ be a proper fraction and n Axry large,

/* is a ver}^ small number.

Hence if the number of terms be infudte,/" is so small that

we may neglect it iu the e.\pression

and Ave get

-a

a

4 3
391. Ex.1. Find the sum of the scries ;5 + l + T + to

infinity.

Here /=1-^M;
4

••*-i-/-7^-y-^3'

Ex. 2. Sum to infmity the series o~q. + h^-

Here /=_?-.?= _4.
•' 3-2 9 '

3 3

__a 2 2 27

'-/ H-tf^4
''
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Examples.— cxlii.

Find the svim of the following iufiaitc series:

10. 'i.j?, - -ESx,

I.
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Examples.—cxliii.

1. Insert 3 geometric means between 3 and 243.

2. Insert 4 geometric means between 1 and 1024.

3. Insert 3 geometric means between 1 and 16.

1 243
4. Insert 4 geometric means between - and —7-.

• 393. To insert m geometric means between a and b.

Tlie number of terms in the series will be m + 3.

In the formula s—af'-'^,

putting h for z, and j/i + 2 for n, we get

or, &=«/"'+';
,
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(3) 3H-2 + YO+ toinfiiiity.

(4) 2-^ +^- to infinity.

12 11
(5) 2"3~y' *° ^^ ^^'™^^*

(^6) o~o+H~ to 6 terms.
A o o

1 5
(7) jj-l-j^- to 29 terms.

5 "

(8) ^ + 1 + 1^+ to 8 terms.

,,124 . c .
(9) 3 + 9 + 27+ to infinity.

/ ^ 3 14 51 ^ in.
^'°^ 5—ro-r5-

to 10 terms.

(11) y/^- ^'0 + 2^/(15)- to 8

7 7 35
(12) -v + ^—r+ to 5 terms.
^ ' 5 2 4

2. If the continued product of 5 terms in Geometrical

Progression be 32, sliuw that the middle term is 2.

3. If «, ?», c are m arithmetic progression, and a, V, c arc

in geometrical progression, show tliat ,-/= ?;

—

r,—r«
6 2 V('.a-)

4. Show th.at the arithmetical mean L^twcen a and I ia

greater than the geometrical mean.

5. The sum of the first three terms of nn arithmetic scriea

i=i 12, and the sixth term is 12 also. I'iud the sum of the fii'st

6 terms.

6. T\']iat is necessary that a, h, c may he in geometric pro
gression?

terms.
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7. If 2n, X and g— are in geometric progression, what is x?

8. If 2w, 1/ and — are in arithmetic progression^ -what is 2/I

9. The sum of a geometric progression wliose first term is

1, constant factor 3, and number of terms 4, is equal to tlie sum
of an arithmetic progression, whose fir^it term is 4 aiid constant

difference 4 : how many terms are there in the arithmetic jao-

gression ?

10. The first (7 + n) natural numbers when added together

make 153. Find ti.

ir. Prove that the sum of any number of terms of the

series 1, 3, 5, is the square of the number of terms.

12. If the sum of a series of 5 teriiis in arithmetic progres-

sion be 95, show that the middle term is 19.

13. There is an arithmetical progroosion whose first term is

1 4
3.^, the constant difference is 1 rr, and the sum of the terms is

22. Required the number of terms.

14. The 3 digits of a certain number are in arithmetical

progression ; if the number be divided l)y the sum of the digits

in the units' and tens' place, the quotient is 107. If 39G be

subtracted from the number, its digits will be inverted.

Required the number.

15. If the {jy + qf" term of a geometric progression be ?»,

and the (jp — 2)"' term be n, sliow that the '^/^ term is /^'{nvn).

16. The difference between two numbers is 48, and tlie

arithmetic mean exceeds the geometric by IS. Find the

numbers.

17. Place three arithmetic means bet^^een 1 and 11,

18. The first term of an increasing arithmetic series is '034,

the constant dilfcrence -0004, and »-!ie sum 2-74S. Find the

flumber of terms.

19. Place nine arithmetic means between 1 and - I.
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20. Provi' tliat every term of the series 1, 2, 4, ia

gn-ater Ly unity tlian the sum of all that precede it.

21. Show tliat if a series of vij) terms forming a. geometrical

progression wliose constant factor is r be divided into sets of f
consecutive terms, the sums of the sets will form a geometrical

lU'ogression whose constant factor is ?•''.

22. Find five numhcrs in arithmetical progression, such

that their sum is 55, and the sum of their sipares 7G5.

23. In a geometrical progression of 5 terms the difference

of the extremes is tjo the difterence of the 2nd and 4th terms

as 10 to 3, and the sum of the 2nd and 4th terms ec[\ials twice

the product of the 1st and 2ud. Find the series.

24. Show that the amoiints of a sum of money put out at

Cunipouud Interest form a series in geometrical progression.

25. A certain numher consists of three digits in geometrical

progression. The sum of the digits is 13, and if 792 l)e added

to tlie number, the digits will be inverted. Find the number.

26. The population of a county increases ia 4 years from

10000 to 14641 ; what is the rate of increase ?

XXXII. ON HARMONICAL PROGRESSION.

393. A Harmon ical Progression is a series of nnmbers

of which the reciprocals form an Arithmetical Progression.

Thus the series of numbers <7, 5, c. (7, is a Hakmonical

PnoGRESSiox, if the series -7, j, -, ^, is an Arithmetical

Progression. *

If a, 1), c be in Hannonical Progression, h is called the

Jlarmonical Mean between a and c.

Note. There is no way cf findii'g a general expression for

the sum of a Harmonical Series, but many problems with
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reference to such a penes maybe Folved liy iiiveitiiiL,' llie terma

and treating the reci|)ruccils as an Aritlimulic;il Series.

396. 7/"a, b, c he, in Harmonical Progression, to show tluat

a : c :: a — h : b-c.

Since -, y, - are in Aritlunelii.ul Progression,ale o ~»

c b h a'

h—c a—h
or T— =-"r-*

DC ab '

ah a-h
or 7-=; -.

be b-c

a a — h
or _=-—-.

c b-c

397. To insert m liarmonic means between a and b.

First to insert m arithmetic means LLtween - and v
a B

Proceeding as in ^rt. 357, -we have

rr = -- + (vi+ l)d,
a ^ ^ '

or a=b + {m + l).abd

• /7— *"" ^

ab{vi+l)'

Hence the arithmetic scries will be

1 1
I

"-^ 1
^

2(a-b) 1 7»(a-6) 1

a' a ab{m + iy a ablnt+iy a ab{m+iy b'

1 Im + a ' Zwijf 2a - h ' am + b 1
'

a' ab (m + 1)' abXiaTT) ' ab {vi + 1) '
6'

Therefore the Harmonic Series is

' bm + u ' hm7+2a^b' am + 6"'
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398. Given a and h the lir&t two terms of a series in HaX"

monical Progression, to find tire ji"* term,

-, T are the first two terms of an Arithmetical Series ofa b

which the common diiference is -,-—

.

b a

The Ti* term of this Arithmetical Series is

1-K»-1)(' I)
a ' \b a/

1 {n — 1) {a-h) _hJr na -a — nh + b

a ah ab

_ {na-a)-{nh-2h) _(n -l)a-(n-2)b~
ub ab *

'. the n"' term of the Harmonical Series is

ab

in-l)a-(ii-2)b'

399. Let a and c be any two numbers,

b the Harmonical Mean hclwecn them.

m 1111
;Then T - - = - - r>

b a c b' t

2 ffi + c i

or y=
;

ao ^
, 2ac

.'. b= .

u + c

400. The following results should be remembered.

Arithmetical Mean between a and c=—v—

.

GeomclricLil Mean between a and c= »Juc.

Harmonical Mean between a and c= -^—

.

tt + O
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Hence if we denote tlie Means by the letters A, G, S
respectively,

. „ rt + c 2acAx 11 = -——- X
2 a + c

= ac

= G-;

that is, C is a mean proportional between A and H.

401. To show that A, G, II are in descending order of

magnitude.

Since {>Ja— ^Jc)- must be a positive quantity.

( «/"~ VO' ^^ greater than 0,

OP o— 2 ,Jac + c greater than 0,

or a + c greater than 2 ^Jac,

a + c .
,
—

or -^- greater than ^ac;

that is, A is greater than G.

Also, since a + c is greater than 2 i^ac,

^ac (a + c) is greater than 2ac ;

2ac
.*. Jac is greater than —— ;^ ° a + c

• e. G is greater than H.

Examples.—cxlv.

: I. Insert two harmonic means between 6 and 24.

2. four 2 and 3.

3 three 5 and 5.

4. four 5 and

3 2

gandjg.
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5. Insert five harmonic means between —1 and 2~^.

6 five , o ^^^ 9'

7 SIX ...Sana—.

8 » 2.7; and 3?/.

11
9. Tlie sum of tliree terms of a liarmonical series is -^, and

the first tenn is -^ : find tlie series, and continue it Loth ways.

10. The arithmetical mean between two numbers exceeds -

the geometrical by 13, and the geometrical exceeds the har-

monical by 12. What are the numbers'}

I r. There are four numbers a, 6, c, f7, the first three in

arithmetical, the last three in harmouical progression; show
tliat a : 6= c i d.

12. If a; is the harmonic mean between m and n, show that

1 _1__J_ 1
x-m x-u m n

13. The sum of three terms of a harmonic series is 11, and

the sum of their sr^uares is 49 ; find the numbers.

14. If X, y, z be the p^, q'^, and r* terms of a H.P., show

that (r - q) y:i + {jp
- r) xz + {q -jy) x>j = 0.

15. If the n.M. between each pair of the numbers, a, h, e

be in a.p., then h-, a-, c^ will be in h.p. : and if the H.M. be in ,

H.P., b, a, c will be in h.p.
'

c -L 9ft c + 25 !

16. Show that —
-J-

+ =4, >7, or >10, according aa '

e is the A., G. or H. mean between o and b.
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402. TnE difTercnt arraTigeincnts i.i respect of onk-r of suc-

cession Avliich can be ma<le of a given number of tilings are

called Permutations.

Tims if from a hox of lettiTs I select Uco, P ami Q, I can

make two permutations of tiicm, placing F iiav-.t on the left and

then on the right of Q, thus

:

P, Q and Q, P.

If I now take three letters, P, Q and E, 1 can make six per*

mutations of them, thus

:

P,Q,E; P, P, Q, two in which P stands first.

Q, P, n ; Q, n. P, T Q
R P R P P

403. In tlie Exam]iles just given all the things in each case

are taken together; hut we may lie required to find liow many
permutations ran Le made out of a ninnhcr of things, when a

certain number only of them are t;dven at a lime.

Thus the permutations that can Le formed out of the letters

P, Q, and R taken tivo at a time are six in number, thus •

P,Q; P,R; Q, P ; Q, R ; R, P ; R, Q.

404. To find the nuinhcr of permutations of n different ihiHrjs

taJ:en v at a time.

Let a,h,c,d... stand for n different things.

First to find the number of permutations of the n things

taken two at a time.

If a be placed before each of the otlicr things 6, c, d ... of

which the number isw— Ij-sve shall haveri — i pcrmutatioiia

in which a stands first, thus

a&, ac, ad,
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If h be placed before each of the other thin^rg, a, c, d ... we
Bhall have ?i— 1 permutations in which h stands first, thus:

ha, he, bd,

Simihirly tliere will be n - 1 permutations in which c stands

first: anil so of the rest. In this way we get every possible

permutation of the n things taken two at a time.

Hence there will be n . {n - 1) permutations of n things taken

two at a time.

Next to find the number of permutations of the n things

taken three at a time.

Leaving a out, we "^an form (u- 1) . (n~2) permutations of

the remaining (n-1) things taken hco at a time, and if we

place a before each of these permutations we shall have

(ti- 1) .(u — 2) permutations of the ?i things laken llirce at a

time in which a stands first.

Similarly there will be (n-l).(n-2) permutations of the

n things taken three at a time in which 6 stands lirst : and so

for the rest.

Hence the whole number of permutations of the n tilings

taken three at a time will be n. (?i-l). (n-2), the factors of

the formula decreasing each by 1, and the fir/nre in the last factor

being 1 less than the number taken at a time.

"We now assume that the formula holds good for the nundjcr

of permutations of n things taken r- 1 at a time, and we shall

proceed to show that it will hold good for the number of per-

mutations of n things taken r at a time.

The number of permutations of the n things taken r-1 at

% time will be

n.{n-l).(>i-2). [n-\ir-l)-l\],

that is n.0^-l).(u-2) {n-r + 2).

Leaving a out we can form {n-l).{n-2) {n~l-r + 2)

permutations of the (/i-1) remaining things taken r- 1 at u

time.

Putting a before each of these, we shall have

(n-l).{n-2) {n-r+1)

permutations of the » things taken r at a time in which a

Btands fii-st.
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So again we shall have (w — 1) . (?i-2) (?i — r+1) per-

tmitatious of the n things tai^e.u r at a time in which h ttanda

first ; and so on.

Hence the whole number of permutations of the n things

taken r at a time will be

n.(ji-l).(n-2) (?i-r+l).

If then the formula holds good when tlie n things are taken

r - 1 at a time, it will hold good when they are taken r at a

time.

But we have shown it to hold Avhen they are taken 3 at a

time; hence it will hold when they are taken 4 at a time, and

so on : tlierel'oie it is true for all integral values of r*

405. If the n things be taken all together, r=n, and the

formula gives

n. (n-1). (rt-2) («-n + l)
;

that is, n.{n-l).{n-2) 1

as the number of permutations that can be formed of n dif-

ferent things taken all together.

For brevity the formula ^

w.(n-l).(rj-2) 1, :

which is the same as 1.2.3 n,

is Avritten
|

n. This symbol is called /acfom? n.

Similarly |r is put for 1.2.3 r; ^

[r-1 for 1.2. 3 (r-V).

Ohs. \n=n.\n~l = n,{n — l). |9r — 2 = &c.

40G. To find the numh&r ofpermutations ofn things taJceii all

together when certain of the tilings are aliJce.

Let the n things be represented by the letters a, h, c, d

and suppose that a recurs p times,

b q times,

e r times,

and so on.

Another proof of this Theorem may be seen in Art. 475.

[S.A.] »



igQ PERMUTATTOXS.

Let P represent the whole nuiuber of permutations.

Then if all the p letters a were changed into f other lett^>rs,

cliflerent from each other and from all the rest of the n letters,

the places of these f letters in amj one permutation could now

be interchanged, each interchange giving rise to a new permu-

tation, and thus from each single permutation we coukl form

1.2
J)
permutations in all, and the whole number of per-

mutations would be (1 . 2 ... ^) P, that is |_p . P.

Similarly if in addition the 17 letters 6 were changed into q

letters different from each other and from all the rest of the n

letters^ the whole number of permutations would be

li..l£.P;'

and if the r letters c were also similarly changed, the whole

number of permutations would be

and so on, if more were alike.

But when the j9, q, and r, &c., letters have thus been changed,

we shall have n letters all different, and the number of permu-

tations that can be formed of them is
|
n (Art. 405).

Hence P . |p_. |_^. |_r = [_% ;

\n
:.P=

\p-\<i

Examples.—cxlvi.

1. How many permutations can be formed out of 12 things

taken 2 at a time l

2. How many permutations can be formed out of 16 things

taken 3 at a time 1

3. How many permutations can be formed out of 20 things

taken 4 at a time ]

4. How many changes can be rung with 5 bells out of 8 ?

5. How many permutations can be made of the letters in

the word Examination taken all t(;gether ?

6. In how many ways can 8 men be placed side by side?
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7. In how many ways can 10 men be placed side by side ?

8. Three flags «^re required to make a signal. How many
signals can be given by 20 flags of 5 Jiflerent colours, there

bring 4 of each colour 1

9. How many different permutations can be formed out of

the liHtors in Algebra taken all together ?

ic. The number of things : number of permutations of the

things taken 3 at a time = 1 : 20. How many things are tliere?

11. The number of permutations of in things taken 3 at a

time : the number of permutations of m + 2 things taken 3 at

a tune =-• 1 : 5. I'ind m.

12. In the permutations of a, h, c, d, e, /, g taken aU
together, find how many begin with cd.

13. I'ind the number of permutations of the letters of the

product a-th^ written at full length.

14. Find the number of permutations that can be formed

out of the letters in each of the /oUowing words : Conceit^

Talavern,^ (Jahutta, Proj^odiion, Mississippi.

XXXIV. COMBINATIONS.

407, The Combinations of a number of things are the

diftere'jt collections that can be formed out of them b}' taking

a certain number at a time, without regai-d to the order in

which the things stand in each collection.

Tlun the combinations of a, I, c, d taken two at a time are

ah, ac, ad, be, bd, cd.

Here from each combination we could make two permuta*

tions : thus ah, ba ; ac, ca ; and so on : for ab, ba are tlie same
combination, and so ai-e ac, ca.

Similarly the combinations of a, b, c, d taken three at a time

are abc, abd, acd, bed.

Here from each combination we could make six permuta-
tions; thus abc, acb, bae, bca, cab, cba : and so on.
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And, generally, in accordance Avitli Art. 405, any combina-

tion of n tilings may Le made into 1 . 2 . 3 ... n permutations.

408. To find the number of coiiibinations of n different things

taken r ai a time.

Let Cy denote the number of combinations required.

Since each combination contains r tbings it rpi be made
into

I

r permutations (Art. 405)

;

.•. tbe wbole number of permutations = ( r . C>.

But also (from Art. 404) the whole number of permutations

of n things taken r at a time

=n{n~\) (n-r + 1);

,

.-.[r^. a=«(»-!) (n-r+l);

.
TO(n-l) (n-r-l-l)

Lr.

409. To show that the number of combinations of n things

taken i at a time is the same as the number talcen n — r at <k

time. "'~''-:,.\ -

^~ w. (n-1) (n-r-f 1)
^'~

1.2.3 r
'

, _ n.(n-l) {n-(7t-r)-H|
'^^ ^^"^ 1.2.3 {n-T)

n.(n-l) (r + 1) .'

" 1.2.3 {n-r)
'

^

Hence

g _ n.{n-\) (n-r+l) 1.2.3 (vt~f)

C^~ 1.2.3 r ^n.{n-l) (r+1)

J

TO.(n-l) (rt-r+l).(n-r) 3.2.1 , ,

" 1.2.3 r.(r+l) (n-l).M' -

In

• "IT
=1.

That is, 0^=0,^ I.

"
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410. Making r=], 2, 3 r- 1, r, r+ 1 in order,

„ ~ n7i — 1-, »in-ln-2
ti=n, Ga= ^ . —2-» ^a=y . —2— • -3-'

^ n.(n-l) (n-r + 2)
Vr-1= 1.2 (r-1)

-y _ n. (?^-l) (n-r + 2). (n-r+ l^
1.2 (r-l).r

>, _ n. (tc-1) (n — r + 1). (n-r)
.*'•+*" 1.2 r.(r + l)

Hence the general expression for tlie factor connecting C7„

one of tlie set of numbers Cj, C^ C^^ C„, with (7^i,

that which stands next before it, is , that is,

T

With regard to this facvor—^
, we observe

(1) It is always positive, because n. -f 1 i.s greater than f

(2) Its value continually decreases, for

TO-r+l _n+l ,

which decreases as r increases,

(3) Though continually decreases, yet for several

euccessive values of r it is greater than unity, and therefore

each of the correspond!..^ terms is greater than the ju itcJing.

(4) "When r is such that ^ is less than unity the cor-

responding term is less than the preceding.
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(5) If « and r be snch tliat ^' = 1, C and C^i are a

pair of eqtial terms, each greater than any preceding or subse-

(juent term.

Hence np to a certain term (or pair of terms) the terms in-

crease, and after that decrease : this term (or pair of terms) ii

the greatest of the series, and it is the object of the next Article

to determine what value of r gives this greatest term (or pair

of terms).

411. To fiinl iJoe value of t for v;liich the numlcr of comhina-^

tions of n thinys talxn r together is the greatest.

~ _n.{n-l) (n-r + 2)
'-^" 172":::::: {F^i)

i p_n.(n-l) l'r7-r-!-2^ (??— r+1)
i

'

1 .2 <,r-i.)
*

r
"

^ _w.(n-l) (n-r+1) n-r
'+' 1.2 r r +1'

Hence, if C^ denote the number of combinations required,

C C—- and j-r^ m'ast neither of them be less than 1.

But jy
— ==

,

C, r+ 1
and -— = .

Hence is not less than 1 and -— is not less than 1,
r n— r

or, n — r + 1 is not less than r and r+1 not less than n-r,

or, n + l is not less than 2r and 2r not less than ti - 1
;

.'. 2r is not greater than n + l and not less tlian n — 1.

Hence 2r can haA^e only three values, n — l,n,n + 1.

XoAV 2r must be an even niimber, and therefore

(1) If ?i be odd, n-1 and n + l being both even numbers,

2r may be equal to « - 1 or n + 1

;
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v — \ n +

1

(2) If n be even, r? - 1 and n + 1 Leing Loth odd num'bers,

2r can only be equal to 71

;

n
••• '•= 2-

Ex. 1. Of eight things how many must be taken together

that the number of combinations, may be the greatest pos-

sible 1

Here n = 8, an even number, therefore the number to be

8 X V X 6 X 5
taken is 4, which will give -

—

-—-^-— or TO combinations.° 1x2x3x4

Ex. 2. If the number of things be 9, then the numl'er

-1 9 +9-1 9+1
to De taken is or —h~j '^^'^^'^ i^ ^ ^^ ^> which will give

respectively

,, or 126 combinations, and

, or 126 combinations.

1x2x3x4
9x8x7x6x5
1x2x3x4x5'

Examples.—cxlvii.

1. Out of 100 soldiers how many diiierent parties of 4 can

1)0 chosen ]

2. How many combinations can be made of 6 things taken

5 at a time ?

3. Of the comoinations of the first 10 letters of the alphabet

taken 5 together, in how many will a occur ?

4. How many •words can be formed, consisting of 3 con-

sonants and one vowel, in a language containing 19 consonants

and 5 vowels ?

5. Tlie number of combinations of n things taken 4 at a

time : the number taken 2 at a time =15 : 2. Find «.

6. The number of sombinations of n things, taken 5 at
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3
a time, is 3 _ times the n amber of combinations taken 3 at a

' 5

time. Find n.

J. Out of 17 consonants and 5 vowels, bow many words

can be formed, eacli containing 2 vowels and 3 consonants ?

8. Out of 12 consonants and 5 vowels bow many words can

be formed, eacli containing 6 consonants and 3 vowels ?

9. The numVier of permutations of n things, 3 at a time, is

6 times the number of combinations, 4 at a time. Find n.

10. How many different sums may be formed with a guinea,

a half-guinea, a crown, a half-crown, a shilling, and a sixpence I

11. At a game of cards, 1 being dealt to each person, any

one can have 425 times af many hands as there are cards in

the pack. How many cards are there ?

12. There are 12 soldiers and 16 sailors. How many dif-

ferent parties of 6 can be made, each party consisting of 3

soldiers and 3 sailors ?

13. On bow many nights can a different patrol of 5 men be

drauglited from a corps of 36 1 On how many of these woi;ld

any one man be taken ?

XXXV. THE BINOMIAL THEOREM.
POSITIVE INTEGRAL INDEX.

412. The Binomial Theorem, first explained by

Newton, is a method of raising a binomial expression to any

power without going through the process of actual multipli-

cation.

413. To investigate iht Binomial Tlucorem for a Positive

Jnteyral Index,
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By actual multiplication we can show tliat

(x f fflj) (x + ag) = a;^ + {a^ + a^ x + aiO,^

(x -1- Oj) (x + fTj) (x + as) = X'' + («! + a2 + "a) a;'

(x + aj) (x + o») (x + fls) (x + ^4) = x* + (rti + a^ + 03 + (14) x^

In those results we observe the following laws :

I. Etich product is composed of a descending series of

powers of X. The index of x in the first term is tlie same as

the number of factors, and the 'ndiccs of x decrease by unity

in cacli succeeding term.

II. Tlie number of terms is greater by 1 than the number
of factors.

III. The coefficient of thejlrst term is unity.

of the second the sum of aj, a^, ^3 ...

of the third tlie sum of the products of

«!, a.2, ttg ... taken two at a time.

of the fourth the sum of the products of

%, ff.g) 03 ••• taken three at a time.

And the last term is the product of all the quantities

«!, «2, a^

Suppose now this law to hold forn — 1 factors, so that

(x + ai) (x + ttg) (x + Oj) (x + a^i)

=x"-i + S^ . x»-2 + s^ . a;"-3 + S3 . x--» + + 5„_i,

where /S^i= fri + a2 + ffl3 + ... + a„_i,

tliat is, the sum of a^, a.2, % ... a„_i,

S.2 = a^a.2 + aia2 + a./(^ + ... + ai't„_-^^ + a./i„_i + ...

that is, the sum of the products of a^, a^, ffg ... a,_j,

taken two at a time,
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S3 = afiM^ + a^a./i^ + . . . + (iia.ja„_x + «irt3a„_i + . .

.

that is, the sum of tlie products of a^, a^...a,^_^

taken three at a time,

that is, the product of a^, a.-^, a^ ... a^j.

Now multiply hoth sides hj x + a,.

Then

(x + %) (x + a.^) ...(x + a„_i) (x+ a„)

B=a;» + Si x" V -Sj x"-2 + ,9^
^.^-s + , ,.

+ a,, x*^^ + a„5^i x"~2 + a„S., x""^ + . . . 4- a»S',.j

a= X" + (,?i + a„) x"-! + (S^ + a,.Sri) x"-2

+ {S3 + a„S.,) x'-s + . . . + a„S:._i.

that is, the sura of rtj, a^, o^ ... a„,

£"3 + a„.S'i= £^2 + a„ («! + ^2 + . . . + a,^_i),

that is, the sum of the products of a^, a2..,agf

taken two at a time,

Sg + a„S.2=S3 + a„(a^a2 + a^^a3+ ...),

that is, the sum of the products of a^, a^...a^

taken three at a time,

••• • ' ••*•

(i>'»S„_i-=aiaia3 ... a„_i a„,

that is, the product of rti, a.-,, a^... ct„.

If then the laAV holds good for n - 1 factors, it will hold good

for n factors : and as we liave sliown that it holds good up to 4

factors it Avill hold for 5 factors : and hence for 6 factors : and

80 on fo; any number.
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Now let eacTi of the n quantities ffj, cto, ffa ... a„ be equal to

a, and let us write our result tlius :

(x + ffli) (a; + rt„)...(x + a„) = x''4-^i . a;"~^4-^2 . x"~^+ ... +^„.

The lefL-hauLl side Lecomes

(a; + a) (a; + a) . . . (x + a) to n factors, that is, (x + a)".

And on the rif,dit-hand side

^1 = a + rt + a+ ...to n terms= na,

yl.j = a- + a- + a-+ ...to as many terms as are equal to the

number of combinations of n things taken tvjo at a time, thjct

. w.(n-l)
id

1.2
. , n.(n-\) „

^3 = a" + a" + a^+ ...to as many terms as are equal to the

tnuilier of combinations of ix things taken Qirce at a time, that

«.(7l-l).(«-2).
^ i . 2 . 3 '

. A -^-• ("-l)-(»-2) .

•^
' 17273 •'*'

• •••*•••••••••• •••«••»

An— a,a.a..Ac>n- factors = a".

Hence M-e obtain as our final result

(,/: + a)"= x" + 7?ax—' H \~-k-' a-x""*

+—\ ^ .;
'-

. a^x"-3+ ... +a".

414. Ex. Expand (.r + a)".

Here the number of terms will be se,vm, and we have

^6.5.4.3 4 ,, 6..5. 4.3.2 ,. „
" 1:2:174 ^ ^" + 17273747-6

'^'^ + «"

5= x" + C«x'' + 1 5(1 -X* + 20a'x'' + I oti 'x- + Ga"x + a«.
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XoTE. The coeflicieuts of terms equidistant from the end

and from the beginning are the same. The general proof of

tills wUl be given in Ait. 420.

Hence in the Example jnst given when the coefRcIents of

Joihr terms had been found those of the other three might have

been •written down at once.

EXAMPI-ES.~CXlvlii.

Expand the following expressions :

I. (a + x)4. 2. (6 + c)6. 3. (a + 6)^

4. ix^yf. 5. (5 + 4a)^. 6. {d?^-Uf.

415. Since

(a; + a)'' = x'* + nax"-^-^ — l—g—
. a-x" 2+ ... +0",

if wo put x = 1, we shall have

'(l + a)" = l+na +—|^^\a2+... +a'.

416. Every binomial may be reduc<>d to Ptich a [::.: that

the part to be expanded may have 1 I't its ilrst ttTm.

/ n\
Thus since a;+ a=x(l+ ^>,

(x + a)"=a:''n +"j
;

and we may then expand ( 1 + - j and multiply each term of

till n^sult by a;".

E :f . Expand (2a; + 'ixjf.

(2.r2^)' = (2x)''.(l+||y

-7.-^ I1+5 ^+'-^ /3.y 5,^4^ r^

5.4.3.2 /3yy , /3^Y|
"*'l.?.3.4"\2u;/ ^\2x/ \
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Q9.Ji4.152/90(/2 270//' 405y' 2437/)

= 32^5 + 240x-'(/ + 720xy + lOSOxV + SlOxf/^ + 243 ?/\

417. The expansion of (x-a)" will be precisely the same as

tliat of (x + a)", except that the sign of terms in which tlie odd

jxnvers of a enter, that is the second, fourth, sixth, and other

t\'en terms, will be negative.

Thus (x - a)" = X" - Max""' + — '
. a-x"

'

n.(n-l).(n-2) „ .
-—

^

—^^
. o^x" ' +

1.2.3

for (x-a)"=jx + (-a){"

=x" + « ( - a) x"-' + ^(!L^) ( _ a)2a.«-a + &<..

«

„ , n.(?i-l) „ , „ -

•BX'-nax" ' +—
^

a-x''~*+ &c

Ex. Expand (a - c)5.

f N/; s^d 5.4,, 6.4.3 „, 5.4.3.2 . .

-a« - 5a*c + lOa't^ - lOa^c^ + 5ac* - c^.

Examples.—cxlix.
j

Eipand the following expressions

:

I. (a-x/. 2, (6-cy. 3- (2x-3]/)«.

4. (l-2x)6. 5.
(l-x)io. 6. (a^-b-'f.

418. A trinomial, as a + 6 + c, may be raised to any power

by the Binomial Theorem, if we regard two terms as one, thus

;

(fl
+ h + c)"= (a + iy + n . (o + 6)"-'

. c

n.(n-l)
, ,, „ „
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Ex. Exmnd (l+a; + a;-)3.

+ 3(l+x)xHx''

= 1 + 3X -r 3x2 + x3 + 3X- + 6x3 + 3_j.4 + 3^4

+ 3x5 + x''

= 1 + 3x + 6x2 + 7
-J.3 + g_;^4 + 3x5 + xe.

Examples.—cl.

Expand the following expressions

:

I. (a + 2/j-c)^. 2. (l-2x + 3x-)-l 3. (x3-x2 + x)3.11 / i\3 111
4. (3x^^ + 2x*^ + 1)3. 5 . (^x + 1 - iJ . 6. (a* + i-t - c^ )2.

419. To jinl the i"" or general term of the expansion of

(x + a)".

We liave to determine three tlunc,'s to eniible us to write

down the r"" term of the expansion of (x + a)".

1. The index of x in that term,

2. The index of a in that term.

3. The coefficient of that term.

Now the index of x, decreasing Ly 1 in each term, is in tl>3

r* term n — r + \; and the index of a, increasing by 1 iu each

term, is in the 7-"' term r—\.

For example, iu the third term

the index of jc is 71 -.3 + 1, that is, n - 2 ;

the index of a is 3 - 1, that is, 2.

In assigning its proper coefficient to the ?•* term we have to

determine tlie last iUctor in the denominator and also in the

numerator of the fraction

w.(n-l).(n-2).(7i-3)

1.2.3. i
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Now the last factor of the denominator is less by 1 tlian the

nunihcr of the term to which it behjnc;s. Tlius in the 3"" terra

tlie hist factor of the denominator is 2^ and in the ?•"' term tlie

hist factor of the denominator is r— 1,

The last factor of the numerator is formed by subtracting

from n the number of the term to which it belongs and adding

2 to the result.

Thus in the 3"^ term the last foctor of the numerator is

w-3 + 2, that is n-1
;

in the 4"" n-4 + 2, that is n-2
;

and so in the v-"" 7i-r + 2.

Observe also that tlie factors of the numerator (Increase by
unity, and tlie factors of tlie denominator increase by unity, so

that the coefficient of the ?•"" term is

n.(n-l).{n-2) (n-r + 2)

1.2.3 (?•-!)

Collecting our results, we write the j-"" term of the expansion

of (x + a)" thus :

n.{n-l).{n-2) (n-r + 2)

1.2.3 (r-1) •'* •*
^

•

Ohs. The index of a is the same as the last factor in the

denominator. The sum of the indices of a and xis n.

Examples.—cli.

Find

1. The S'Hermof (l+ic)".

2. The 5'" term of (a^ - b^^.

3. The 4'" term of'(a - h)^^^.

4. The O* term of {2ah-ccl)^\

5. The middle term of (a- ii) '6.

6. The middle term of (a^ + I'^f.

7. The two middle terms of (a - hy^t

8. The two middle terms of (a + x)"*.
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9. Show that the coefficient of tlie middle term of

, ,,„ . „„ 1.3.5 (4m- 1)

10. Show that the coefficient of the middle term of

(a + xY^"- is 2''+> X
(2>^ + 3)(2» + 5) (4>i-l) (4n + l)

^ ' ^ " 1.2 n

420. To show that the coefficient of the r*^ term from the

heginnimj of the expansion of (x + a)" is identical with the coeffi-

cient of the r"" term from the end.

Since the number of terms in the expansion is n + 1, there

are n+l—r terms before tlie r* term from the end, and there-

fore the r"' term froia tlie end is the {n — r + S)"" term from the

biginning.

Thus in the expansion of (x + a)^, that is,

x^ + 5aa;* + lOa^x^ + lOa^x^ + 5a*x + a^,

the 3rd term from the end is the (5 - 3 + 2)"', that is tne 4* term

iroin the begiiming.

Xcw if we denote the coefficient of the ?"' term by C„
and tlie coefficient of the (n-r + 2)"' term by C„_^2>

we have

„ _ n.{n-\) (n-r + 2)

1.2 (r-l)(r-1)

„ _ n.{n-\) {n-(n-r + 2) + 2|
On-H-2-

^ 2 (»i-r + 2-l)

n.{n- 1) r

"1.2 (n-r+1)*

tlence

C, _ n.{n-\) (n-r + 2) 1.2 (n-r+1)

C,-H-2~ 1.2 (r-l) ^ n:{n-l) r

n.^n-V) (n -r+ 2) . (rt-r+1 ) , 2.1"
1.2 (r-l).r'. (?i-l).»

In -
. , , . . '

w=i= = l, which proves the proposition.
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421. To find the greatest term in the expansion of (x+ a)", n

heiiig a iwsitive integer.

The r* term of the expansion {x + a)" is

n.{n-\) (n- r + 2) ^^^
1.2 (,-iy~-* •* •

Tlie (?• + 1)"" term of the expansion (x + a)" is

w.Q^-l) (n-r + 2). (^-r+1)
1.2 (r-l).7

•"•'= •

Hence it follows that we oLtaIn the (r + 1)* term by multi-

plying the ?•"" term by

»-r+l a

r ' x

When this multiplier is first less than 1, the r* term is the

greatest in the expansion.

Now . - is first less than 1
r X

when na - ra + a is first less than rx,

or 7ia + a first less than rx + ra,

or r (x + a) first greater than a (?( + 1),

or f first greater than ~ -.^ x + a

If r be equal to -, then •-= !, and the
x + a ^r X

(r + ly" terra is equal to the r"", and each is greater than any
other term.

^X. Find the greatest term in the expansion of (4 + ay,

when a=-.

TT a(TC + l)
2^^"''^^ 12 24 „«Here ->--—^= . =— ==— = 2A.

a;+a '6 11 11 ^
^ + 2 T

The first whole number greater than 2^-^ is 3, therefore the
greatest term of the expansion is the 3rd,

[S.A.]
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422. To find the sum of all the coefficients in the exjjansion

p/(l+x)".
'

Since (1 + x)" = 1 + »x + " • ^^' ^
^V +

w. (n — 1) „ „ „ . .
+— ^ -g-- X"-- + nx""' + x'

puLting a; = l, Ave get

^ , n. (n-1) TO. (?i- 1) , ,
2" = l + n +—\—^—+ +—12'^"'

or, 2" = the sum of all the coenicients.

423. To shoiu Hint the sum of the coefficients of the odd terms

ill the expansion of {l + x)" is cq_ual to the sum (f the coefficient."

of the even terms.

Since

v„ -, w.(n-l), n.(n-l).(?t-2) 3 ,

(l+a-)" = l + "X4-—], .^
^-cH— 123

pr.lling X— ~ 1, -we get

^ ^ i 1'+
J 2 1.2.3

or. o={>H.!^:^. }

• ..[,..?L(5z^5).
}

tsSTim oT coefficients of odd terms - sum of co

eilicieuts of even terms;

.•. sum of coelTicients of odd terms = sum of coeDlcieiit.^ o\

dven terms.

Hence, hy the preceding Article,

8um of coefficients of odd terms = -^^ = 2" *;

2"

mm of coefficients of cA'en terms = -- =2",
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FRACTIONAL AND NEGATIVE INDICES.

424. We have shown that ivhen m is a positive integer,

(1 + xj"" = 1 + mx + —
Y-~
—

^ X-+

Wu have now to show that this ef[uation huhls good when

m la a positive fraction, as -, a negative integer, as -0, or a

iicgilive fraction, as —'-,.

Wl- shall give the proof devised hy Euler.

4i2.j. If m Le a positive integer avc know that

. , 7/1. (m~ 1) , ,
m. (m- 1) . (m-2) .

Let us agree to represent a series of the forj

m. (m — l) „ ,

l + mx+—i2r~ ''

by the symbol fim), whatever the vcclue ofm may he.

Then we know that when m is a positive integer

(l+a;)'"=/(m) ;

and we have to show that, also, wlicn vi is fractional or

negative

(l + xr=fOn).

binco /(m) = 1 + 771X -r — ; -y
—

' x-'+



3r.8 THE BINOMIAL THEOREM.

If we multiply together the two series, we shall obtain an

exvjressiou ol the form

1 + aa; + 5a;2 + ca;^ + cZx* +

that is, a series of ascending powers of x in which the coeiTi-

cients a, b, c are formed by various comhinatioiis of

m and n.

To determine the mode in "which a and h are formed, lut I's

commence the multiplication of the two series and continue 't

as far as terms involving x^, thus

^, , on . (m - 1) „

/(•;>i) = 1 + ma; -i
' ^^--x-+

,, , , n . (n-l) ^
/(7i) = l + «a; + — j-g— a;-+

9)7 (fT) \\

f{m) x/(») = 1 + mx + ~ Y'o -^ "^

+ nx + ?;n7,(- 4

11 . (n - 1) „

e= 1 + (m + n) . X + - — Y ^ ^

n.hi-\)) „
+ 7nn -\ —y— r x^-i- ,

Comparing this product with the assumed expresf^i »n

1 + ax + Ix"^ + ex'' + dx^ +

we sec that a =m + n,

, in. (m- 1) V . (n — 1)
and & =—

j 2
+'""*+-

i 2

m- -w + 2/)i??. + ?i- — ?i

(w + n) . (m + »^1)
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Similarly we could show hj actual multiplication that

_(m + 7i) . (m + n — l). {m + n-2) !

c - ~^^ ,

y_(m + n) .(iv. + n — l) .(m + n — 2) .{m + n- 3)

l.:^.3.4
*

Tlius we niiglit determine the si;ccessive coefficients to any

extent, but we may ascertain the law 0/ their formation by tlie

Ibllowing considerations.

The forms of the coefficients, that is, the way in which m
and n are involved in them, do not depend in any way on the

values of m and n, but 'will be precisely the same whether m
and n be positive integers or any numbers whatsoever.

If then we can determine the law of their formation when
m and n are positive integers, we shall know the law of their

formation for all values of m and n.

Nrnv when m and n are positive inter/erSf

/(m) = (l+a;)"',

f(n) = {l+xy;

.-. /(»0 X /OO = (1 + a;)'- X (1 + «)•

= (1 +;«)•"+"

1,/ , \ ,
(™ + n).(m + w-l) , -= 1 + (m + n) X + ^—

—

—-r-:. — x^ + ...

=/(m + n).

Hence we conclude that whatever be the values of m and n

f{rii)xf{n)=f{m + n).

Hence / (m + n +p) =/ {in) ./ {n +p)

=f{m).f{n).f{p\

and so generally

/(m + u+2)+...)-/(m)./eH)./(i^)...
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Now let rrt= n=j)= ... = ,. h aud k being positive integers,

then

.•.(l + :.)^=/(|)

wliich proves the theorem for a positive fractional index.

Again, since f(m) •/(")—/(''^ + ") ^<^r ^^^ values of ra and jt,

let ?i= -?ji, then

/(m)./(~m)=/(m-7n)

=/(0).

Now tlie series 1 + ma; H ^-^—^x^ + ...

becomes 1 when vi = 0, tliat is,/(n) = l
;

.•./(«0./(-«0=i;

.-.(1+ a;)- =/(-.«)

= l + (-7n)x + ^ir.Jj:i^W...

which proves the theorem for a negative index, integral or

n^iiLtioual.
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4.26. Ex. Expand (ci + x)- to four terras.

(a + x)2 = a-+2. a" .« +—r—^— .a- .x- +

_1 3

1 1 _1 ~4 _n 8 _s ,

= a^ + 3.a -.x+—T-.a -.x' + rt.a ^.a;^
Z 15 U

»»:? +_____ +
2rt- 8it- IGa-

Or we might proceed thus, as is explained in Art. 416.

( 2' a i . 2 ' ct- 1.2.3 ' a^
'""

)

e a- + -! - .
1. a^ I'"

2a2 8a- ICtt-*

Examples.—clii.

Expand tlie following expressions;

1. (1 +a:)- to five terms.

2. (1 + a)^ to four terms.

3. (a + x)-^ to five terras.

i
4. (l + 2.c)2 to five terms.

4x\f
5. (« +— )^ to four terras.

7. (1 -a;-)- to five terms.

8. (1 -a-)-' to four terms.

g. (1 — 3x)"f to four terms.

10. (x- — -^ Y to four terra?.

11. (1-a:)" to four terras.

T + '* /^x 3?/\-
6. (aT + a;-*)"' to four terms. 12. ( ~^--^ V' to tlirce terms
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427. To exioand (l+x)~".

(l + xy''= l + i-n).x +^:^^^~^^ 7?

-M-n-l).(-n-2)
x* +1.2.3

=^-"=^ + -172* 1.2.3" •"= + •

tliu terms being alternately positive and negative.

Ex. Expand (1 + s)""3 to five terms.

/-,,, , ^3.4„ 3.4.5, 3.4.5.6.
(l+x)-3= l-3x+ —^x^- -2-3«=^+l7o73—4-^- •..

= l-3x + 6x2-10a;3^15a4_ ,,^

428. To expand {\-x)-*.

-n(-n -l)(-n-2).
1.2.3 ^ -r ...

n.(n + l) ;'n.(n + l){n + 2) „,

-1+"^+—iva- •*+ " r.2.3 "= + -

the tenns being all positive.

Ex. Expand (1 - x)~^ to five terras.

/ ^ ^ . o 3.4„ 3.4.5, 3.4.5.6,^
(l-a)-3=l + 3x + j--x2 + ^-2 3x3 + ^---2-3_^a^+...

Examples.—cliii.

Expand

1. (1 + a)-2 to five terms. 4. ( 1 - 1) to five terms.

2. (1 - 3x)~^ to five terms. 5. (a'' - 2x)~6 to five terms.

3. (l--^j to four terms. 6. (a-* -x-*)~^ to four terms.
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429. To exj)an<l{^^x)-

_l(_.l_l)(_l_2)

1.2.3
•^^+-

ft 2}J.2 6it*

Examples.—cliv.

Expand

1. (l+JC-) - to five terms. 4. (1 + 2.') - to five terms.

2. (1 - a;-j ^ to nve terms. 5. (a' + x-) - to four terms.

_2 _r
3. {£" + £"''; •'' to fuur terms, 5. (a^ + x") ^ to fuur terms.

430. OliAcrvatinns nn theijeneral expression foi' the term involving

X' in, the expansions (I +x)" and (1 -x)".

The general expression for the term involving x', tliat is the

(r + 1)"" ti^nn, in the expansion of (1 +x)" is

n.fn — '[)...{n-r+l) ^'

" '1.2 :.r
•'"•

From this we must detluce the form in all cases.

Thus the (r+l)"' term of the expansion of (1 -x)" is found

by changing x into ( - x), and therefore it is

ii.(H-])...(?i-r_+l)

1.2..'......:r '} ^>
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If n be negative aud = -m, the (;•+ 1)"" term of the expan

sion of (1 + s;)" is

(-?n)(-m-l)... f-m-r + 1)
,"

iT2T. r
""

'

(-!)'• ! TO
• (to+1) . • . (m + r-l)i af.

Tj
' 1.2 .::r..Tr

If ??- lie negative and = -m, the (r + l)* term of the expjua-

siou of (1 +a;)" is

(-i)'.!7n. (771+1). ..(TO+r-i)f r- ./"
1.2. .7.. ..;..:.". y.~,.Vr'

'\~^ii

m. (77X+ 1) ... fTTi + r- 1) .
''''

1.2 .....;...r
'^'

EXAMPLES.~clV.

Find the j-*** tei'ms of the following expansions

:

I. (1+r)''. 2. (l-a;)i2. 3. (a -a;)". 4. (5x+22/)»

5. (l+a-)-l 6. (l-3x-)-^. 7- (!-«)"-• 8. (a + x)^

9. (l-2.r)"^'. -^ 10. {fC--x^~^,

1 1. Find the (r + 1)'" terra or (1 - a;)-'.

12. Find the (r + 1)'" term of (1 - 4x)~^.

13. Find the (r + 1)'" term of (1 + xf.

14. Show tliat the coefTicient of a;'+' in (1 -f-a:)''^-' ia the SUM
of the coeliicients of %' and x'^'' in (1 +x)".

15. \i^'hat is the fourth term of ( a - -
j

/^ ?

16. What is tlie fifth term of {ii^-lrf- ?

17. T^liat is tlie nintli term of (a- + 2x-)- ?

18. What is the tenth term of {a + 5)-" ?

19. What is the seventh term of (a + Z;)"" ?
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431. The following are examples of the application ef tin;

Binomial Theorem to the ajiproximatiou to roots of numbers.

(1) To approximate to the square root of 104.

Vio4=vaoo+4)=io(i+-|3)^

«ioji+l.A+lk:ll.(Ay
' 2 lOU 1.2 VlOO/

ja-)a-) .CAf.

:10^1+^^-^?^^+^^_.. I

1.2.3 AlUO/

^^ 2_ ___4
'

1
" "^

100 10000
"^ 1000000

'

= 10-19304 nearly.

(2) To approximate to the fifth root of 2.

^'2 = (1 + 1)^

, ,1 2 3 21

5 25 250 2500 •

3 9= 1 + —J +~— nearly
25 2500 ^ -

-<1-123G nearly.

(3) To approximate to the cube root of 25.

4/25=4/(27-2) =3|l-Ali

Here we take the cube next libove. 25, so as to make the
eecond term of the binomial as small as possible, and then
proceed as before.

Examples.—clvi.

Approximate to the following roots

:

I. 4^31. 2. ^108. 3. ^2C0. 4. 4/31.
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432. Tna gjinhols emploj-cd in our common system of

Arithmetical Notation are the nine digits and zero. These

digits when written consecutively acquire local values from

their positions with respect to the place of units, the value of

every digit increasing ten-fold as we advance towards the left

hand, and hence the number ten is called the ExVDix of the

Scale.

If we agree to represent the number ten by tlie letter t, a

number, expressed according to the conventions of Arithmetical

Notation by 3245, would assume tbe form

3i3 + 2i2 + 4< + 5

if exj)ressed according to the conventions of Algebra.

433. Let us now suppose that some other number, an five.

is the radix of a scale of notation, then a number expressed in

this scale arithmetically liy 2o41 will, if Jive be represented by

f, assume the form

2/3 + 3/2 + ^/+!
I

if expressed algebraically.

And, generally, if r be the radix of a scale of notation, a

number expressed arithmetically in that scale by 678!) will,

when expressed algebraically, since the value of each digit

increases r-fold as we advance tou'ards the left hand, be repre-

sented by

434. The number which denotes the radix uf any scale will

be represented in that scale by 10.

Thus in the scale whose radix is five, the number five will

be represented by 10.
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7

]n tlie same scale seven, being eijual to five + two, will

Lliei'efoi'e be represented by 12.

Hence tlae series of natural numbers as far as tv:e.ni'\j-five,\;\\S.

be represented iu tlie scale whose radix is five thus :

1, 2, 3, 4, 10, 11, 12, 13, 14, 20, 21, 22, 23, 24, 30, 31,

32, 33, 34, 40, 41, 42, 43, 44, 100.

435. In tlie scale wliose radix is eleven we sLall require

a new symbol to express the number ten, for in tliat scale the

number eleven is represented by 10. If we agree to express

ten in this scale by the symbol ^, the series of natural numbers

IS far as twenty-three will be represented in this scale thus :

1, 2, 3, 4, 5, 6, 7, 8, 9, i, 10, 11, 12, 13, 14, 15, 16, 17,

18, 19, 1;, 20, 21.

436. In the scale whose radix is twdve we shall require

another new symbol to express the number eleven. If we
ai^ree to express this number by the symbol e, the natural

nuuibers from nine to thirteen will be represented in the scale

whose radix is twelve thus :

9, i, e, 10, 11.

Again, the natural numbers from twenty to twenty-five will

be represented thus :

18, 19, It, \e, 20, 21.

437. The scale of notation of which the radix is two, is

called the Binary Scale.

The names given to the scales, up to that of which the

radix i« twelve, are Ternary, Quaternary, Quinary, Senary,

Septenary, Octonary, Nonary, Denary, Undenary and Duo-
denary.

438. To perform the operations of Addition, Subtraction,

Multiplication, and Division in a scale of notation whose index

is r, we proceed in the same way as Ave do for numbers ex-

pressed in the common scale, with this diflerence only, that r

must be used where ten would be used in the common scale :

which will be understood better by the following examples.
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Ex. 1, Find Uie sum of 4323 aud 5234 in the senary scale.

4325

5234

til c sum =14003

Avliicli is obtained by addinc; the numbers in. vertical lines,

carrying 1 for every six contained in the several results, and

setting down the excesses above it.

Tims 4 units and 5 units make nine units, that is, six units

together with 3 units, so wc set down 3 aud carry 1 to the

next column.

Ex. 2. Find the difference between C2345 and 534G6 in

the septenary scide.

G2345

534G6

the differenco = 5546

which is obtained by the folloAving process. TVe cannot take

six units Irom live units, we therefore add seven units to the

five units, making 12 units, and take six units from twelve

units, and then we add 1 to the lower figure in the second

column, and so on.

Ex. 3. Multiply 2471 by 358 in the duodenary scale.

24 7 1

3 5 S

,

'7083
c i d o

7 19 3

83 3 3l"8

Ex. 4. Divide 3672S6 by 8 in the nonary scale.

8 ; 367280

"42033

The following is the process. We ask how often 8 is contained

in 30, which in the nonary scale represents thirty-three units ;

the answer is 4 and 1 over. We then ask liow oiten 8 is con-

tained in 17, which in the nonary scale i-epresents sixteen units;

the answer is 2 and no remainder. And so for the other diyits.



SCALES OF NOTATION. 319

Ex. 5, Divide 1184323 by 5S9 in the duodenary scale.

589; 1184323 (^2433

3d 32

39^0

1523

1523

Ex. 6. Extract tlie sr^uare root of 10534521 in the scn^iry

scale.
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439. To transform a given integral number from one scale to

mother. .

^

Let N he tlie given integer expressed in tlie first scale,

r the radix of the new scale in which the number is to

he expressed,

a, h, c w, p, q the digits, n + l in number, expressing

tlie number in the new scale
;

80 that the number in the new scale will be expressed tliua :

ar" + br'^^ + cr"'^ + +mr'+x>r + q,

"Ws have now from the equation

JV=ar" + 6r"-i + c>'"~^+ +m)"+jjr + 2

to detennine the values of «, b, c m, f, q.

Divide N by r, the remainder is g. Let A be the quotient

:

then
yl = ar"-i 4- 5r"-2 + cr^^ + +mr+p.

Divide A by r, the remainder is p. Let B be the quotient

:

then
B= ar'^^ + lr'^^'+cr'^+ +to.

Hence the

first digit to the right of the number expressed in the

new scale is q, the first remainder

;

eccond = p, the second remainder;

third m, the thii'd remainder
;

and th.us all the digits may be detennined.

Ex. 1. Transform 235791 from the common scale to the

ecale whose radix is 6. .

235791

3929S remainder 3

Go 19 remainder 4

1U91 remainder 3

181 remainder 5

30 remainder 1

5 remainder

remainder 5

The number required is therefore 5015343.
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The digits l)y wliicli a nunil)er can be expressed in a scale

whose radix is r will be 1, 2, 3 r- 1, because tliese, witli 0,

are the only remainders which can arise I'roui a division in

which the divisor is r.

Ex. 2. Express 3598 in the scale whose radix is 12.

12

12

12

12

3598

299 remainder t

24 remainder e

2 remainder

remainder 2

/. the number required is SOyf.

440. The method of transforming a given integer from one

scale to another is of course applicable to cases in which both

scales are other than the common scale. AVe must, however,

be careful to perform the operation of division in accordance

with the principles explained in Art. 438, Ex. 4.

Ex. Transform 142532 from tlie scale whose radix is 6 to

the scale whose radix is 5.

5
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4- 3700 in the quinary scale.

5. 7G31 in tlie binary scale.

6. 2"! 5855 in the' duodenary scale.

7. 790158 in the septenary scale.

Transform

8. 34002 from the quinaiy to the quaternary scale.

9. 8978 from the undenary to the duodenary scale.

10. 3256 from the septenary to the duodenary scale.

1 1. 37704 from the nonary to the octonary scale.

12. 5056 from the septenary to the quaternary scale.

13. 654321 from the duodenary to the septenary scale.

14. 2304 from the quinary to the undenary scale,

441. In any scale the positive integral powers of the num-
ber which denotes the radix of the scale are exjjressed by

10, 100, 1000

Thus twenty-five, which is tlie square of five, is expressed in

the scale wliose radix is five l.>y 100: one hundred and twenty-

tive will be expressed by 1000, and so on.

Generally, the n* power of tlie number denolinc; the radix

in any scale is expressed by 1 followed by n cyphers.

The highest number that can be expressed by p dii^its in a

scale whose radix is r is exjircsstd by r' - 1.

Thus the highest number that^an be expressed by 4 diyita

in the scale whose radix is five is

10* - 1, or 10000 - 1, that is 4444.

The least nundier that can be expressed by p digits in a

scale whoie ladix is r is expressed by r*""'.

Thus the least number that can be expressed by 4 digits in

tile scale whose radix is five is

10'^' or 10-. that is 1000.
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442. In a scale wLose radix is r, the sum of the digits of

an integer divided by (r- 1) will leave the same remainder as

the integer leaves when divided by r- 1.

Let N be the number, and suppose

Then

iY=r((r"-l)-f-?/(r"-i-l) + c(r"-2-l)+ ... +m(r-- 1) +2)(r- 1)

-^\a^-'b^c-^ \m.\'p\q\.

Now all the expressions r" - 1, r""^ — 1 r--l, r-1 are

divisible by r - 1

;

JV . , rt + 5 + c+ Tn + P + ff

.. r-= an integer -I :;

^^

—

-
;r-\ ° r-1

which proves the proposition, for since the quotients differ by

an integer, their fractional parts must be the same, that is, the

remainders after division are the same.

Note. From this proposition is derived the test of the

accuracy of the result of Multiplication in Arithmetic by cast-

inrj out ilie nines.

For let A = Om + a,

and lJ= dn + b;

then AB=0(dmn + an + hn) + ah;

that ia, AB and ah when divided by 9 will leave the same

reaaainder.

Radical Fraclioiis.

443. As the local value of each digit in a scale whose radix

is r increases r-fold as we advance from right to left, so does

the local value of each decrease in the same proportion as we
, advance from left to right.

If then we affix a line of digits to the right of the units'

place, each one of these having from its position a value

one-r"" part of the value it would have if it Avere one place

further to the left, we shall have on the right hand of the

units' place a series of Fractions of which the denominators
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are successively r, r^^'fi, , wliilo the numerators may ba

any numbers between r—\ and aero. These are called

Radical Fractions.

In our common system of notation tlife word- Ttadical is

replaced by Decimal, because ten is the radix of the scale.

Now adopting the ordinary system of notation, and maiking

the place of units by putting a dot • to the right of it, we have

the following results :

246-4789^2xl0^ + 4xl0 + G + A^-^ + A+^,;
In the denary scale

246-4789-2;

in the quinary scale

324-4213 = 3xl0^ + 2xl0 4-4-fl + A^+^^-f-l„

remembering that in this scale 10 stands 'ior five raid Jiot for ten

(Art. 434).

444. To show that in any scale a radical fraction is a proper

fraction.

Suppose the fraction to contain n digits, a, b, c

Then, since r- 1 is the Jdghcst value that each of the digits

can have,

^+
-^ + ... is not greater than (»'- 1) (

- + -.j + ... to n terms)

than (r-l) 5---—

•

1

not greater than (r- 1) ^ - •

( r" - 1 )
not greater than (r-1) \ _-__.- ].

ir(r-l)j

not greater than

not greater than 1 -—

.
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Hence the siven fraction, is less tlian 1, and is tlierefore a

proper fraction,

445, To transform a fraction expressed in a given scale into

a radical fraction in any other scale.

lj»i ^ be tlie given fraction expressed in the first scale,

r the radix of the new scale in which the fraction is to

be expressed,

a, h, c ... the digits expressing the fraction in the new
scale, so that

F=^ +\+U ...

from which erpation the values of a, b, c..,are to be deter-

mined.

Multiplying Lotli sides of the equation by r,

Fr= a + ^~ +U... *

r r-

he.Now - + -2+ ..• is a proper fraction by jxrt. 444.

Hence the integral part of Fr will =a, the first digit of the

n^w fraction, and the fractional part of ^r will

be= - + -0+ ...
r r^

Giving to this fractional jxart of Fr the symbol Fi we have

r r^

Multiplying both sides of the equation by r,

F,r= h + ~+ ...
r

Hence the integral part of F-^r^b, the second digit of the new
fraction, and thus, by a similar process, all the digits of the

new fraction may be found.
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3
Ex. 1. Express = as a radical fraction iii tlie quinary

scale

:

^x5-^- +„,

1 r
5 ,^ 5

i 1 i

4 ^ 20 „ 6

6 . 30 . 2^x5 =^ = 4 + -^,

2 . 10 , 3
-.x. = -^=l+-;

tlierei'ore fraction is -203241 recurring.

Ex. 2. Express -84375 in the octenary scale

:

•84375

8

6-75000

C-00000

Tlie fraction required is -G6.

Ex. 3. Transform -42765 from tlie nonary to the senary

scale.

•42765

6

2-78133

6

5-23820

6

1-55430

6

3-65800

Tlie fraction required is •2513
.
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Ex. 4. Transform el24'i275 from tlie duodenary to the

iHUiteniary scale

:

4

4

4
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(5) by 11 if the difference between the sum of the digits

ill the odd places and the sum of those in the even

places be divisible by 11.

8. If iV be a numlier in the scale whose radix is r, and n

1)6 the "number resulting when the digits of N are reversed,

show that N-n is divisible by r- 1.

XXXYIII. ON LOGARITHMS.

446. Dep. The Logarithm of a number to a given base

is the index of the power to which the base must be raised to

give the number.

Thus if 9U= a", x is called the logarithm of m to the base a.

For instance, if the base of a system of Logarithms be 2,

3 is the logcirithm of the number 8,

because 8= 2^:

and if the base be 5, then

3 is the logarithm of the number 125,

because 125= 6^.

447. The logarithm of a number m to the base a is written

thus, log^m; and bo, irm= a',

a;=log,?j».

Hence it follows that m= a'**''"'.

448. Since ! = «", the logarithm of unity to any base is

zero.

Since a=a}-, the logarithm of the base of any system

is unity.

449. T^e now proceed to describe that which is called the

Common S3'SLera of logarithms.

The base of the system is 10.
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By a system of logai-itlims to the base 10, we mean a succes-

sion of values of x which satisfy the er^uation

771 = 10*

for all positive values of m, integral or fractional.

Such a system is formed by the series of logarithms of

tlie natural numbers from 1 to 100000, which constitute the

logarithms registered in- our ordinary tables, and which are

tlierefore called tabular logarithms.

450. Now

and so on.

1 = 10",

10= 10^

100= 102,

1000= 103,

Hencf the lo^'arithm of 1 is 0,

of 10 is 1,

of 100 is 2,

of 1000 is 3,

and so on.

Hence for all numbers between 1 and 10 the logarithm ia a

decimal less than 1,

between 10 and 100 the logarithm is a decimal between 1

aud 2,

between 100 and 1000 a decimal between 2

and 3, and so on.

451. The logarithms of the natural numbers from 1 to 12

stand thus in the tables :

No.
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452. The integral parts of the logarithms of numbers

higher than 10 are called the charactcriMics of tliose logarithms,

and the decimal parts of tlie logarithms are called the luaniitisce.

Tims 1 is the characteristic,

•0791812 the mantissa,

of the logarithtQ of 12.

453. The logarithms for 100 and the nunihers that succeed

it (and in some tables those that precede 100) have no charac-

teristic prefi.xed, because it can be supplied by the reader, being

2 for all numbers between 100 and 1000, 3 for all between

1000 and 10000, and so on. Thus in the Tables we shall

find

No.
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Let <m— a",

and n= a".

Then w.n — 0'+'

;

Hence it fullows tliat

log„mH_p = Iog^m 4- 1og„n + 1og„p,

.and similarly it may be shown that the Theorem holds good

for anj' number of factors.

Til us the operation of Multiplication is changed into that of

A<!.lilion.

Suppose, for instance, Tre want to find the product of 24G

ami 357, we add the logarithms of the factors, and the sum is

tlie logarithm of the product: thus

log 246= 2-3909351

log 357 = 2-5526682

their sum= 4-9436033

wliich is tlie logarithm of 87822, the product required.

Note. We do not write log,o246, for so long as we are

treating of logarithms to the particular base 10, we may omit

the suhi.v.

456. Tlie Inrjarithn of a quotient is eq%ial to the logaritJim of

the dividend diadnishcd by the logarithm of the divisor.

Let m= a',

and n= a^.

tv,

Then - = a^-';
n

.-. log„- =x-y

= log,.m-log„TC.

Thus the operation of Division is changed into that of Sub-
tiaction.
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If, for example, we are required to divide 371-49 by 52-376,

we proceed thus,

log 371 -49 = 2-5699471

lo" 52376= 1-7191323

their difference= -8508148

. which is the logarithm of 7-092752, the quotient required.

457. Tlie logarithm of any power of a number is equal to tlie

product of the lojarithm of the number and the index denoting the

power.

Let
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If, for example, we have to find the fifth root of 16807, we
proceed thus,

6
j

4-2254902, the log of 16807

•8450980

which is the logarithm of 7, the root required.

459. Tlie common system of Logarithms has this advaiitnge

over all others for numerical calculations, that its base is the

same as the radix of the common scale of notation.

Hence it is that the same mantissa serves for all numhers

which have the same significant digits and difler only in the

position of the place of units relatively to those digits.

For, since log 60 = log 10 + log 6 = 1 + log 6,

log 600 = log 100 + lo.p; 6 = 2 + log 6,

log 6000= log 1000 + log 6 = 3 + log 6,

it is clear that if we know the logarithm of any number, as 6,

we also know the logarithms of the numbers resulting from

multiplying that number by the powers of 10.

So again, if we know that

log 1-7692 is -247783,

we also know that

log 17*692 is 1-247783,

leg 176-92 is 2-247783,

log 1769-2 is 3-247783,

log 17692 is 4-247783,

log 176920 is 5-2^47783.

460. We must now treat of the logarithms of numbers leao

than unity..

Since 1 = 10",
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the logaritlim of a number

.: bet\veeii land '1 lies between and - 1,

between "land '01 -land -2,

between "01 and -001 -2 and -3,

and so on.

Hence tbe logarithms of all numbers less than tmitj ore

n?gative.

We do not require a separate table for these logarithms, for

we can deduce them from tiie logarithms of numbers greater

than unity by the following process :

log -6 =log^ =log6-logl0 =logG-l,

log -OG =log~ = log 6 - log 100 =log 6-2,

log -ooe^iog
i4j

= ^°° ^ ~ ^°S 1000 = log C - 3.

Now the logarithm of 6 is "TTSISIS.

Hence

log -6 « - 1 + -7781513, which is written T-77S15i.3,

log -06 = - 2 + -7781513, which is written 2-7781513,

log -000= -3 + -7781513, which is written 3-7781513,

the characteristics only being negative and the mantissaB

positive.

461. Thus the same mantissa) serve for the logarithms of

all numbers, whether greater or less than unity, which have the

same significant digits, and differ only in tlie jposition of the

place of units relatively to those digits.

It is best to regard the Talde as a register of the logarithms

of numbers which have one significant digit before the decimal

point.
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No.
I

Log

For instance, wlieu we read in the tables 144
|
15S3625, we

interpret tlie entiy thus

log 1-44 is •15S3G25.

We then obtain the following rules for the characteristic to

be attached in each case.

I. If the decimal point be shifted one, two, three ... n

places to the right, prefix as a characteristic 1, 2, 3 ... «.

II. If the decimal point be shifted one, two, three. ..?i

places to the left, prefix as a characteristic f, 2, 3 ... «.

Thus log 1-44 is -1583625,

.-. log 14-4 is 1-15S3G25,

log 144 is 2-1583625,

log 1440 is 3-1583625,

log •144isT-15S3G25,

log -0144 is 2-1583625,

log -00144 is 3-1583625.

462. In calculations with negative chk' „otcristics we follow

the rules of algebra. Thus,

(1) If we have to add the logarithms 3-6 J62S and 2-42367,

we lirst add the nuintissa), and the result i^ 1-U6995, and then

add the characteristics, and this result is 1.

The final result is T + 1-06905, that is, -06995.

(2) To subtract 56249372 from 3-2456973, we may arrange

the numbers thus,

-3 + -245G973

- 5 + -6249372

1 4- -6207601

the 1 carried 07i frijm the last subtraction in the decimal places

changing -5 into -4, and then -4 subtracted from -3 giving

1 as a result.

Hcuce the resulting logarithm is 1-6207601.
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(3) To multiply 3-74825G9 by 5.

3-74S25C9

5

12-7412845

the 3 carried on fi'om the last multiplication of the decimal

places being added to — 15, and thus giving — 12 as a result.

(4) To divide I4-245CT3G by 4.

Increase the negative characteristic so that it may be exactly

divisible by 4, making a proper compensation, thus,

14-2456736 =l6 + 2-2456736.

14-2456736 16 + 2-2456736 - ,,,,,„,
Then ^ = 4 =4 + -5614184;

and 80 the result is 4-5614184.

Examples.—clx.

1. Add 3-1651553, 4-7505855, 6-6879746, 2-6150026.

2. Add 4-6843785, 5-6650657, 3-8905196, 3-4675284.

3. Add 2-5324716, 3-6650657, 5-8905196, -3156216.

4. From 2-4S32G9 take 3-742891.

5. From 2-352678 take 5-428619.

6. From 5-340162 take 3-624329

7. Multiply 2-4596721 by 3.

8. Multiply 7-429683 by 6.

9. Slultiply 9-2843617 by 7.

10. Divide 6 3725409 by 3.

1 1. Divide 14-432062 by 6.

12. Divide 4-53627188 by 9.

463. We shall now explain how a S3'stem of logaritlima

calculated to a base a may be transformed into another system

of which the base is 6.
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Let m be a nuniLer of wliicli the logaritlim in tlie first

Bystciu is X and in the second i/.

Then w= a*,

and m= 6*.

Hence V'^a'y

w

-



338 ON LOGARITHMS.

latter "by a common multiplier called The ilodulus of the

Commoii System

This modulus is, in accordance with the conclusion of

Art. 4G3, ,-^-ns-' log, 10

That is, if I and N be the logarithms of the same number in

the common and Xapierian systems respectively,

log, lu

Now log, 10 is 2-30258509 ;

1 . 1
or -43429448,

•• log, 10 ^ 2-30258509

and so the modules of the common system is -43429448.

, 466. To prove that log„& x log4a=l.

Let x=log„6.

Then 5= a';

1

Thus ^ log,5 X logjrt=xx-

= 1.

467. The following are simple examples of the method of

applying the principles explained in this Chapter.

Ex. 1. Given log 2 = -3010300, log 3= -47'71213 and

log^7 = -8450980, find log 42.

Since 42 = 2x3x7

log 42 = log 2 +log 3 + log 7

= -3010300 + -4771213 + -8 1309S0

-si -6232493
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Ex. 2. Given log 2 = •3010:300 and log 3 = -4771213, find

tlic logarithms of G4, 81 and 9(5. ..^

log 64= log 2« = 6 log 2

log 2 = -3010300

6

.*. log 64= 1-8061800

log 81= log 3*= 4 log 3

log 3 = -4771213

4

.-. lo" 81 = 1-9084852

log 96= log (32 X 3) = log 32 + log 3,

and log 32 = log 25= 5 log 2;

.-. log 96 = 5 log 2 + log 3 = 1-5051500 + -4771213 = 1-9822713.

Ex. 3. Given log 5 = -6989700, find tlie logarithm oi

^(6-25).

lug(G-25)' = ^^logo-25 = Jlogg^= -J-(logG25-logl00)

==^(log5''-2) = -J-(4log5-2)

a=
^
(2-795SS00 - 2) = -1136657.

EXAMPLES.—Clxi.

1. Given log 2 = -3010300, find log 128, log 125 and

log 2500.

2. Given log 2 = '.3010300 and log 7 = -8450980, find tliei

logarithms of 50, '005 and 196.

3. Given log 2 = -3010300, and log 3 = -4771213, find th^

logarithms of 6, 27, 54 and 576.

4. Given log 2 = -3010300, log 3 = -4771213, log 7= -8450980,

find log 60, log -03, log 1-05, and log -0000432.
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5. Given log 2 = -301(1300, log 18= 1-2552725 and

log 21 = 1-3222193, tind log -00075 and log 31-5.

6. Given log 5 = •6989700, find the logarithms of 2, -004,
1

/OfJ0\14

and

7. Given log 2 = '3010300, find the logarithms of 5, -125,

(590\l»

8. What are the logarithms of *01, 1 and 100 to the base

10? What to the base -01 ?

9. "What is the characteristic of log 1593, (1) to base 10,

(2) to base 12 ?

10. Given r^^ = 8, and a;= 3?/, find x and y.

11. Given log 4= -0020000, log 104 = -0170333:

i_

(a) Find the logarilluns of 2, 25, 83-2, (G25)'°*.

(6) How many digits are there in the integral part of

13. Given log 25 = 1-3979400, log 1-03 = -0128372:

(a) Find the logarithms of 5, 4, 51-5, (-064)"*.

(Z*) How many digits are there in the integral part of

(1.03)000 ?

13. Having given log 3 = -4771213, log 7 = -3450980,

log 11 = 1-0413927:

77 3
:; find the logarithms of 7C23, 7^,-: and —xr.° ' 300 539

14. Solve the equations

:

(i) 4090'=-^-. (4) a"'^P=C.

(2) Qy=6-25, (5) a^.Z-*-'=r^.

JO) a'.Z^=wi. (6) a^i"* =c^-*'.
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468. "We have explained in Arts. 459—4G1 the advantages

of the Common System of Logarithms, which njay be stated iix

a more general form thus :

Let A lie any sequence of figiires (such as 2-35916), having

i)?ie digit in the integral part.

Then any number N having the same sequence of figures

(such as 2:35-916 or -00235916) is of the form A x 10% where »
is an integer, positive or negative.

Therefore logjgiY= logj^(4 x 10")= logj^^ + n.

Now A lies between 10" and 10^, and therefore log A lies

between and 1, and is tlieretore a proper fraction.

But log^^iiV and log]„/l differ only by the integer n
;

.". logj^A is the fractional part of log,(,iV.

Hence the . lofiarithmx of all nnnihcrs having the same
SEQCENCE OF FIGURES liava tlie same mantissa.

Therefore one recjister serves for the mantissa of logarithms of all

such numbers. This renders the tables more comprehensive.

Again, considering all numbers which have tlie same

sequence of figures, the nundier containing two digits in the

integral part=10.yi, and therefore the characteristic of its

logarithm is 1. |

Similarly the number containing m digits in the integral

part =10"', A, and therefore the characteristic of its logarithm

is m.

Also numbers which have no digit in the integral part and

one cypher after the decimal point are equal to A .
10~^ and

A .
\0~'^ respectively, and therefore the characteristics of their

logarithms are -1 and —2 respectively.

Similarly the number having m cyphers following the declu^d

point ==^. 10-""+";

,". the characteristic of its logarithm is ~{m+ 1).

Hence vr, see that the characteristics of the logarithms of all

numbers can be determined hj inspection and therefore need not be

regi^ered. This renders the tables less bulky.
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4G9. The method of using Ta!>les of Logarithms does

not fall within the scope of this treatise, but an account of

it may be found in the Author's work on Elementary
TRlGONOilKTRY.

470. We proceed to give a short explanation of the way
in which Logarithms are applied to the solution of quesLionb

relating to Compound Interest.

471. Suppose r to represent the interest on £\ for a year,

then the interest on P pounds for a year is represented by
Pr, and the amount of P pounds for a year is represented

by P + Pr.

472. To find the amount of a (jivcn sum for any time at

comjpound interest.

Let P be the original principal,

r the interest on £\ for a yeas-

n the number of years.

Then if P^, P„, P^ ... P, be the amounts at liie en(? of

1, 2, 3 ... ?t years,

r, = P +Pr = P (1 + r),

P, = Pi + P,r=P,(l + r)=P(l+r)2,

Pj= P., + P.r= P, (1 + r) =P (1 + rf.

P„^P{l+r)\

473. Now sujipose P,„ P and r to be given : then by the aid

ol Lugarithms we can find n, fur

log P„ = log
I
Pa + r)"!

= logP + «log(l+r);

loii(H-r) •
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474. If the interest be payable at intervals other than a

year, the formula P„ = P(1 + r)'' is applicable to the solution of

the question, it being observed tliat r represents tlie interest

on £\ for the perioii on which the interest is calculated, lialf-

yearly, quarterly, or for any otiier period, and n represents the

number of such periods.

For example, to find the interest on P pounds for 4 years

at compound interest, reckoned q^uarterly, at 5 per cent, per

annum.

15 1-2.5
Here r= oF —-=——= •OI'^dlitre '^

4''^1U0 100 "^"^^

%=4x4= 16;

/. P„= P(1 + -0125)18.

Examples.—clxii.

2Sr.B.—Tlic Logarithms required may be found from tlie

extracts from the Tables given in pages 329, 330.

1. Tn bo-w- many years will a sum of money double itself

at 4 per cent, compound interest ?

2. Tn how many years will a sum of money double itself

at 3 per cent, compound interest ?

3. In h(nv many years will a sum of money double itself

at 10 per cent, compound interest ?

4. In how many years will a sum of money treble itself

at 5 per cent, compound interest ?

5. If £F at compound interest, rate r, double itself in n
years, and at rate 2r in m years : show that m : n is greater

than 1 : 2.

6. In liow many years will ^1000 amount to .£1800 at

5 per cent, compound interest {

7. In how many j-ears will £F double itself at G per cent

per ann. compound interest payable half-yearly \



APPENDIX.
475. The following is another niethotl of f)roving the prin-

cipal theorem in Permutations, to AvUich reference is made in

the note on page 289.

- To prove that the numher ofpermutations of n things tahen r at

a time is n. (n- 1) (n— r+l).

Let there be n things a,h,c,d

If n things he taken 1 at a time, the numher of permutations

is of course n.

Now tahe any one of them, as a, then n-1 are left, and

any one of these maj'' he put after a to form a pei-mutation,

2 at a time, in -which a stands first: and hence since there are

n things \vliich may begin and each of these n may have n-1
put after it, there aie altogether n(n—\) permutations of n

things taken 2 at a time.

Take any one of these, as ah, then there are n-2 left, and

any one of these may be put after ah, to form a permutation,

3 at a time, in which ah stands first : and hence since there

are n{ri - 1) things which may begin, and each of these n (h - 1)

may have n-2 put after it, there are altogether ii.(n

-

1) {n - 2)

permutations of n things taken 3 at a time.

If we take any one of these aa ahc, there are « - 3 left, and

BO the nu}nber of permutations of n things taken 4 at a time ia

«.(M-l)(ji-2)(n-3).

So we see that to find the number of permutations, taken

r at a time, we must multiply the number of permutations,

taken r-1 at a time, by the member formed by subtracting

r—1 from n, since this will be the number of endings any one

of tliese i^ermutations may have.

Hence the number of permutations of n things taken 5 at a

time is

n{n-l){n-2) (n-3) x (n-4), or ?i(n-l)(?i-2) (n-3) (n-4);

and since each time we multiply by an additional factor the

niunber of factors is equal to the number of things taken at a

time, it follows that the number of jjermutatious of n things

taken r at a time is tlic product of the factors
,

n.0i-l)Oi-2) (n-r + l)
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I,
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19. a* - 4a^5 + U^h- + Aa%^ - 1 7a// - 1 265.

20. a5 + 5a''6 + a?}r - I0a"l? + 12a6' - Oh\

21. a* + 4a-a;- + lGa;*. 22. SlaHOaV + JC*.

23. a;8 + 4aV+16«*. 24. a^ + // + c^ - 3a6c.

25. a;S + a;''?/

-

9:k^7/2 _ oq^Y + 2x?/* + I'nf.

26. a-i^ + o"[Z- - a-c' - h-J?. 27. x^ - a^.

28. a;^ - a.x" + 6.6'- - ex- — a6,T + aca; - k'x + aic.

34?

30. sfi — I/".29. l-cc^

33. 2. 34. -14

37. 2. 38. 7/t-.

35. ab + ac + hc.

33. -47.

36. -GO.

ix. (Page 28.)

1. -a^b. 2. -«\ 3. -a"6l 4. I2u^h\

5. -30xy. 6. -a^ + «2?,_aZ,2_ y^ - Ga^ - Sa^ + I0a\

8. a* + 2^3 + 2«2 + n. q. _ g.,;^;/ + a;-^/- + 7x(/^ - 1 S*/*.

10. 5m^ + m")i-lom'ir + 7n\ 11. - 13/''- 22;-'- + 9Gr+ 135.

12. ~7x^ + xh + Sx"z' + dx:.- + 9.^1

13. a;« + a;y. 14. o;^ + it";/ + 2^;-^ + 2^^?/" + 2/*.

X. (Page 32.)

I. x^ + ^ax + a^. 2. a:2_2a3; + a2, 3. a;' + 4a; +4
4. a:2-6a; + 9. 5. a;^ + 2.ty + ?/. 6. a;* - 2x'-//2 + ^.

7. a'5 + 2a^6H68. 8. a^-2aW + b^

9. a^ + ^2 _,. j;2 ^ 2x?/ + 2.v;aj + 2 f/3.

10. a;2 + 2/2 + ^2 _ 2^-|„y ^ 2xz - 'i'jz.

11. m^ + ?i,2 ^^1 ^ j.'j ^ 2nni - 2nqi - 2mr - 2np - 2«?' + 22)r.

12. ic* + 4x3 -2x2-12.0 + 9. 13. X*- 12x3 + 50x2 -S4a: + 48t

14. 4x*-28.o3 + 85x2 -126x1-81.

15. x« + 2/^ + *'' + 2^=i/-
- 2x2^2 _ 2uh^
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1 6. x^- 8x-'tf + 1 Sr ?/* - Qx-if + if-

17. a" + Z/" + c" + 2crP + 2a^c^ + 2/j3c3.

1 8. a:" + 9/« + s''-2xy-2xV + 22/"35.

19 a;- + 4 (/- + 9^" + 4ry - 6xz - 1 2ijz.

2 o. a:< + 4i/+ 25a* - 4xY + 1 0.x:"2'' - 20yh^.

31. x'' + 3«a;^ + 3a"x + a.3. 22. x^ - Zax- + 3a-x - a^.

23. x'' + 3.<:'+rAC+l. 24. a;3-3;c' + 3x-l.

25. a;'' + G,/;- + 12x + 8. 26. a« - Su^i^ + 3a-Z;* - &6.

27. 0" + 3a"Z> + 3((Z^- + P ] c^ + P.a^c + Ga'hc + Zlrc + 3ac' + 2hc^.

28. a^ - 3rt"& + 3a52 -P-c^- Za^c + Gahc - ZWc + ?mc^ - 2lc\

29. m* - 2/?i-?i'' + 71* 30. m"'-|-2i/i,%-2??i?i^-n.*.

Xl. (Page 34.)

I. ^3. 2. x^. 3. a''?/. 4. a;^p\ 5. C5c. 6. Sc^.

7. lGa"i"cl 8. 121//t';i^7>^ 9. 1 •2(^'./•(/*. 10. Sa^ic^.

Xii. (rage 35.)

I. a;"H-2x + l. 2. ?/-;'/" + y - L 3- a- + 2r(/) + C^"-*.

4. a:'' + w^rc- + i/i'jA 5. 4(ry-7a; + aA 6. SxV - 4x"i/" - 2(/.

7. 27m%-'''-18r/i"j(* + 9?/.';5. 8. 3a;Y - 2.'n/ - 1/*.

9. 13u"6-0aZ;2 + 7i. 10. 19Z/V + 12Z/V-76<J*.

Xill. (Pago 3G.)

I, -8. 2. \ba\ 3. -21a;";/''.

4. -Giivn. 5. ICi'ri. 6. aV + ax + l.

7. -2a5+3a-x2. 8. 2 + Ga-5-8am

9. -12.C- + 9/2/-.V. 10. - x^ + Z;"x' 2- + %.

Xiv. (Pago 38.)

I. x + 5, 2. x-10. 3. a; + 4. 4. 05 + 12.

5. x^ + lxvVl. 6. a;2-l. 7. a^+ai+L
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8. x3-3x- + 3x + l. 9. x^-2x-l. 10. X-- 2x4-1.

II. a;2-x + l. 12. a:3-2x"- + 8. 13. a;'''+3(/-.

14. a3 + 3a2i;l-3a6- +R 15. a^-4a^Z>+Ga2Z/2_ 4^,53 + ^4,

16. a;^-Gx + 5. 17. a? - ^a-l + ZaW + Ah\

1 8. 2ax2 - 3a-x + al 19. x--x + \. 20. a;^ - a^.

21. x + 2i/. 22. a;''-x^?/-f x-(/- — xj/^ + T/*.

23. 'jy' + x^ij + :»''>f-^x-if + xif + -)f. 24. a + 6-c.

25. -?) + 26--fc^. 26. a-Z) + c-d

27. x^ - Xi/ - X3 + 1/^ - i/a + s^. 28. x^^-xhj' irx^'y'^~xhf-{-y^.

29. 2J + 2(/-r. 30. a* — a^6 + a-Zy- - ai" + 6''.

31. x"* + xhj + X- (/' + x\f + y*. 32. 2x^ - 3x- + 2x.

2^. u^ + da^ + Du- + 27a + Sl. 34. JJ +¥ + L

35. X--9X-10. 36. 24x--2ax-35tt^

37. Gx--7x + S. 38. 8x^ + 12«x--lS(t-x-27a'.

39. 27x"' - oQax" + -lSa'x- (jia\ 40. 2« + 3&.

41. x + 2«, 42. a~-4b\ 4 J. x'"-3x-i/.

44. X- - 3x)/ - 2^'-'. 45. x^ + 3x-^ + 9x^- + 27?/.

46. a^ + 2a-b + 4ah'- + 8b^ 47. 27a^-18«26+ 12«62-86\

48. 8x2-12x"v/ + 18x(/--27y\ 49. 3rt + 2& + c.

50. a'^-2ax + 4x\ 51. x^ + xy + y\ 52. I()x2-4xi/-f7/"''.

53. x2 + xi/-i/. 54. ax2 + 4a-x + 2al 55, a-x.

56. x-y-z. 57. 3x''-x + 2, 58. 4-Gx+8x'^-10x'.

59. x + y. 60. ax + by-ah-xy. 61. Ix + ay.

62. x^ - ax + b\

XV. (Page 40.)

I. x- + ax + b. 2. y^^{l + m)y + lm. 3, x^ + cx + d.

4. x^ + ctx-i. 5. x^ _ ^5 ^ (^ a; ^ j,j^^

xvi. (Page 42.)

t/j,5 ., m^n + Sec, m^ - r)i''n + &c
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2. m + n, m- + mn + n-, w? + m-n + &c., m^ + mhi + &c.,

m'' + iiv'n 4- &c.

3. a-l, c(r - a + l, a'^ - a? Jr &c., a'^-a^^ &c., aJ-a'^ + &c.

4. !/ + 1, 2/" + 2/ + 1 , '/ + y"^ + &c., 1/" + 1/ + &c., 1/" + 2/^ + &c.

xvii. (Page 43.)

r. bx{x-Z). 2. 3x (x- + 6a; - 2). 3. 7 (Ti/ - 2?/ + 1).

4. 4x1/ (x- - 3x7/ + 2?/-). 5. a;(x^ — ax^ + &x + c).

6. 3x'2/2(x2?/-7x + V). 7. 27a36«(2 + 4a'62_9(^5^n^_

8. 45x'»i/ (x^i/^ - 2x - 81/).

xviii. (Page 44.)

I. (x-a)(x-&). 2. (a-x)(&-l-x). 3. Qj-y){c + y).

4. (a + «0 {h + "')• 5 • ("* + 2/) (^'^' ~ V)- 6. (aZ) + cJ) (x - y).

7. {cx + my){dx-ny.) 8. {ac-ld) [hx-dy).

xix. (Page 45.)

I. (x + 5)(x + 6). 2. (x + 5)(x + 12). 3. (2/ + 12)(?/ + l).

4. (?/ + ll)(y + 10). 5. (m + 20) (in + 15). 6. (m + G) (»i + 17).

7. (a + S5)(rt + &). 8. (x + 4m)(x + 9Hi). 9. (y + 37i)((/ + IGu).

10. (2 + 4p)(s + 25p). II. (x2 + 2)(x2 + 3).

12. (x^+l)(x3 + 3). 13. (x7/ + 2)(xy + lG).

14. (xy + 3)(xV + 4). 15. (r/i,V8)(m'5 + 2).

16. (?i + 202)(H + 72).
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xxi. (Page 4G.)

I. (a; + 12)(x-5). 2. (x + Vo){x-2). 3. ((X + 12) («-l).

4. (a + 20)(a-V). 5. (& + 25)(6-12). 6. (6 + 30)(&-5V

7. (x'' + 4)(x*-l), 8. (3;i/+14)(5CP/-ll).

9. (m'V20)(m'''-5). 10. (w + 30) (n - 13).

xxii. (Page 4G.)

I. (x-ll)(x + 6). 2. (x-9)(x + 2). 3. (m-12)(/7?, + 3),

4. (n-15)(n + 4). 5. (y- 14) (y + l). 6. (a- 20) (;3 + 5).

7. (x5-10)(x5 + l). 8. (C(Z - 30) (ccZ + 6).

9. (m^n-2)(TO% + l). 10. (2?Y-12)(2jV + 7).

xxiii. (Page 47.)

I. (x-3)(x-12). 2. (x + 9)(x-5).

3. (a&-18)(a& + 2). 4. (x* - 577i) (x* + 27n).

5. (2/3 + 10) (7/ -9). 6. (x2 + 10)(x2-ll).

7. x(x2 + 3ax + 4«-). 8. (x + m) (x + n).

9. (2/3_3)(y3_i). io_ (xy-a&)(x-c).'

il. (x + a)(x-6). 12. (x-c)(x4-(i).

13. {ah-d){h-c). 14. 4.(a;-4?/)(x-32/).

XXiv. (Page 48.)

I. (a; + 9)2. 2. (x + 13)2 3. (x + lT)^. 4. (7/ + I)'.

5. (3 + 100)2. 6, (a;2 + 7)2. 7. (x + 5y)l 8. (m^+S/t-)'.

9. (x3 + 12)2. ' 10. (xy + Siy.

XXV. (Page 48.)

I. (x-4)2. 2. (x-14)2. 3. (x-lS)2. '
4. (y-20)2.

5. (3-60)2.: 6. (x2-ll)2.
_ 7, (x-157/)2. ..P (m--167i2;2.

9. (x^-19)2. ^^
^ --^...J.
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XXVi. (Page 50.)

I. {x + y){x-y). 2. (x + 3)(x-3). 3- (2x + 5) (2u; - 5).

4. (a2 + x2)(a2-x-0. 5- (^•+l)(.c-l). 6. (x^ + l) (rc^- 1).

7. (x' + l)(x4-l). 8. (/jr + 4)(w2-4).

g. (G(/ + 7s) (G;/ - Ts). lo. (9x?/ + llah) (Oxy - llah).

II. (a~l + c){a-b-c). I2, (x + m-n) (js-m + w).

13. {a + h + c + d){a + h-c~<I), 14. 2xx2y.

15. (x-y+8)(a;-y-z).

16. (a-6 +m+ n) (a-6-m-«)-

17. (a-c + & + (Q (a-c-6- J). iS. (u + h-c) (a-h + c).

19. (x + 2/ + z) (x + y-s). 20. (a-6 + m-?i) («-^-'»i + '0-

21. (aa; +% + l)(ax4-%-l). 2-2. 2ttxx252/.

23. {\+a-h){l-a + h). 24. (1 +33-1/) (1 -x + y).

25. (x + y + 2!)(x-y-s). 26. (a + 2?(-3c)(a-26 + 3c).

27. (a2 + 4f>)(a2-46). 28. (1 + 7(;) (1 -7c).

29. (a-& + c + d)(«-&-c-d). 30. (a + 6-c-rf) («-^-c + ci).

31. 3ax(ax + 3)(cix-3). 32. (a'-^6^ + c^) (ft-6^ - c").

33. 12(x-l)(2x + l). 34- (9^ + 7y)(5x + i/).

35. 1000x506.

xxvii. (Page 51.)

I. {a + b)ia'^-ah + h^. 2. {a-b) {a^ + ah + h'^.

3. (a-2)(a2 + 2a + 4).

4. (x + 7)(x2-7x + 49).

5. (6-5)(// + 5& + 25). 6. (x + 4i/)(x2- 4x2/ + 10^2).

7. (a-6)(a^ + Ga + 3G). 8. (2x + 3^/) (4x2 - Gxy + 9y2).

9. (4a - loi) (lGa2 + 40a6 + 100Z.3).

10. (9x + 8y) (8 1x2 - 72x2/ + 642/2).

XI. (x + 2/)
(x- - xy + y^) (X - y) (x' + xy + y^).
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20. nq.
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12. Divide the sum of the squares of a and h by four times

the product of a and h.

13. From the square of x subtract the square oiy, and take

the square root of the result. Then divide this result

by the excess of x above y.

14. To the square of x add the square of y, and take the

square root of the result. Then divide this result by

the square root of the sum of x and y.

XXX. (Page 53.)

I. 2.



AlVSWERS. 355

{h + c-ay=-a? + Zarh - Zalr + lP + c^ + Za\
- 6a6c + 36-c - Za,(P- + 35c-.

{c\a-hf=^a?- 2a% + Zah- -¥ + 0^ + Zc^-c

- 6ahc + Zh'C + 3ac- - :lhc'.

The sum of tlie last three suLtiactcd from tlie first gives

24«5c.

l6. 0a' + 6ac-Zah + 4hc-Gh'^. 17. a'O-x's.

iS. 2ac-2bc-2ad + 2bd. The value of the result is -2bc,

19. ah + xy + {b + l+2a)x + {2a -b-l)y.

20. 9. 21. ah + x-+{a-b+l)x-{a + b + \}y.

22. 2. 23. {7m + 'in + l)x + {l-6)i-4m)y.

25. 4a2 + Gnc + 2a5 + 9k-G?y-. 26. 3; 128; 3; 113.

27. 9, 28. 44. 29. 20. 30. 35. 31. 18.
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23. ^21. 24. 48, 36. 25. 50, 40. 26. 42, 18.

27. 60, 24. 28. 8, 12. 29. 88. 30. 18. 31. 40.

32. 57, 19. 33. 4. 34. 80, 128. 35. 19, 22.

36. 200, 100. 37. 23, 20. 38. 53, 318. 39. 5, 10, 15.
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xxxix. (Page 81.)

I.



355 -_ ^. ANSWERS.

20.
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xliii. (Page 87.)

I.
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7. (x2 + 7/)(a; + i/)(x-' + 2/-)(x-2/). 8. (x - 5) (x - 3) (x + 5).

9. (7x-4)(3a;-2)(a;2-3). 10. (x^ + 1/2) (x + j/)
(x - 2/).

II. (a2_62)(a + 2Z))(a-2?<).

xlvii. (Page 94.)

r: (x-2)(x-l)(a;-3)(x-4). 2. (a; + 4) (x + 1) (x + 3).

3. (x-4)(x-5)(x-7). 4. (3x-2)(2x + l)(7x-l).

5. (x -!- 1) (x - 1) (x + 3) (3x - 2) (2x + 1).

6. (x-3)(x2 + 3x + 9)(x-12)(x2-2).

xlvLii. (Page 95.)

1.5x 16x 9x-21 4x-9

4x-8?/ 3x2 -8xy 20a + 256 6ft=-8a6
^" ~10x'^ ' "lOx^""' '* ~lOu?"' 'lOa=^~

48^2 - GOrtc 15a -10c , ab-V^ a*-a^b
5- GO^c ' ""'COa-o •

~'a^b-' ' aW '

3-3x 3 + 3x g 2+^27/2 2-2^'

'^' 1-X-' l-x'** ' 1-?/' i-2/**

5 + 5x 6 «5 + ax b

9- 1^-' l^:f2"
^°' c(oTiy c(iTx)'

a —

c

t-c
'

^
• (a^(6^c)"(a -'c)' (a"t/) (6 - c) (a - c)*

c(6-c) 6(a-Z;)
12.

tii/c {a - 6) (rt - c) {b-cy ubc (a -b){a- c)
(Jj
- c)'

xlix. (Page 93.)

15X + 17 ^ 7la-20;;-5Go 32x + 9j»

'• 15 *

"
84

* ^" 42 •

16x2 + 55x + ix^jj- 55)/ 27.'j2j-^2x2j/ - ICx?/ -_282/2
•
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1 SOg^ ) 54a7, + 33152 _ 20^6' 80x^ + 64x2 4- 84x + 45

9062 • 7- g0x2
•

35ag + 23a5 + 2l5c-42c^ 4a^c - Sac^ - 3ac + Tc^

21ac
' ^

a-o^

lly2-8xV-4xy-7a:^

3a* - Va^J + U%c - 5a6'o + alc^ - JV
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1 8. 0. 19.

a + h'
20. 0. 21. 0.

^- l~x5'

lii. (Pugo 103.)

I.
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Iviii. (Pager 113.)

45Q
I. 20. 2. 3. 3. 40. 4. ~. 5. 60.

6. 10. 7. 5. 8. 20. 9. 3. 10.
-^

II. 8. 12. 100. 13. 0. 14, -1. 15. 5.

16. g. 17. 5.

lix. (Page lU.)

I. 100. 2. 210. 3. 80. 4. 700. , 5 28,32.

6. 2% 4n\. 7. 24, 76. 8. 120. q. 60.
i i

10. 960. II. 36. 12. 12,4. 13. i:i897.

14. 540, 36. 15. 3456, 2304. 16. 50. 17. 35, 15.

jS. 29340,1807. 19. 21,6. 20. 105^, 13lf.

21. A has ^1400, B has i400. 22. 28, 18.

m(nh-a) n(mh-a) a + h a — b
-' n-m ' m-7i * -"+• 2 ' 2 '

'^^' ^^

26. £135, £297, £432. 27. £7200. 28. 47, 23.

=9. 7, 32. 30. 112, 06. 31. 78. 32. 75 gallons.

3j. 40,10. 34. 20. 35. 42 years. 36. 1
J-
days.

37. 20 Jays. 3S. I'i .l.iv^. 39 G hours. 40. 1— days.

6
42. 1!. hours. 43. 48'.

flic . ^ , ...3'

44. 2 Lu'.ir-. 45. -, —•,- luiuutciS. 46. 48-.

111 1
47. 51.,, Gl.t, 47-- gallons. 48. 9^ -1:111103 from EI7.
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, . ., . ao hd ,.1.5
49. 14- miles. 50. -^, —

.

51. 11 ,,.

7 > \.:

52. 42 hours. 53. 30— miles. 54. 50 hours.

o' fi
' 10'

55. (1) 38^ pust 1. ^2) 54-^- past 4. (3) 10^- past 8

56. (1) 27-^ past 2. (2) 5^'- and also 38 "^ past 4.

0' G'
(3) 21— past 7, and also '54-— past 7.

57. (1) \^Yi
1-^'^ ^- '-^ ^^n ^'^"^ ^' (^^ ^^n 1"^'' ^•

58. CO. 59. £3. 60. ~. 61. IS' days-

62. £G00. 63. ^275. 64. GO.

65. 90', 72', CO'. 66. 12G, G3, 5G days. 67. 24.

68. 2,4,94.
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8. X. Q. -. lo r. II. — --•'-. 12. x\/ X ' zxy

aUi- + 2ah + 2h--) - , 1

xii. (Page 129.)

X 3 3 7/

^ )/ y X x-

5

G)j 4a 12r 245

qis ;prs fqs pqr

2.
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a* a% a-ir- aV)^ a-b*
11. - + -^ + —3- + TX + ^~

, 2x 2>x^ A.r? 5x*
12. 1 + ,- 3 +—4-

a a- a-* a*

xj. a;' - 3ax- + 2a-x + 4a'. 14, m^ - IO?;^i- - 41m - 95.

Ixiv. (Page 132.)

x3 x2 23x 1_ a3_49rt' 7«_J_' 9'*'4'''l20'^2U" ^' 20 600 '''60 15'

3-
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IXVii. {Page 135.)

/, Ro fTq ^ a, „ '\

\ «! a^ a^ /

Ixix. (Page 138.)

.„ 2x-+ 3x-5 ,o-+5(X-14 :?r(w

I. 4a 2. —= _— and —

.

3. -r- ,.

37a;2-7?/2-193« 11

^ Z^j^ + 42rtx3 - 1 0T«V+ 1 n«'x + 14a*
6.

^j^2
.

8. -—T-ir^—5\-. 10. —-5. II. Y 4. 12. •;— ,.

x(x-^— 1/'^) a + 8 1-u; 1-i

f -J 74 _ _ 1 4
-''

i*'
*

a6i;4-aZ/ + ac + k + ([ + i + i; + l'

I"). —s— i. lo. J ji« lO- —r~9—19\'^ a ax a-x, az' a^ — b* "^ a(a^-b'^

a^-hh^
'•

1 ^ a + b -c
"^"

(a-l)\{a^ + U^y
"^'

2(.';+l)-2'
^-'

CL^h + c

r 0';-4)(x + 2)«
23. x, 24. 0. 25. 1. 26. > '-^ '-,

a* + a24l o (^-1)'
27. ——2 . 28. ^

'

a;^(x2+l)2*

29. -3 +^ 30. 1. 31. 3.

-24-5.r4-17x5-lla:3-21.r* jcw
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a a? bm
10. «=i— II. x=5— 12. x=

Jjc
' b + e ' b —m

y=——-. 2/ =—T-- y=
b + ',

Ixxvi. (Page 151.)

1 1 ¥- 0,2

'2 *" ~b-2a ^' bd-ac

_1 2 _[6'^-a2
^~4- y~Za-b' y~bc-a,r

61 . , 1

8. x= -
?t

1

" m

Ixxvii. (rage 153.)

x=l 2. x=2 3. x= 4 4. x= 5

i/ = 2 i/ = 2 i/= 5 2/= 6

a= 3. «= 2. 2 = 8. z= 8.

x=l 6. x=l _2 8. x= 5

i/= 2 j/= 4 '^^ ^~3
2/= 6

s = 3. 2 = 6. 2/= -7 2= 7.

x=2 10. x= 20 2=36^

x =
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7. £60, £140, £200. 8. 22s., 2Gs. 9. £200, £300, £200

10. 41, 7, II. 47, 11. 12. 35, 11, 98. 13. £90, £60.

14. 60, 36. 15. 6, 4. 16. 40, 10. 17. 5-03, 1-072.

18. 10 ban-els. 19. 3-?., Is. 8(Z. 20. £20, £10.

21. 15s. \0d., 12.^. 6(Z. 22. 4s. CcZ., 3s. 23. 35, 65.

24- 26. 25. 28. 26. 45. 27. 24. 28. 45.

29. 84. 30. 75. 31, 36. 33. 12. ZZ- 333.

34. 584. 35. 759. 36. I 2,7.
Yo

38. |.

2 -^7 '35 19
39. 3. 40.

Yg.
41.

4-x-
42. ^.

43. £1000. 44. £5000, 6 per cent. 43. £4000, 5 per cent.

46. 31 7, 18^,. 47. 20, 10. 4S. 3 miles an hour.
4 4

49. 20 miles, S niilis an hour. 50. 7ii0. 51. 450,600.

52. 72, 60. 53. 12, 5.9. 54. 750, 158, 148.

55. 15 and 2 miles. 56. The second, 320 strokes. 58.50,30.

5
59. 4 yd. and 5 yd. 60. ., 6, 4 miles an hour respectively.

6r. 142857.

Ixxix. (Page 164.)

2. Oa^i*. 3. llm^JiV. 4. %a"V'c.

6. lOci'J'o". 7. If. 8. —.
' 46 2«c'

lOx" 25a.

.

'°-
172/^-

"• 166-

LXXX. (Page 1G7.)

I. 2a + 36. 2. 4;c5-3R 3. a6 + 81. 4- 2/^-19.

5. 3a6c-17. 6. a;^-3x + 5, 7. 3a;^ + 2x+1.

I.
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8. 2r2-3r + l. 9. 2u- + ?i-2. 10. 1 - 3a; + 2a;"-.

II. x^-2.x^ + 3x. 12. 2(/" - 3?/s + 4c'^. 13. a + 26 + 3c.

14. a? + a-b + al? + U\ 15. x3-2i;2-2x-- 1,

16. 2x2 + 2aa; + 462. 17, 3-4a; + 7x2- lOxl

i 8. 4a2 - bah + 8Z>a;. 1 9. 3a'' - 4aj9^ - 5i.

2\ 2!/2x - 32/2- + 2x^. 21. 5x-?/ — 3a;?/- + 2 (/'.

22. Ax^-Zxy + 2if. 2^. 3a -26 + 4c. 24. x2-3a; + 5.

25, 5Z-22/ + 33. 26. 2x"--y + 2/'^.

IXXXi. (Page IGS.)

I.
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Ixxxix. (Page 182.)
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XCix. (Page 199.)

I. a;=3 2. a:=5 3. k= 90, 71, 52. ..down to 14

7; = 2. i/ = 3. 2/= 0,13,26 upto52.

4. x=7,2 5. .T = 3,8, 13... 6. x= 91,7G, 61...downtol.

t/=l,4. y = 7,21,35... i/= 2,13,24 up to G8.

'; 7. x= 0,7,14,21,28 8. «=20,39... 9. a;= 40,49...

2/ = 44, 33, 22, 11,0. i/= 3,7... 2/=13,33...

10. a;=4,ll...iiptol23 11. a;= 2 12. a;= 92,83....2

7/= 53, 50... down to 2. 7/= 0. i/=l, 8... 71.

4 3 8 2 " . "

13. sand-. 14.
Yi^^'^'^is'

^5- 3 ways, viz. 12, 7, 2; 2, 6, 10.

16.7. 17.12,57,102... 18.3. 19.2.

21. 19 oxen, 1 sheep and 80 liens. There is hut one other

solution, that is, in the case where he bought no oxen,

and no hens, and 100 sheep.

22. A gives i> 11 sixpences, and B gives A 2 fuurpeuny pieces.

23. 2, 106, 27. 24. 3.

25. A gives 6 sovereigns and receives 28 dollars.

26. 22, 3 ; IG, 9; 10, 15; 4, 21. 27. 5. 28. 56, 44

29. 82, 18; 47, 53; 12, 88. 30. 301.

c. (Page 205.)

(1) I. x'-+a;>^+x-. 2. x'-^y + x^y +x^y^.

i 5. A 12.1312
3. a'-^+a'^ +a'^. 4. x^yz^ + a-y''=z + a^yzz.

(2) I. x~^ + ax'^ + h-x~^ + 2x~*. 2. x^y~- + 2xy~^ + 4y~*.

x^y~h~' 5x-y~h~'^
'

,

3. -•'4— + ^^7 + xy-h-\

CtllZ"^^ OCT" Lt~

4. -4^—h—-::-—h x'Sj^^z.
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4 3 1

1" 1 1
+ „- +-

3x •*!/ ^2 a 'o "c^

Ci. (Page 20G.)

I. a;''' + x-'-!/'" + ?/", 2. a*™-81i/*\

3. a;'« +4aV + lCa*. 4. a""" + Sa^C - 6-" + c*'.

5. 2a^ + ^cCh" - AiCc' - crh - 6"+' + 2hc' + c^c- + IfC' - Su'+l

6. X""* + x™""" .
7/""'"" — x"^" - 7/"""""+"*.

7. X*" + a;^"!/"" + 1/*".

8. a-'-'-a'-'-'^i/'''* + a'*-*'c'' + a'^"^'' . h^-"^ -b + l?-'''c'' + a'''+''c^-'

- l/c^-'- + c.

9. x*^ + 2x'' + 3x='' + 2i'' + l. 10. X*' - 2x'''' + Sx'" - 2x'' -t- 1.

Cii. (Page 207.)

1. X^ + X*"!/"' + X'"2/''" + l/^"',

2. x^" - x'''2/" + ^"y^" - x"!/^" + y*".

3. oi?' + x*'if-\-3?'if + a?'x^'-\-x'y*''-\-if.

5. x«''+ 3x^'* + Ox-" + 27x^+81.

6. a""" - 2trx" + 4x-". 7. 2-x'' + Cx*.

8. 46"'c"'-5&2"*.

9. a'" + 3a^ + Sa" + 1. 10. a'" + Z'" + c',
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ciii. (Pago 208.)

!. x-3x^ +3x^ - 1. 2. y-1. 3. a^-x''.

4. a + S + c-Sa^i-c^. 5. 10x-llz^f/-i + 5xii/^ -21//

6. ni — n. 7. m"* + 4(Z2m3 + 16cZ.

8. 16a + ?>a-h^ + lOa^i'? + l^Jlfi - 2ia^h^ - \2a^\y - I'hv

- 21b.

5 11 a 2112
9. x-^ + 2a'-^x'-^ + a'^. 10. a;^ - Sfi^x^ ^a^.

4 3 2 4 1. A.

II. x^ + 2x-'2/^+2/^'. 12. a' + 2ah-^+h^.

13. x-4x^ + 10x--12x4^ + 9.

14. 4.t" + 12x^ + 25x^ + 24x'' +16.

2 11 J- 1 ^ X X z
15. a;^ - 2x''-y''^ + 2x"z''^ +y^-2y^z''' +z'^.

i i + i i A i 4- -it

16. a;- + 4x'i2/*-2a;*gi + 4i/--4i/*ji4+z2.

CIV. (Page 209.)

V * * ,i 2 JL 1 2
I. x'^ + y-. 2, a"-h-. 3. x-^ + x-'y^+y^.

2 1 1 2 4 5 1 2 3 1 « 4

4. a-> -a-'(;^ + 6-*. 5. x"' -x-'j/'^ + x'?/-' -X'1/^+1/''.

5 2 JL XX 1 i 12, 6.

6. m"* +r;i-'?i'' +m-H3 +m^/i- + ?'/i''h=^ +?i''.

5 1 i 'i 1 3
7. a;* + Zx'tj^ + 9x^2/" + 2T?/*.

3 1-1113- i 1
8. 27a^ + 18a2Z,f + i2a4i2+86*. 9. o^-x2.

4 3 3 I

10. m'' + 3m'^ + 9m^ + 27m-^ + 81.

II. X- + 10. 12. x'^" + 4.
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CV. (Page 210.)

I. a-2-6-a. 2. X-S-6-*. 3. ie*-x-^

4, x^ + l+x-*. 5. a-4-&-4. 6. a-2 + 2a-i(;-i-6-2 + c-l

7. 1 + a'6-- + a^J--^. 8. a'^h-^ - a'^h^ - Aa--¥ - A.

9. 4x-* - X-* + 3x-^ + 2j;-2 + a;-' + 1

.

^ . 7x-3 107x-2 5x-i 7
'°- '-^"^-T- -l2- +^ + 6-

cvi. (Page 211.)

I. x-x-^. 2. a + 6-1.
3. m^-mrr'^ + n-^.

4. c* + t;^iZ-^ + c-tZ-2 + c(Z-3 + (Z-4. 5. xy-^-k-x-hj.

6. a-2 + a-i6-i + &-2.
7. x'?/-^ - 2 + x-y.

8. |x-3-5x-2 + lx-i + 9. 9. a26-2-l + o-2/A

TO. a-2- a-ift-i - a-'c-i + 6-2 _ 2,-1^-1 + g-^.

cvii. (Page 211.)

2 11 L»«»+l?

I. x3-2x22/? + 2r/. 2.
«"*"*•

(x4-a^)2

^ . 22 „ 421 , 10 , 1
5. 7ar^ + -2-^""^--7^X-2-—x-^;:;. g ^_

3 3 19 12

7. a!"-t/-. 8. a2+2a-65"-2a-6-'-6 5.

9. a^ + a-'i^ + F. II, m=?!,"^'. 12. x"+-*+*.

13. af». 14. i6rt^ 15. a'^'f.

16. 2a-"' + 2a'"t''- lu"'c''-3a'"6-36''+' + G6c". 17. c.
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19. x^+x^ + 1.

20. ar+* + 2fr+»-' . hcdi? - O"^-"^ Jrx- - a'"+"-^ cV.

21. a;"''-" -I/'*''-". 22. a"-\ 23. x^-i/*'.

24. 5, y—

7

25. x""" - a'Y""'"" - a;''"~""2/" + y""-

26. X + 3x'^ - 2x- - 7x^ + 2x~^.

cviii. (Poge 215.)

I. 4/a;3, 4/1/. 2. '4^(1024), ^8.

3. 4^(5832), 4^(2500). 4. •»4/2'-, "4/2-. 5. -4/01", ";y6».

6. 4/(a2 + 2a5 + &2), 4V - ^c^'^ + ^«^- - ^^).

Cix. (Page 217.)

I. 2^Q. 2. 5^2. 3. 2a ^/a. 4. ba?d ^l{f>d).

5. 42V(22/a). 6. lOV(lOa). 7. 12c Vo-

8. 42^/(llx). 9. 6xjy. 10. ((2 >.

II. (a + x).^/*. 12. {x-y)^Jx. 13. 5(a-6).^^2.

14- (3c2-2/).V(72/). 15- 3a2 4/(262).

16. 2x7/2.4/(20x2/). 17. 3m%3 4/(4n).

iS. 7a-'Z^'^ 4/(4&). 19. (x + 7/).4/.<;. 20. (a-Z/).4/a.

ex. (Page 217.)

I. V(4S). 2. >v/(C3). 3. 4^(1125). 4. 4/(96).

5. 7^. 6. sJi^a). 7. x/(48a2x). 8. ^'(3«^x).

9. V(«i^-n2). 10. (-_-^)-. II. (--)-.
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CXi. (Page 218.)

The numbers are liere arranged in order, the highest on the

left hand.

I. V3, ^4. 2. VIO, 4^15. 3- 3 V2, 2 ^3.

/?. 5. 3^7,4^3.

6. 2^87,3^33. 7. 3 4/7, 4 ^2, 2 V22.

8. 5 4/I8, 3 V19, 3 4/33» 9. 5 4/2,2 4/14,3 4/3.

yxvoj' ^b'

10. |V2, |V3, ^V4.

cxii. (Page 219.)

1. 29 V3. 2. 30V10+1G-1V2. 3. (^x" + V- + c") ^'x.

4. 134/2. 5. 334/2. 6. V6. 7- 5V3.

8. 48^2. 9. 44/2. 10. 0. II. 4^3.

2. 2V(70). 13. 100. 14. Zah. 15. 2a&4/(12&).

6.2. ;. I .3.^|. ^^

cxiii. (Page 220.)

I. <^(xy). 2. sl{xy-y'). 3. x + ?/. 4. v/(x2_j/^).

5. ISx. 6. 56(.x + l). 7. ^Ojix^-x). 8. 2:cV3.

9. — «. 10. 1-x. II. -llx. 12. 6a.

1 3- - V(a;^ - 7a:). 14. 6 V(-^- + 7x). 1 5. 8 {or - 1).

16. -6a2 + 12a-18.

CXiv. (Page 221.)

I. x + 9V»+14. 2. x-2^/j;-]5. 3. a.

4, a-53. 5. 3x + 5v'a;-28. 6. 6x-54. 7. 6.

8. /v/(9^^ + 3a;) + \/(6x2 - 3x) - sJiQx^ - x - 1) - 2a; + 1.
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9. ^I{ax) + ^'{ax — x") - »J(u? - ax) -a + x.

10. 3 + X+ V(3x + x^. II. x-y + :; + 2 ^xz.

12. 2x + 2^{ax). 13. 4?j2 + 42J{x--9)-\-X'.

14. 2x + 11 +2 V(a;'+ 11x4-24). 15. 2x - 4 + 2 VC^'-^
- 4a;).

16. 2x-6 + 2V(^2_6j.) ,7, 4x + 9-12Va;.

iS. 2x-2>J(x'^-y-). 19. x2 + 2z-l-2V(a;'-«).

20. .xHl+2V(^3_a.)^

cxv. (Page 222.)

I. {^c+ ^d){^c~ ^(l). 2. (c + Jd) (r, - ^fd).

3- ( Vc + d) ( Vc - d). 4. (1 + Vl/) (1 - V2/).

5. (1+ V3.a.-)(1- V3.a:). 6. (Jo.m + l)(^o.m-l).

7. }2a+ V(3:c)!12a- V(3a;){. 8. \Z + 2^/{2n)\\3-2^{2n)\.

9. {V(ll).?i + 4S{V(11).«-4|. 10. (2) + 2Vr)(p-2Vr).

11. (-v^2?+ v'--2)(n'J^- V3.3). 12. ja-' + i^na"-?.^!.

13.
«+_4^. X4.

^±_v».
x5. 24+17V2.

•^ a^-b a-0 -^

16. 2+V2. 17- 3 + 2^3. 18. 3-2^2.

a4-x + 2j(ax) l+x +2jx

«^±^&^. 22. m'^-VK-l\

2a2_x2 + 2rt^(a2-K2)
23. 2a2-l + 2aV(a2-l). 24.

CXVi. (Page 224.)

I. 19. 2. 11. 3- 8-26 ^(-1). 4. 5-4^3.

5. 26-2V(a6)-12a. 6. a- + a. 7. t^-al
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cxvii. (Page 224.)

* + !' t + y n ,-,

6. m-+V2.mn + n2. 7. 2.t ^/.e. 8. tli>J_ _\
'

a - 6

9. -^+«Z-2«c^-^-



58d A.vsn'i:A'S.

CXX. (Pnge 231.)

t. a 2. 25. 3. 49. 4. 121. s- ij ^- ^»^

,. 0, -8. 8. (^-1)-. o. (^^) 10. 6.

CXXi. (Page 231.)

1. 25. 2. 25. 3. 9. 4. G4. 5. ??.
o

6. -J-. 7. a. 8. -- or 0. 9. 64. 10". 100.

cxxii. (Page 232.)

I. 16,1. 2. 81,25. 3. 3, 2|. 4. 10, -13.

5. 5,-. 6. -4, -32. 7- 0, -3|. 8. 28,-'^:^

9. 49. lu. 729. II. 47-21. 12. 1 ur _^^

'g''
i.

145 2:1

14, 5 or 221. 15. 5 or
, . 16. 5 or 0. 17. ;, .. lo. 25.
1 — 1 «j'»

19. ±9^2. 20. ± ^'05 OT ± v'5. 21. 2a.

22. -2a. 23. 2 or -4^. 24. ^. 25. -^

1276 36
26. --— . 27. --. 28. ±5or±3,v'2. 29. ±1-1.

30. Cor-~. 31. 1. 32. ^. 33. 2or0. 34. or
j|.

cxxiii. (Page 235.)

1. 2, 5. 2. 3, - 7. 3- - 9, - 2. 4. 5tt, G&

^* 2' a'
'19

' 14" ^' 6 ' 6





3^' AXSlV]>i:S.

11. <t + 2, or ^--, or -> \ \
o o

12. 0, or a, or ^^^-^^

—

',

cxxviii. (Piige 245.)

I. 6 ; 7, 7 : 9, 2 : 3. 2, The second is tlic greater.

3. The secoml is the greater.

ad — he . ^ « ,

«

4. —3^-. 5. iO : or 9 : 10.

cxxix. (Page 24G.)

I. 2:3. 2. h:a. 3. Z; + (Z:rt-c. 4. ±VG-l:l•

5. 13 : 1, or, - 1 : 1. 6. ± ^r{m" + 4n") - m : 2. 7, 6, 8.

8. 12,14. 9.35,60. 10.13,11. 11.4:1. 12.1:5.

CXXX. (Page 247.)

. ^ ' 8
'

^Zl a — h + e

15\
^' 9'^ .3- x-j:^'

4- a.^-g-

m^ - T/in 4- n' , Cy: 2) 1/

CXXXii. (Page 255.)

6. «=4 or 0. 8. 440 j-ds. and 332 yils. per niinate.

II. a;=30, 2/ =20.

16. 50, 75 and 80 yarda.

ig.' 1- miles per hour.

21. 160 (quarters, £2, 22, £80. 23. £e.O.

24. £20. 25. 90 : 79. 26. 45 miles and 30 miles.

&2

^3- 2'.
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6. 6433- 7. £135. is.
3

8. (i) 355,7175. (2) -ISGa*', -3116a2.

(3) 161"+ Six, 3321 + ICSla; (4) 119^, 2357^.

(5) 8^, 174

9. (i) 126, 63252. -

(2) 25, 2250.

(3) 45, - 1570-5X. (4) 9.9, - 1163^.

(5) 71, 4809 (1 - m). (6) G5, G5x + 8190.

cxxxviii. (Page 271.)

I. 6, 0, 12, 15. 2. 1^, I 0, -|, l|.

5^ 5 1 '7_ 13 2 11
3-

'^liJ' 'o'
-^4' "^ 15' 30' 5' 30

I.

cxxxix. (Page 272.)

3m + n m + n m + on
-'~4~' ~2^' 4 •

5?n + 3 5m + 1 C/u —

1

5to-3
*• ~~b~' ~5~' ~5~' ~5~'

.j?r+l nn- + 2 5)i,2+3 .f)H- + 4
3- 5 ' 5 ' .5~' fi •

2x2 + 7/ 2x^-1/

CXl. (Page 275.)

7. 64. 2. 78732. 3. 327GS0. ^

5. 13122. 6. 1G384- 7. -^g.

20 ?

1
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cxlviii. (rago 300.)

1. a* + 4a'x + 6aV + 4ax3 + x*.

2. W + Qhh + 15&''c2 + 206V + 156V + C^c^ + c«.

3. a'' + Ta^i + 21^55- + Zba^l? + 3oa"6^ + 21a-6' + 7'5?|3 + W.

4. x^ + 8x^7/ + 28x''y2 + 56j;5^3 + 70x< (/-i + 5 Gx^?/'' + 2Sx-^''

5. C25 + 2000a + 2400^2 + l2S0(:t3 + 236«*.

6. a'" + 5a% + 10ct«6V + lOcf'i'c^ + 5a-o 'o* + ^'^c^.

CXlix. (Pago 301.)

1

.

a" - 6tt'''x + 1 5a-»X' - 20a^x^ + 1 Drt-x* - Gax'' + x".

2. 67 - 76'"'c + 2l6'5c2 - 356^0^ + 35/ro-» - 216V' + Tic" - c^.

3. 32x5 _ 2-10x^7/ + 720x-''v/2 _ l080x-(/'= + ^IQxif -2i2y\

4. 1 - 1 Ox + 40x2 _ 80^3 ^ sOx-* - 32x5.

5. 1 -10x + 45x2-120xH210x'-252x'' + 210x«-120x7

.+ 45x''-10x!' + a:^".

6. a24 _ 8a2i62 + 28a^S5« - 50^1^6" + TOa^^js _ sgaPJio

+ 2S6r6i2-fia^6ii + 6i8.

C], (Page 302.)

1. a' + 6a'5 - Zd'c + 1 2a62 - 1 2a6c 4- 3ac2 + 86^ - 1 26-c + Glo- - c®.

2. 1 - 6x + 21x2- 44x3 + (J3^4 _ 54^:, .^ 27x^

3. x3-3x>^ + 6x7-7x'' + G.c5-3x' + xl

4. 27x + 54x"« + 63x- 4- 44^- 4- 2 Ix'^' + Gx^^ + 1.

5. x3 4-3x2-5 4-?;--ii,

6. o^ 4- 1^ -c^ + 3a^6 1 4- 3a 16^ - 3a\-^ - 36^c^ A-:ich^

4-3o-^c--6a^6M.
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Cli. (rage 303.)

I. 330x^ 2. 495aic6l 3. - IGlHyOaP'l^.

4. 192192a'J/V(Z«. 5. 12870aS68.

6. TOa^ii 7. - 923rSa'''05 and 923T8a"&"'

8, I7l6a"x'^and iVlGci^o;''.

Clii. (Pago 311.)

, 1 1 o 1 , 5 .

I. l+^x-gx- + ~x-^x*.

2a a- 4a'

3
1 X x^ 5.>;3 10x<

• « -^—3

—

r,+—4
n*

3a^ 9a5 81a3 243rt3

? _i 1 _s
„ 5 -a .

' 6 54

1 4 _t 1 2 -i i 4 -M #

a:^ a;* a;^ 5.r^

''' 2~8~16~r28'

_ , 7 , 14 , 14 .

9.-C 27x2 135 '

9- ^-4~~32'~12S-'^'
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cliil. (Page 312.)

I. 1 - 2ti + 3ct- - 4a^ + 56t<. 2. H-3.c + 9j;2 + 27.c' + 8ix*.

5. a^'" + 106t-»=:c + GOa-"x- + 2S0a-»V + 1 1 20a-'V.

, 1
,
C.c^ 21x^' 56a;

cliv. (Page 313.)

'• 2"^ 8 1G"^I2S"

Clv. (Pago 314.)

7.(5... ro-r) _, , ^,_ 12. 11. ..(14-7^ ^,
^' 1.2...(r-l)-^ •

"
^

^'
• l.2...(r-l)

'^'

^- ^ ^'' • 1.2...(r-l) •" •* •
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4-
l^TTO^r^^'^^'"'''^"^^'"''-- 5. (-l)'-'.r.af-'.

, r.(r+l )
.(r + 2)

- 1 . 3. 5 ... (2r.-3) /a;\-'
^'

G — -W^)
• 7. Y.273T7(r-i)-V2/

^- 1.2.3...(v-l)-V 3J •**•

^ 7.9.11 ...(2r + 3) ,_,
-

O - cr ^

^ 1.2.3... (r-1) -^ •

a:"^^ 3. 7. 11... (4 J- -5) /xVc^o
4'-^ 1.2. 3. ..(r-1) (D'^"
(r + l)(r+2) 1.3.5...(2r-l) ,„ ,,

1.3.5...(2r-l) ... 5 1

, 3 „s 429 aW
16. ^^.a-^h\ ,7. -j^.^.

^^-
1.2 9

** •''•

Tr.
{'^-'^^n){\-Am) {l-m) ^-.„

'^
1.2 Gm«

•'' ^'

clvi. (Page 315.)

E. 3'141ii>..« 2. 1-95204....

3. 3-04084.... 4. 1 -93734....

Clvii. (Page 319.)

I. 10ir^0?2. 2. 10070344. 3. 804bl

4. 31134. .5. 5111V344. 6. 1433.2.2ia

7. SM.JO and rcmaiuder 2. 8. 522250 and remainder 1,

9. 4112. 10. 2437.
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clviii. (Page 321.)

I. 5221 2. 12232. 3. 2139e. 4, 104300.

5. 1110111001111. 6. tike. 7. G500-145.

8. 211021. 9. 6^2. 10. 814 u. 61415.

X2. 123130. 13. 16430335. 14. 27t.

Clix. (Page 327.)

I. -41. 2. -162355043. 3. 25-1.

4. 12232-20052, 5. Scnury. 6. Octonary.

clx. (Page 336.)

I. 1-2187180. 2. 7-7074922. 3. 2-4036784.

4. 4-740378. 5. 2-924059. 6. 3-724833.

7. 5-3790103. 8. 4t)-578098. 9. (J2-9905319.

la 2-1241803. II. 3-738827. 12. 1C1514132.

CiXi. (Page Z\^d.)

1. 2-1072100 ; 2-0969100 ; 3-3979400.

2. 1-0989700; 3-6989700; 2-2922560.

3. -7781513; 1-4313639; 1-7323929; 2-7604226.

4- 1-7781513; 2-4771213; -0211893; 5-0354839.

5. 4-8750613 ; 1-4983106.

6. -3010300; 2-8061800; -2916000,

7. '6989700; r09C9100; 3-3910733.

8. -2, 0, 2 : 1, 0, -1.

9. (1) 3. (2) 2. la ^^^.y=\
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11. (a) -3010300; 1-3979400 J 1-9201233; 1-9979588. (t) 103.

12. [a) -G989700; -G020G00; 1-7118072; 1-9S806KS

{h) 8.

ir 3-SS212G0; 1-4093G94; 3-7453326.

\S) «=

*;i- log a + 2 log 6*

4 log 6 + log c

' 2 lo<' c + log h-Z log a*

,gv logj
^ ' Lj'' a -f 731 lo>' 6 + 3 log

Clxii. (Pago 313.)

f, ]76 years. 2. 234 yeare.

3. 7 2725 years nearly, 4. 225 years nearly.

6. 12 years neavlv. 7. 11-724 y&iis.

sr^
7- ^Jt-/

r <

•^ y - <o -f-
'^

-f f i

y r^ "i ^-"t?
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The following papers are fiom tliose set at the Matriculation

Examinations of Toronto, Victoria, and JIcGill Universi-

ties, and at tlie Examinations for Second Class Provincial

Certificates for Ontaiio.

UNIVERSITY OF TORONTO.

Junior Matrlc, 1S72. Pass.

1. ]\ri-Jtip]y Ix'-lxij^ if by lx^ + \xy- if.

Divide a* -^W by a ^ Zb and {x + uf - (y - If
hy X + a - 1/ f b.

2. What quantity subtracted from a;' + j)x + q will

make the reuiaindor exactly divisible by x — a /

Shew that

{a + b + cf - {a -\- h + c) (a' + i' + c' - ah - he - ca)

- oubc = 3 (a + b) {b + c) (c + a).

3. Solve the following equations :

ix— 7 'Sx— 5

1 1 _ 1 _1
^ ^ x— 3 X — 4~x — 5 X — 6

7/ +2 y X+2 11
(d) x + --^^ = l, 3 +-5- =

!^.

4. In a certain constituency are 1,300 voters,

ind two candidates^, A and L'. A is elected by a
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C(!i-t;iiu niiijon'ty. Eut tiio election having l)cen <le-

claied voiil, iu tliG second contest (/I and B being

ac;-;un the c;in;iid;tt,e.s), Z*' is elected by a ninjoriLy of

10 more than A\s nKijoiity in the fii'st election ; find

the iruiuber of votes polled for each in the second

election ; having given that, the niimbei- of votes

polled for B in the first case : number polled in the

secoud case s : 43 s 4i.

Junior Jlairia., 1872. Pass and Honor.

1. jluliiply X -vy + zi ~ 2y^ z\ + 2z^> a^ - 2a^ yh by

X + ?y + si + "liih zi—2z^ x^—2x^ 7/i, and

divide o? + m + 27 c"—iSaic by a" + iU' + 9 c«—
"lab— '6ac— Qihc.

2. Investigate a rule for finding the 27. C. D. of

two algebraical expressions.

Af x-Vc be the //. C. D. of a^ + 2)x + q, and a;'

+

p' X + (/, show that

(7 - <i'Y-p [1 - iJ (p -p') + q{p -pY = 0.

3. Show how to fiiid tiie square root of a binomial,

one oi" whose terms is rational and the other a quad-
ratic surd. • What is the condition that the result may
1)6 more simple than the indicated square root of the

given binomial ? Do<^s the reasoning apply if one of

the terms is imaglnaxy'? Show that ""y/ — 4m' = y^»i

+ y/ - ill.

4. Shew how to solve the quadratic equation ax^ +
533 + = 0, and iliscass the results of giving different

values to the cocihcients.

If the roots of the above equation be as^) to q

bLow that - =
Cio pq
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5. Solve tlio equations

{IS) ar-3.ry/ + 2^+1 = 0.

xj + if— 10-0.

(o)
or? + Zx + 1 .r' + 6 .X- + G a;' + G a: + 4

a;^+Ga;4-4 x^ + 0) x + S x^ + Ga + C

ic" -f G a; 4- 8

a;2~+ G a; + 10

(T) Gaj'-Saj'-SSa.-'-Saj-f G=-.0.

C. Shew how to find the sum of 7i terms of a geometric

series. Wliab is meant by the sum of an iniinito

Rciics ] Vv'hcn can such a series be said to Lave a

sum ?

Sum to infinity the series 1
-f-

2;- + 3 ?•' -j- etc..

and find the series of which the sum of n terms is

7, Find t!ic condition thiit the cqiicitlono

ax + h'/ — cz - 0.

a, X -r h^y — CiZ = 0.

a, a; + 6.J 2/ — c, * - 0.

in:iy be .sati.sCcd by tho same ^ahlC3 of x, y, z.

<S. A numl)er of persons were cn'^apfcd to do a pii^'co

of work wliich would have occupied them m houris if

they ha.il commenced at tlie same time; instead of

doino; so, tliey comracnccd at equal intervals, and then
continued to work till tho v/hole was finished, tho
jiaymcnls being proportional to tlie work done by
each ; the first comer icceived r times as much as tho
iaofc : Gi,d the time occupied.
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Junior Ma trie, 1872. Honor.

1. There are three towns, A, B, and C ; the road

from B to A forming a right angle A^'ith that from B
to C. A jierson travels a certain distance fi-om B
towards A, and then crosses by the nearest way to the

road leading from C to A, and finds himself three

miles from A and seven from C. Arriving at A, he

finds ho has gone farther by one-fonrth ot" the distance

from B to C than he wonld liave done had he not left

the direct road. Ptequired the distance of B from A
and G.

2. If ay-\-hx cx-\-az l.s 4- cu , .,,—±-1— -—I'-^— = '

—

-, then will
c a

a' 4- 6' - c''

3. Solve the equations x" — i/:;~ a", if — zx = IP, c' —
xy - c^.

4. If cf, 6, and c be positive quant! ties, shew that

ct^ (6j,-c) 4- li- (c + a) -I- c- (a + h) > Gaba.

5. Find the values of x and y from the equations

-I

x" + 5x-\-y (y- 1) = 24.

6. A steamer made the trip from St. John to Boston
via Yarmouth in 33 hours ; on lier return slie made
two miles an hour less between Boston and Yarmouth,
but resumed her former speed between the latter place

and St. John, thereby making the entire return jias-

sage in -^f of tlie time she would have required had
her diminished s]iecd lasted throughout ; had she

made her usual time between Boston and Yarmouth,
and two miles an hour less between Yiirmoutli and
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St. Jolm, her return trip would have been made in

41 of the time she would have taken had the whole

ol' her return trip Leen made at the diminislied rate.

Find the distance between St. John and Yarmouth

lind between the latter place and Boston.

Junior Matric, Honor. \

Senior Matric, Pass. j

Solve the following equations :

, . \ x^- 2xy + '2i/ ^ xy.W ....
^ x' + x^ + y- = Q3,

( 4x—3xi/ = 171.

•t3y-4,^y=150./Ill
{-.+ - +-, = 19.

) 1 1 1

V X X !l

1874.

U V

And find one solution of the equations :

^ ' \x' \- ^/ x--=-y.

2. Find a nuralier whose cube exceeds six times tho

next greater ^lumber by three.

3. Explain the meaning of tho terms Highest com-
mon measure and Lowest common multiple as applied

to algeln'aical quantities, and prove the rule for finding

the Highest common measure of two quantities.

4. Reduce to their lowest terms the following

fractions :

\Ci)
99:(;^^117«'— 2.37a;- — 325x — 50

ox^ + \x' — 9x'— 10.

il\ [
'^'+10^' + 35x^ + 5 O.r + 2

4

' "
I x-^ + 18l7+Ti"9;<;^T3r2x- + 3G0 *
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5. Find the sum of n terms of the series— |, |,

—

\, itc, and the xth term of the series

a; + 1 3 Z — x

X 1' X —- 1' X P

6. Find the rehitions Ijctweeu the roots and co-

efficients of the equation ax" + jjx + q—0.

Solve the equation

X* + GjP + lOar + 3^=110,

7. A cask contains 15 gallons of a mixture of wine

and water, which is poured into a socoiul cask con-

taining wine and water in the ])ro]iortion of two of the

former to one of the latter, and in the resulting mixture

the wine and water are found to be equal. Had the

quantity in the sccoiid cask originally been only one-

half of wliat it was, the rcsidting mixtui'e would have

been in tht^ proportinn of seven of wine to eight of

water. Find the quantity in the second cask.

8. What r;ito ])or cent, per annum, ]-)ayablo half-

vcnrly, is equivuleut tu ten per cent, per annum, pay-

able yearly.

9. A is engnged to do a piece of work and is to

rocjive $3 for every day ho works, but is to forfeit

one dollar for tho iirst day he is absent, two for the

S'^cond, three for the third, and so on. "Bixteen dnys

elips;! before he finishes the work aut] he receives $26.

Fijid the number of days he is absent.

Change the enunciation of this pvoblcui r>o as to

apply to the uog;itive boiuLion.

Junior ^fittric., 1S7G. Pass.

1, Explain the use of negative and fractional in-

dices in Algebra.

Multiply^-.L by li' "-^ and the product by *l
/^"-
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Siii"iy)lirv'
'-—— , wrltln;? tJio factors all in oise

a b c a
line.

2. MnJtJply together a^ + "x + x", a + x, cc' - ax + x'',

a - X, and divide the product by a^ - x\

3. Divide 1 by 1 - 2.i' + a,'' to six terniR, and oi\e

the remainder. Also divide 2 Tx'' - Gx'-* + i by Zji? [

2x4-1.

m + » m—n »•—

n

m -f •

4. ]\Iultiply a +6 by a +b

5. Solve the equations :

,, V 3.X' + 4 7x - 3 £c - 1

6

<)• -5-—2--

a; (?/ + c) = 24,

(2). ^2/(c + :.) = 45,

(x- + ^.) = 40.

Javlor Malrlc, 1S7G. Honor.

1. An oarsman finds tliat during the first half of

the time of rowing- over any couise he rows at the

rate of five miles an hour, and during the second

half, f-t the rate of four and a lialf miles. His coui se

is up and down a stream which flows at the rate of

three miles an hour, and he finds that by going down
the stream fust, and up afterwards, it takes him om;
hour longer to go over the course than by going fir&t

up and then down. Find the length of the course.

2. Sliew that if a", W, c^ be in A. P., then will b + c,

e + a, a + 6 be in //./*.

Ako, if a, h, c bo iu A. P., then will

hr, , ca ah
a + , b + , c +

6 + c' + a a + b

be in n.r.
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3. If 5 = a + 5 + c, then

^[(i.s + he) {bs + ac) {cs + ab) = {s- a) (s - 5) (s - c)

7) S
4. If «! + ajj + + or^ ::^ _, then

(5 - Qi)- + + (s - f?„)^ = «f + a/H- +a'^

5. If the fraction— — , when reduced to a ro-
2/e + 1

petend, contains 2n figures, shew liow to infer the hist

n digits after obtaining the first n.

Find the value of -^j by dividing to 8 digits.

6. Solve the equations

scfi + xz = 2 + ?/s,

Junior Matrlc, 187G. Honor.

1. S'aew tliat tlio metliod of finding tlie sqnaro

loot of a number is analagons to that of finding the

square root of an algebraic quantity.

Fencing of given length is jilaced in the form of

a rectangle, so as to include the greatest possible area,

which is found to be 10 acres. The shope of the

field is then altered, but still remains a rectangle, and
it is found that with 1G2 yards more fenciiig, the

same area as before may be enclosed. Find the sides

of the latter rectangle.

2. Prove the rule foi' finding the Lowest Common
Multiple of two compound algebraic qiiantities.

Find the L.C.M. of a'' - 6' + cH 3aZ>c- and a\b + c)

- b"{<: + a) + (P' {ii + 6) + abc.

3. If a, (S be the roots of the cq^iation z'^-^px-fq =
0. shew that the equation may be thrown into tha

1. irm {x - a) (a; - /3) == 0.



APPENDIX. Ix

3 + v/ii is a root of the equation x"^ — 5^''+ 2^' + a;

f 7 -- : liud tlie other rcots.

4. (1) Sliow how to extract the Rqnare root of a

binomial, one of wliose terms is rational,

and the other a quailratic .surd.

(2) Find a factor wliich will i-ationalize x^ — ?/i

5. a, h are the first two terms of an 11. P., what is

the 'nth term ?

If a, b, c he in 77. P., sh.ew that

i^"(« - cf = 2c"(^) - a)'^ + 2a'{c - h)\

G. A and B arc to race from IM to N and back. A
mf)\e.s at tlie rate of 10 miles an hour, and gets a start

of 20 minutes. On A's leturning from N, lie meets
B moving towards it, and one mile iVom it ; Itr.t A is

' vertaken by B when one mile from JM. Find the

ilihtunce from M to N.

7. Solve the equations

(1). x' + S = 2x''+llx+U.

Second Class Ceritjicatcs, 1873.

1. Multiply +^+1 by 7
+ --1-

b a -^ b a

„ ^, , «' - ?,ah + 2/r a- - Inh + IIV'
2. Shew that --,— „,

—

a - 'lb a - oO

v'an be reduced to the form 3&.
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3. EcJuce to its lowest terms tlic fraction.

*'"12'^9

-^-' + 4-0

4. {a) Prove tliat a;" - ?/" is divisible hj x-y witli-

;mt remainder, v,'hcn ni is any positive intej^cr.

{ji) Is there a remainder wlien a;'^*^— 100 v^

lividcd by a;- 1 ? If so, write it down.

•3. Given ax+hy - 1,

K 2/ 1
and - + , =-y.

« b ab

Find tlio difference between x and ?^.

Find X in terms of in.

fr 2
,

7.r + lG
7. Given - = -.^ . Find tlio value of -;.

7, >•

y o ty + 24:

2 5
3. Given =1,

X - y X +y

and = o. kind x ana y.x-y x + y

0. Tliero is a number of two dibits. By inverting

uUe digits we obtain a nnmber which is less by S than

three times the original number ; but if we incrci-.bO

each of the digits of the oi-iginal number by unity,

and invert the digits thus augmented, a nundier is

obtained which exceeds the original number by 1^'J.

Find the number.

10. A stuijcnt takes a certain number of minutes

to walk from his residence to the Normal Scliool.

Were the distance -Ith of a mile greater, he wouli]

need to increas- his pace (number of miles per hour)
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bj ^ of a mile in tlio liour, in order to reach the

"Eckool in the same time. Find how mnch he would
have to dimiai.sh his pace in order still to reach the

school in exactly the same time, if the distance wei-e

j^j of a mile less than it is.

Second Class Certificates, 1875.

1. Find the continued product of the expressions,

a + h + c, c + a-b, + c-a, a + b-c.

a^ + d'h a(a-h) 2ab
2. Simi.lifv - .,,— ,.,- - r, 1\ - ~2

—

Ti'
^ - ab-b^ b {a + b) ci?-b^

3. Find the Lowest Common Multiple of Zay - 2x - 1

and 4^-' - 2.c^ - 3a; + 1.

4. Find the value of x from the equation, ax —
fi"

—

ohx ^bx—ba' hx + \<i—ab^ = bx + n
——;;— *

a 2a 4

5. SdIvo the simultaneous equations,

X y
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8. A and B labor together on a piece of work for

two clays; and tlien 13 finishes the work by himself

in 8 days ; but A, with half of tlie assistance that B
could rentier, would liave finished the work in tJ days.

In what time could each of thena do the whole work
alone %

9. P and Q are travelling along the same road in

the same direction. At noon P, who goes at the rate

of vi miles an hour, is at a point A ; while Q, Avho

goes at the rate of n miles in the hour, is at a point

B, two miles in advance of A. When are they to-

gether %

Has the answer a meaning v/hen tn—n is nega-

tive ? Has ifc a meaning when m. = 7i? If so,

state what interpretation it must receive in these

cased.

10. P is a number of two digits, x being the left

hand dicdt and ;// the right. By inverting the digits,

the number Q is obtained. Prove that 11 {x-^-y)

(P-Q)^0(a,--2,')(P + Q).

Second Class Certificates, 1876.

1. Divide (1 + m) x^— (m + n) xy (x—y)— (n— 1)
y^

Ijy x"—xy + 2/*.

Sliew that (a + nlhi + by—(a— cdb^ + If is ex-

actly divisible by 2idb^.

2. llesolvo into factors x* + Ixy [x?—y"^)—y*,

cr(h— c) + U-(c — a) + c-(a— b), and 25a;* +
bx'^—x— 1.

3. If x^ + px' + qx -^ r is exactly divisible bya-' +
mx + n, then nq—u^ — rm.

4. Prove that if ni be a common measure of p and
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q, it will also measure tiio cliuerciacc of any niultiplca

of 2> and q.

Find the G. C. jM. cf .r'—77.^"-}- (r^—l)3r + n~—
q and x*—qx^ + (j)

— 1):^;'' + qx—p vavI of 1 +

X- +X + x'^ p.nd 2x + 2u;- + dx'^ + 3x'-'

5. Prove the rule for nniltiplicatiDn of fi'uctions.

x^-(j/-~f f-(^-x)^ ^^-(r-,;r
bimpl;l\r ,r, ,- X -; r.^ o X

;
r^ a

" (y + -)—»' {z-^x)-—y (a; + 7/)--^

a a a"
and -^ r:,

—

—. -. + --
+ 6" a'-—b" (a

—

j) (a- f b')

G. What 19 iLe distinclion lictAveen an ifh'vfif// and
an eqicailon ? Ifx—a — y + b, prove x—6 = y + <-'.

Solve the oqiiations (2 -^'x) (m—3) =

—

.4—2??».r,

16a;—13 40a;—43 32a;—30 2C.x—24
and

4:X—

3

8a;—

9

8a;—

7

4.x—

5

7. Wliat are srinniUancous rq7inl-i(jnj ? Explain vchy

there must bo c;iven as many independent equations

as there are unkno-.vn quantities involved. If tlicio

is a greater number of equations than uuknov\"n quan-

tities, what is the interence 'i

Eliminate x and ?/ iVora riio ctr---".tions ax -(- ly

= c, ax + by ~ c , ax + i"y — c",

8. Solve tlie equations

—

(1) Vu + a;+ 'V/z

—

x = -i7i,

(2) 3x4- 7/ + ;;= 13

3?/ + a; + a;=15
?>z + x'^y ~ 17

9. A parson has two kinds of forei^,'!!- money ; it;

takes a pieces of the first kind to make cna £, and h

p,"ec3s of the second kind: he is offeied one £ fur ^

pLuces, iiovv many pieces of each kind must he take 1
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10. A })eison starts to walk to a railway station

four and a-half miles otF, intcndincic to ariivo at a

ccrlain time ; but afcor walking a mile and a-lia!f he

is detained twenty minutes, in consoquonco of which
he is oliliged to walk a mile and ahalf an hour fasw-r

i!i order to reach the station at the appointed time.

FiUil at what pace he stai'ted.

.1 (.) ^-j^-2^^-<^Y^-j^
(^') Find by Horner's mctliod of diviblon the

value of

a;^+ 290.^-' + 279a.'''—2802x-—5SG^—312wlicn
a: =—289.

(r) Shew without actual multiplication that

(« + 6 + ()'•—{a + b-^c) {a^—ah + Ir—hc + c"— ac)



McGILL UNIVERSITY.

First Year ExJiihiiions, 1873.

1. The difference bet'.vecn the first and second of

ft.iir nnmbers in geometricnl progression is 12, and
tlif! diil'ereucG between the 3rd and 4tli is 300 ; find

them.

2. Find two numbers whose difference is S, and
the harmonioal mean between them 1^.

3. Prove the general formula for finding the sum
of an arithmetical series.

4. The difierences between the liypotenusc and tlie

two sicUiS of a right-angled triangle are 3 and 6

respectively ; find the sides,

5. Solve the eqi^ations

x" + y- = 1b , x + y=\\
X x^l U

^•Ti "^ "^ " G
''

0}+}/ + z~5,x + i/-z-7; .x-3 = y + c

x+ 4 3x + 8

. H-li= .

3x + 5 2x + o

0. A cistern can be filled by two pipes in 2-4' and
SO' respectively, and enii-tied by a third in 20'

; in

what time v/ould it be filled, if all three were running

together.

7. Shew that

(u^ + V' - c^ (a + h-vc) (a + h-c)
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8. Prove the rule for finding the greatest common
measure of two quantities.

First, Year Exiiihitions, 1874.

1. The sum of 15 terms of an arithmetic .series ia

GOO, anJ the common difference is 5 ; iind the first

term.

2. Find the last term and the sum to 7 terms of

the series

l_4 + lG_ctc.

3. Find the arithmetical, geometric, and harmonlo

means between 3^ and Ih.

4. The difference between the hypotenuse and cncli

of the two sides of a right-angled triangle is 3 an it G

respectively; find the sides.

5. The sum of the two digits of a certain nunilx-r

is six times their difference, and the nimiber ilsulf

exceeds six times their sum by 3 ; find it.

G. Solve the equations :

—

3.-C-7 Lc-\0 ^,

X-

X X' + u

OJC-V i X- l

7. A man could reap a field by himself in 20 hours.

but v^ith his son's help for 6 hours, he could do it in

IG liours ; how longAvould the son be in reaping the

Geld by himself?

8. Find the value in its simplest form of

x + y 2x x'li-x^
+ '

x + y x-y-y
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9. Find the greatest common measure of

Z'j^ + 3x^ — 15x + 9 y^nd 3^;^ + 3^;^ - 21a;- — Qax.

First Year ExJuhitlons, 1S7G.

1. Solve tlie equations

X y X y X y
-.---1--; -4--=!+-.
a

,
6 cab G

2. Reduce to its simplest form tlie expression :

—

7 V5l + 3 yY6 +
i^'
2— 5 ^128.

3. Find the greatest common measure of

2-" + u;^— 8a; + 5 and Ix^— Ux-V5,

— m „
m-'— rr



UNIVERSITY OF VICTORIA COLLEGE.

Matriculution, 1873.

L 'What is tlio " dirae>)sion " of a term 1 "WIiou is

ail expression said to be " homogeneous " 1

2. Remove the b^ickets from, and simplify tlie

following expression :

—

(2ci— 3c + -ic/)-)5(;— (7n + 3«)| + jSa — (—

4

_j)|_ <;3tt— (4a— 5(i— 4)|.

3. Piove the " Eule of Signs" in Multiplication.

4. xiLultiplJ a : — by X +
a X

5. Divide ao;'" + bx^ + ex + d hy x— r.

6. .L>i\idc 1 by 1 +05.

7. F./id the Greatest C. mmon Measure of Ca^—
aV —

i

''..': -ciiid 9a,^ -r 12jV— 6aV— Sjif.

8. IVom 3a— 2z — "_ IZll subtract 2a — x —

•

ar— 1

a—

»

x~Y

en -^ V to find x and 7.

i^ + ?^^43r -^

vu 8 ;

10. Divide t'.ic nuuiVu* a into four such parts that
tlie second sliali 3A.L'^ea the first by m, the third shall

i;xcufed tilt! second Oj a, cfia the fuurth sljall exceed
the thii'd b}" /?.

?1. is sum 0'' mo -Cj pit oui- at siav.le irlr-i-^Sj

Q. Giv
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amounts in m montlis to a dollars, and in n monlha

to h doila.tj, Ile>|ui.eJ tlie sum and lutu pci' cei.t,

12. Given a-' + ab - ^x^, tc find the \alu('S of x.

13. Di\ide tlie ninnlicr 49 into two sncli parts tliat

the quutic-.nt ol the gi-eater (livi(U,'il l>y tlie less ii.ay

be to the (quotient of the le^s divided b^ tl^e gi eater,

as A to J.

14. Invide the nnmhor TOO into two mch parts that

their jjioduct ma^ be e pial to the diHeience of their

squaies.

( x" 4 XT/ - 56,
"I

15. Given < Wofind Aaluesofxaud?/.

ta:7+2/-C0j

16. A farmer bought a nuhibe^ of sheep for $80,

and if lie had ix night four nio.e for the .same money,

he would have paid $1 less for e.^eh. ILjw many did

he buy ]

Matriadalion, 1874.

1. Fin <? the Geatest Comn'on ""vlca'ure of llx^ —

•

lOaV+^icb, and Of* — 3a/;' + 3tr/^- — U((, 6, and de-

Qioiistrate the rait.

ft' + jt* « <»°— ax
2. Add together a — x -\r , -if^ ~ ,

^ a + X a + X

3a2— 2.«- , .
«' + x

2x , and— 4a
a— X

3. DiviJe -— +
,

1 +0; 1

and reduce.

4 . Giv.n I (x— a) — 1 5 {2x— 2h) — ^ {a— x)

= 10a -t 116 to tind x.

5. A sum of mone/ was divided among three per-

sons, A. P. aud C, at, loUowy : -t'u- share of J.

e-i.ceLded I of the sha.-js oc h and C '•; §1-0; tlio
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share of B, f of the shares "of A and C by $120;
and the share of C, | of the shares of A and B by

$120. What was each person's share %

6. Given
{ f.^

v',^^-.) = 08

J
,„,^,^^,^.

7. Shew that a quadratic equation of one unknown
quantity cannot ha/e more than two roots.

8. Given ^ - .

"
-- ; to find the value of x.

4 + V a; Vx

9. The e is a stank of liay whose length is to its

breadth a« 5 to 4, and whose height is to its bjeadth

as 7 to 8. It is wo th as nitvi'V cents ^jer cubic foot

as it is feet in brnoth; and the whole is worth at

that rat'i 224 times a^ many cents as there are square

teet on the bottom. Find the cdmensioixs of the stack.

10. Given •<; 9 ^,
;^ to find x and y.

-t_i^ = y/xy— 4 I

x +
i/

)

11. In attempting to arranr^e a number of counters

ixi the form of a square it was found there were seven

over, and when the side of the square was incieased

by one, there was a deficiency of 8 to complete the

square. Find the niimber of counters.

12. Reduce to its simplest form

la + cf— b^^
^

(a + bf— c* (6 + cf— a?'

1.3. A and B can do a piece of work in 12 days;

ill licw many days could each do it alone, if it would
lake A 1 days longer tlian B %

c X z \

\

~y w I to find

14. 'Given ^ x— y ^ 4: \
a^^ 2/> «»

x" + i/" + z" + lo" = 62^/
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15. Find the last te]m, and the sum of 50 terms,

of the series 2, 4, G, 8, ifcc.

16. Writo down the expansion of \ 'C— \

17. How many i'ltwtuic strains may be rung on

ten different bells, su[)posing all the combinations to

pioduco dUfet-ent notes 1



ANSWEPf

Juniur Matri:. . 1872. Pass.

1. Ix' - ( ^^xy"" - i.n/ + y') ;
(a^ + W) la + 35)

;

(x- H- ,'
)- + (x- + a ) {y -b) + {y - bf. 2. u^ + ap + 9

3. («), U; (^), ^i; (c), a; (J), I i. 4. G40, 660.

Juiiior Malric, 1872. Pass and Honor.

1. |ci+(>i-y^)|'|^i-(a:J-yJ)}' =

I
;si_ (j;i ,_ ..if I ^ ,; .f Zh + 36-. 2. 'U'e heave

c" — /?r \rq'=Q autl c*— p'c + q - 0, froir

. whicli to Ciim-iiuU', r.

4. If f3 be one root, — i^_/3fi+^|, "= rt^'^,

aiicl, eliminating 'j, — _ ii—i^

.

ac pQ

5. («), 4, — 7, A(- 3±n/277T; (i), 3, 2, ; — 3- 2

— -, -— •-- _L_ — _^-. (c)—

3

_|_ /2. ((c'), Dividh tLrongh by x"^ and put y foi

— '^1 1 1

x+ -, aiicl .'. ;y"— 2 foi- ic^ + —
-
, then y =

X ar

-- or — - and x = 3 .

J,
— ^ or— 2.



ANSWERS.

(1

—

rf- a —1 J )

7. a ib^c^—^2^) + «i(&aC - 6C2) + cbrJ>C\—\c) =0.

2?'TO

8. ,-—

•

1-j-r

Junior Mil trie, 187 2. Ilouor.

1. 8 and 6 miles. 2. Eaca of the firbt set 01

Iruetions may be sli'own equal to

X y

2ahc ^ or 2abc ^ or 2a 6c

6' + c' - a^ c^ + or - b'
'

z

c
_, which are therefore equal.

a" + 6* — c*

3. Multiplying the equations successively by y, ,r, s.

and «, a;, y, we obl;uu c'-'a; + d^y + \y^z = 0,

X y
l?x + (?y + a^;s = ; thence

ft'' — ft'c* /;* — c"«'

and a; =

4. a' + 6^>2a6,.-.c(«' + 6-)>2rt66-, &c.

5. 3^0; -2,-5;- 3, 0; -8,1. 6. DO and 240 :;>.:..

Junior Mairic, Honor. ] ^ ,

c • ir • 7. ( 1874.
ocittor Matric, lass. )

1. (a), From first x= 2?y oi- ?/, f^nd then Foluiions arc.

3, §; -3,— jj_v/lK v/2l; — v/2i — V2i:

(i). ,?j(41±v/709"). H-^"±v/'"'^'^)- (')' hk'>

-h,-h> hh^-h-h- {"'), 4, 18. 2. 3.

, , , SSx^+GLr+lO ,,, a:' -fax- + 2

*• ("^' —^4.-2 ' (^)' xmH b7:r3o-
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_ X (3—0?)

6. x — 2 and a; + 5 are factors, and roots are, 2, —5,

K-3±v/35): 7. 71 gals.

8. 4.88 percent. 9. 1 da}'s.

He receives $3 every day tlie work continues

;

he returns nothing the first day he is idle,

%l the second, and so on, and the number of

days he works is 16.

Junior Ilatric, \S7(j. Pass,

1. a^ a"^" 6""-'
c~\l. 2. a« - a;« ; a^+^.

3. 1 + 2x + 30^^ + 4ar' + 5a:^ + 6x^ + =.,...; rem. la?-

&x\ 9x2-6a;+l.

4. a^"* + (aJ)™ " -^ (ai) + i""*.

5. (1), 2. (2), 2, 5, 7; or -2,-5,-7.

Junior Matric, 1876. Honor.

1. 35 mis. 2. (2), These quantities are in H. P. if

— — ,&c., are in .4.P., ^e., if a, 6, c

a& + ac + 60

are in ^.P.

5. It may be shewn that the remainder at the nth

decimal place is '2n ; hence if the niA digit be

increased by unity, and the whole subtracted

from 1, the remainder is the remaining part

of the period.

6. s = 4,a; = 2or-3j^=3or-2;c = -l,a: = 2±^ro,
2/=-2± Jl^.
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Junior Matric, 1876. Honor,

1. 121 and 400 yaids.

2. (a—b + c) {ah + ba-i- ca) {a} + i^ + c* + ^'b + he.—ca).

3. Irrational roots go in pairs/. 3— ^Z^" is a root;

and other roots a:'e |- (-—1 ii/HB).
3 2

5. . . f^. ,:. 6. 3 u.ls.
0+ (77.— 1) {a—o)

7. (1), Plciinly a3 + 2 divides both sides, and roots

are—2, 24- 1/7", (2), a; = 3, 7/ = 4 or
^^ ; ajrzr

— 3,2/ =— 4 or— -I.

Second Glass Certificates, 1873-

1 /a by a^ &2

\b a J b- a^

2. (a-b)-(a-4b)^3b.

5. (>'' - 6) (x- y) = ; .'. if « be not = b, x -y = ;

if a~h, x — y may have any value.

43 - 14?n
6. 1 . ,-s' 7. I, iirovided a; be not = - 2| ;

] 4?7i- 13 "^

^

^

then fi-action becomes
-J-
and is indeterminate.

8. = 1, ^ = \; x = o,y = 2.x-y ' x+ 7 ^
'

' '^

9. 13. 10. ^ of a mile per hour.
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Second Class Certificates, 1S7#

1. 2(a'6' + Z^V + cV) - (a" + Z;V c^). 2 —-;'
a-i h

3. (3x + 1) (4a;-' - 2x' -3x+ 1). 4. -'^^;,-l

he — ad be— nd
5. x^ -r- ., 2/=

7io—ma mo—na

G. X and y are indeterminate : tliere is but one
equation. 7. $88, $i4. 8. 1 4 days, 1

1
3 days.

2
J. In Ill's, },j— ji neojative means tliat tlievm— 11

° •'

2
were toirctlier Lrs. before noon. 7n=w,

ni— n

they are nevev together.

10. Each side equals 99 (ar^— y).

Secoml Class Certificates, 187G.

1. (1 + m)x - (1 - n)v/. 2. {x + ?/)' (aj - y) ;
(a-h)

{b - c) (c - a)
;

{ox'' - 1 )
(5x-^' + a; + 1 ).

3. Let the other factor be x + a; multijtly and equate

co-efficients ; eliminating a, nq — ?6'^ — rm ; other

condition is jyn — mn = r. 4. a; — 1 ; 1 + x'i.

g_
jx^y-z) {x-y + z) {y + z-x) . _^_^

{x + y + zf ' a-b

7. a"(i'c - be) + b"{ac - a'c) + c"{a'b - ab') = 0.

8. (1,) Cube, and 3(;i + .r)i (/i-a;)i (rti) = w'-2yi,

(s o (c — 5) b (a — c)

u — b a — b

10. 3 miles an hour.



ANSWERS, xxvii

11. (a), See §359. (6), 2,000. (c), Substitute suc-

cessively — h, —c, -a for a, b, c, in the loft

hand side, and it ap])ears that a + b, 6 + c,

c + a are factors, and .*. expression is of form

N {a + b) (6 -)- c) (c + a) ;
putting a-b=^c=l,

we £:et xV = 3.

First Yea)' Exliihitions, 1873.

1. 3, 15, 75, 375. 2. 9 and 1, or -?-, and-]|. 4. 9,12.

5. (a), 4,-3; -3,4. ('.),2,-3. {c),4-5,6. {d),-\.

6. 40\ 7. = ^-^'-=i' = .

lab

First Year Exhibitions, 1874.

1.5. 2. (-4r;3277. 3. 2^^;21;2,V
4. 9, 12. 5. 75.

6. (a),3, 2;— 2,— 3. (Z»), 7or— If (c),5,3. ((Z),14.

7. 30 hours. 8. JL.. 9. 3(a; + 3).
X + 1/

First Year Exhibitions, 1876.

, 4 3 f/, 6 c a 6 r
1. _a, _a : _ , s

6 ' 5 ' 1 _J__J^ i _ 1 _ 1
a^ 6^ 7 a^ P c*

.

2. _12V2. 3. x— 1. 4. m.

5. 21, 42, G3, or 81. G. o, 6, 2c ; 1, 1. 7. n



AiVSlVJ::/^S.

Matriculation, 1873.

2. 11« — 3c— 5d -\- m. 4.— ax.

5. ax' + (ar + 6) x -f (a/-^ -}- 6r + c) +
a?'^ + bf^ -\- cr -\- d

X— r

6. 1 —X + a;'— a' +..,.. 7. 3a' + 4x-».

8. i"— ^) (^•'—^) 9 14^ 216.
a;-—

1

10. i (a— 3m — In — p), &c.

m6— «a 1200 (a— i)11. , _ .,

tn— n 01Lo — na

12. ±1^. 13. 28,21.

14. 50 (/5 —1), 50 (3 — 1/5).

15. a;=± 10, y- =FlO; x^ ±W2, y=±?>\/2

16. 16.

Matriculation, 1874.

- , n 4rt' + a^'a; — 2aa;* + a;' o i
I. « — 0. 2. d. 1.

X — a^

4. _ 5a — 36. 5. 600, 480, 360.

6. 2, 4; 4, 2. 8. 4 or 9^.

9. 20, IG, 14 ft. 10. 40,10; 10,40. 11. 5G.

12. 1. 13. 30 and 20 clays.

1 i. 6, 2, ih 1 1, or— 2, — 6, — 1|, — 41.

I.-). 100, 2550.

IG. oP— 'tx" + 21a;^—35,r + 3.5x-' — 21a;-' + 7a;-»

— x-\ 17. 1023.



' Kpochs in History mark an Epoch in the Stufly of it."

G. W. Johnson, H.M.M.S., Hamilton.

An Acceptable Text-Book on English History
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—
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—
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CEEIGHTON'S IPOCHS^OT ENGLISH HISTORY
Eov. Geo Blaik, JI,A., I P. S., Grenville County.

•'This little work, juiUislied in tight niiniature volriiies, at 20c.
each, is ptculiorly adapti d for u e in our Public and Ilifih Schools.
Presented in tl;is siwiilc ;.nd ftttrsctive form, each of the great
epochs of Knglish History can be cheaply, easily, and thoroughly
mastered before proceeding to the next."

Tncs. CAnscADDEN, B.A., Head JIastcr, High School, Eichmond
Hill.

"I can most cordially recommend them to all students who are
candidates for the Intermediate, or teachers' examinations."

J. TuRXBrLL, B A , Principnl Tligh School, Clinton.
"I have examined the 'tpcclis of 1 i glish History' and have

formed a very high Ojjinion of them, so much so, that I intend to
introduce them inio tlie High School here. As to the size and ex-
pense they have hit the happy mean, containing all that is really
necessary and nothing more."

H. J. Gibson, B A., Head Master, Renfrew, H. School.
" 1 have carefully examined your ' Kpochs of History,' and be-

lieve them to be admirably adapted for preparing teachers for certi-

ficates, 'ihey are very neatly got up.'

'

JcnN E. BrvAKT, B.A., Clinton.
"I have been anxiously waiting for a Canadian edition of these

delightfitl little books, and now that we have these, 1 shiU introduce
them izxio my classes as soon as possible."

A. DiNGWAi.E For.DTCE. P. S. I., Fergus.
"I tMnk it is a great mistake, at a time wlicn imagination is pe-

culiarly vivid, to expect history to be studied fiom the hare hones
laid down, and tliat the little work refcind to lias been prepared in
a simple, interesting way for those commencing the study of history,

and fitted to carry them on by the grasp they can take of the subject
as it is presented, and as one event is coi^nected with another, I
think some such introductory work was much needed."

J. M. Platt. M.B., p. S. I, Picton.
"Neatness of 'get up;' simplicity of language; faithfulness of

record; perfection in arrangement; interest of narrative; concise
ness and freedom from dryness ; or recital of facts, are but a few of
the recommendations of these beautiful little works."

F. H. JIiCHET,, B.A . H. IM., H. K., Perth.
"Ithas been said that a book that v. ould supply the place of

'Collier's British History' co:ild not be obtained. This is more
than answered by the ' Kpochs of Knpli?h History.' They pro-
ceed on the basis on which liistory sb.ould be tansht. Divisions are
made according to the inception ;:nd crssation of those forces that
brought about changes in the iinglisii Cnnstitution, while principles

are clearly conimunicattd and systematized. Not beyond the capa-
bilities of younger children, they are also adapted for use in higher
classes.''

PvOBT. RoEGEES, Inspector of Public Schools, Collingwood.

"As an aid to the teacher they are invaluable.''

GUT.hFU WiECUEY.
"TiiS style is simple, and adapted to the capacity of children at

•Cbool.'

'



CHEI&HTON'S EPOCHS OF ENQLISH HISTOHY
G. "U*. .TrnN-SON-, H. M. M. S., iramiltrn.

" Grand help these to tlie study of r.iiglisli History in its only ra-

tional way -by tiiools in the life of the liiiglish Nation and her in-

•titutious. " epochs pf History'' mark an epoch in iho study of ii."

J. C. McEGAN, M.A, Barrie.

"I liavo been for many years, including my University conrsp, nn
earnest student of Histoij', and have certainly rever met witli any
sketch of the periods embraced by the tw.> Vv.'.iime8 of ' biiochs'
you sent me, which united in so singularly excellent a manner,
brevity, accuracy, and a clear comprehension of the logic of History;

I can, and shall, cordiidly recommend them to every teacher who
wishes to make hisloy not an efioit of memory alone, but a study of
the grand sequence ol cause and effect by which the facts in the
world's life have been created."

AVm. Mackintosh, P. S. Inpp^ctor, N. Hastings, Bradoc.
"You have done good service to Canadian students and teachers

by issuing a Canadian < dition which, in binding, paper, and typo-
graphical execution is all that could be d. sired.

"The series is admirably cd;^])ti.d lor tlie use of teachers, High
School pupils, and the more advanced classes o^ our Public Schools,
and will he perustd with ijh asure and profit by many who are
neither teachers nor puiuls. It forms a valuable addjaoa to the
valuable collection of school books you have issuea."

Clarke Moses. P. S. Inspector, Co. Hnldimand, Caledonia.
"The 'Epochs of English llist<ny' will be valuable aids in tho

preparation of pupils for the 2nd cIufs and intcrmedialo eNamina-
tions. '1 hey are wiitten in the most entertaining style. I should
think their int,roductiou into schools is much to be desired.'"

Wm. Wilkinson, M.A.. Head Master I5rantford Central School.
"I am quite conscientious in sayiig that it is one of the best di-

gests of History that I have seen. It is remarkably clear end con-
cise, and deserves csjjeeial commendation for giving just what the
pupil ought to know without any fxtranto;is matter, and without
any attempt at rhetorical flourishes, so much out of place iu a text-
book on this subject."

B. K. Orr, B.A , H. M. II. and P. Schools, Brighton, Ont.
"I have read them through carefully and consider them the best

works on the subject for the use of schools that I have ever seen.
I am particularly pleased with cheir simplicity of rtyle and fair
method of stating occurrences. I shall introduce them iuthe schools
here and encourage their use in those of the vicinity."

G. D. Platt, E.A., I. P. S., Picton.
" Am led to express my admiratin of the very concise and STste-

raatic method of arrangement adopted in them, rendering them
particulaily suitable for siudents, and tending in no small degree to
promote a better system of pursuing this important study."

EoET. DouGAN, B A , Principal High School, Lindsay.
'• I am glad to see these brief serials autliorizcd by the Minister

of Education. They are clear and succinct in statement and convey
a large amount of information, 'ihey have the advantage of con-
fining the attention of the learner to defnite peiiods, and thus
enabling him to master ilifBcult hisioricul subjects without attempt-
ing to digest and memorize too much at once. I shall be happy to
sea them in the hands of all my pupils."



EXAMINATION PAPERS

ARITHMETIC,
By J. A. McLellan, LL.D., Inspector High Schools, and

Thos. Kiukland, M.A., Science Master, Normal School,
Toiouto. Second Edition.

PRICE $1.0 0.

From the GUELPU MEKCURY.

. . . The work is divided into six chapters. Tt first fs on the
Unitary Method, and Rives solutions showing its a)ip ication to a
variety of iiroblciiis, in Simple and Compound Proportion ; Percentage,
Interest, Discount, Profit and Loss ; Proportional Parts, Partnership;
Chain Rule, Exc'.ianue, Alligation ; Commission, Insurance. &c..

Stocks ; and Miscellaneous Problems. The second is on Elementary
Rules, Measures and Multiples, Vulgar and Decimal Fractions. The
third contains Examination Papers for entrance into Hifrh Schools and
CoUeyiate Institutes, the fourth for candidates for third-class certifi-

cates, the fifth for candidates for the Intermediate Examination and
second-class ccrliiicates, and the sixth for candidates for third-class

certilicates and Univirsity Honours. It will he observed that the work
begins with the fundamental rules—those principles to be acquired
when a i)U])il first enters upon the study of Arithmetic, and carries

him forward till prepared for the hiiihest class of certificates and for

Honours of the Uni\crsity. . . . Teachers will find in it a necessary
* help in supplying questions to give their classes. Those who aspire to

be teachers cannot have a better guide—indeed there is not so good a
one—on the subject with which it is occupied.

From the ADVERTISER.

. . . By all who a.e groping after some method better than
they have at present, this volume will be cordially welcomed, and
many who have never suspected the possibilitj' of accomplishing so

much by independent methods, will be, by a perusal of the mtr(xluo-
tory chapter, impelled to think for themselves, and enabled to teach
their jiupils how to do so. . . . It is far superior to anything of the
kind ever introduced into this country. . . . The typographical
aijpearance of the work is of a very high character—quite equal, in

fact, to anything of tlie kiud issued by the best publishing bouses of

London or New York.

From the TELESCOPE.

. . . Tlie plan of the work is excellent, the exercises being
arrancred progressively, each series preparing the student for the next.
The problems are all original, and so constructed as to prevent the
student using any purely mechanical methods of solution. . . . We
should really feel proud of our Canadian AuUiors and publishing
houses, when we consider the infancy of our country and the progress
it has made and is making In educational matters, and particularljr in

the recently nublished educational wnrka



MILLEE'S

^ SWINTON'S LANGUAGE LESSONS.
H

Adapted to Canadian Schools,

& By J. A. MACMILLAN, B.A., Ottawa,

55 COLLEGIATE INSTITUTE.

<
" Specially arranged as an' introductory Text Booh to MASON'S
CC GRAMMAE, the authorized text book for Public Schools. The

J5 Definitions, Classification of Pkonouns, Verbs and General
O TKEATiiENT are now brought into comijlete harmony with
H Mason's Larger Grammar.

fi PRICE 25 CENTS.

<̂« FROM SOUTH HASTINGS' BOARD OF EXAMINERS.
Miller's New ''Swinton's Language Lf^ssons," by Macmillan, is

e?=pecially adajned to the wants of elementary clashes. Tlie as-
similatioa of the rule.s and defiiiitioiiS to those uf the advanced
text book, Mason's Grammar, is a decided iuiprovenieut and
makt s it much jn eferub e to any of the other editions. With this
Kdition cf Language Lessons in liaud, the most inexperiencv d

PlJ teacher may safely be entrusted with a tran nj^r and coniiosi-

U tioa class. R- DAW.SON, B.A ,P!i.D.,H.M.H.S., Melleville.

J H. M HICK-;, M. A., H .M. H. School, Trenton.

2 JOHN JOHNSTON, P.S.I., South Hastings.

M
S WM.-WILKINSON, M. A., Head Master Model and Central School
; Brautford.

p,
". Your"5thF/ditionof Swinton's Language Lessons"by Macmillan

O S5 is the most complete Prim:irv Grammar I have seen. Tlie editor
**

<J aeservos every pri'ise for u.aking his definitions agree willi those
M J of Mr.sons' Grammar, tlius preveutins the loss of time and con-
»

J
fuFion, that always result from learning two sets of definition".

d (^ He has ai-complisho I tuis without remleiiiig tiie worli a whit
rt M more difficult, or in any way destrc^ying its peculiar character.

O ^ I observe that the matter is so arranged that this edition can be

•J 2 usod in the same class as your other editions without any incon-

B ^ venience. I wish for it as much success as its predecessor^ have
•g S had, which since I spe;ik from tome months actual use of the
§ book ir, perhaps, the highest pruise I can giva it.

° "^ C. CLARKSON, B.A., Head Master. Model School, BrnckviUe.

•H 2 I huvo examined carefully your "New Swinton's Language
® ^ Lessons," by Macmillan. Tho book is e.Kcelleut. It was a decided
S O improvement to bring it into entire harmony with Mason's. The
W only dirticulty I experience is to keep it odt of the Third class,

® for which no, text book is authorized. Pupils use the book pri-" vately as an aid to follow the oral teaching.

M



MILLER S BWTNTON S LAXGtJAGE LESSONS.

m N. GORDnN, Head Jlaster, jrodel School, Picton.

fl After a careful pevusnl anil eommivison of the Fi th Edition
O of "Rwuitr'ii's Lancjiiiicje tossoiis,"by Maciiiillaii, \\i h previous
g eilitioiis, I find chiiucjcs of an important an,l highly bene-
•rj flcial ( hni acter, viz :—the definitions aie tlie Bame as those in

P ^lason's Gninima' , also t!io trentnient of the Verb, etc., this is a
Vi fifep ill the liclit direction, ns the text-brolcR ii! all onr Pnb'io

Schools sho'.ild be so aminfjoil as to make those used in the
junior clnsses an intrO'lnction to those (on the samn snbji'ct)

used in the senior divisions. I consider I he phin highly com-
mendable as the chimtje-' do not "ivohibit its use with your other

* edition of the same excellent little wori£.
U

a JAMES DUNCAN, Principal Essex Model School.

g fl Have carefully examined the Fifth Edition of " Miller's New
7^ O Swi ton's Lang'iaso Lessons l>y Macini In."— The mat-

" tor is put in clear, concise and interestinr; langniig'\ and th3
snliject is kept abi east of the ago. I consder it an invaluabla
auxiliary to the Public Sehool Teacher. It is as it professes tc
be " an introdnctory work on Grammar," as well as a foreruuuei
of Masou's more advauced text-book.

^

^ W. J. SUMMERBY, Principal Kingston Model School.

sh

To prevent the loss of much valuable time, the acreement ol
the elementary and advanced toxt-l'Odks, in all essential points,

^ is un absohite necessity, and I am plnd to flii'l thnt.in definitifins
" ^ and general tieiitn^ent, the Fiftli Editiou of " Rwinton's Lnn-
"n d gunge Lebsous," by Macxiiillan, is iu harmouy with .^lasou s Text-
« .2 book.

^"3 —
B e SAMUEL C. WESTEP.FELT, H M.M.S. Mount Forest.
W Id
* -H As the aim is to make it uniform in definitions and dasifl-
•fl 9 eition with Mafon's Grammar, and as it is such an excellent

Kleraentaiy text book, especially for the use of youug teachers,
I would heartily recommeud its introduction.

g a W. F.RITTENHOUSE, Teacher, Central School, St. Catharines,

g 5 I consider •' Swinton's I;an nage Lessons," by ^Macmillan, an
•^ a the best text book for teaching grammar extnnt, and the levision,

§ O niiiking th- definitions corr spond with those in the advanced
*

eg text book; leaves nothing to be desired.

'3>» GEO. MTLDEN, Head Master. M. S., Cornwall.

2 ,a Miller's new "Swinton's Language Lessons," by Macmil'tm,
9 « I lo k upon as an admiralile little work, well and caiefully
S Pi got up, ami will lender valuable assistance to those teachers wlio
.? ® are engaged in preijaring pupils for the coming examiuatious.
w M

tJ ^ REV. J. M.AY, I. P. S.. Co. Carlton.

^ o I have examined " Swinton's Langnnge Lessons, by Mnciril-
^ tt Ian," and am of opinion that it will prove a very useful text-book
p 2 in our schcol.s.

I& —
^ § JAMES McBmEN, Ins. P. S., Co, Ont.

S W Miller's new " Swinton's T/angnage Lessons" possess too in-

Q valua; le characteristics, gradation and adaptation to youth. I

H would liks to Bee it in all my boss sciioola.
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HO^V TO rtEAT>.
A Drill Book for Correct and Expressive Keadino, Adapteu

FOR THE USE OF SCHOOLS.
By Richard Lewis, Teacher of Elocution, Author of " Dominion Elocu-

tionist," 3iC. 3rd Ed., Price 75 Cents.

Authorized hy the Mi)n.iter of Educdtion fnr OnLirio.
Authorized by the Chief Supi. of Education, Manitoba.

D. H. SMITH, A.M., Inspector of Schools, Colchester Co., N. S.

"Lewis' 'How to Heart,' coines in good time, lu uo branch of
study is there more deficiency displayed than in tliat of reading.
Many of our teachers really appear to have no coiicejition as to
how reading should be taught, but by a careful study of Lewis'
'How to Read' they can without any difliculty render themselves
fit to give instruction with the utmost satisfaction."

L. S. MOESK, M.A., Inspector Schools, Annapolis Co., N. 8.

"Lewis' 'How to Eead' treats of a subject which cannot be too
highly recommended. Such a work is much needed in our schools.

The art of reiiding effectively has been aciiuired by few teachers,
hence they should procure this work and thoroughly and practi-
cally master the rules and principles therein contained.

J. D. McGILLIVRAT, Inspec'.or of Schools, Co. Hants.

"Lewis' 'How to Read,' is the best driU book in elocution for
Bcbool use that I have seen. I have read it over with a great deal
of cM;e."

C. T. ANDREWS, Inspector for Queen's Co., N. S.

"I have examined 'How to Read,' and have no hesitation In
Eronounciug it tho best little work on elocution for teachers that
as yet corne under my notice. A thorough drill in the exercises,

with due attention to the elemeutarj' sounds of the language as
illustruted by the author, and an intelligent conce]ition of the
principles and suggestions therein given will insure pleasing and
expressive reading. It cannot hut be hailed with ideasure by every
teacher as it stipplies a want long felt in our seliools, and gives to

the important subject of reading its due promiueuce, as both an
art and a science."

A. C. A. DOAKE, Inspector of Schools, Shelbxirne Co., N. S.

" How to Read,' is just what is needed, both as a school class

book and an aid to teachers in the proper training of pupils in the
principles of effective reading.

Kev. JOHN AMBROSE, M.A., Inspector P. Schools, Digby, N. S.

How TO Read by Richard Lewis.—"This hook, for the size of

It, is the best by far that I have euer seen on tho subject."

W. L. DANAGH, Inspector for Cumberland, N. S.

"How to Read is a seasonable publication. As a drill book for

expressive reading it supplies a desideratum in our schools. It

must be admitted that better teaching on this branch is greatly
needed. The work showB skill and is highly crodituble to the
author."

JOHN Y. Guru, Broad Cove, Cape Breton, N. 8.

" The plan pursued in the arrangements of the work, commen-
cing with elements essential to correct vocaUzation, and leading
gradually on to principles and practice in some of the piu-estgems
of the laugtiago, must commend itself to every admirer of clear,

expressive English reading. The typographical ' get up ' of the work
la highly creditable to the enterpriaiug publisliers."



DR. MCLELLAN'S MENTAL AEITHMETIC.

P. C. McGBEGOR. M.A., Head Master High School,
Ahuoute.

Tins little work is an excellent coir)panion to
elate work in Arithmetic. ]-;y its aid the teacher
vrill bo enabled to lead his pupils step by step to
master the principles of Arithmetic. The reason
that so many ]iujuls in our advanced classes are
neitlier expert nor corr. ct in written -work may be
attributed lO the fact that their meutal training in
Arithmetic was neglected.

F. F. MACNAB.M A., Head Master H. S. Arnprior.

Dr. McLellan's Mental Arithmetic sefms to me to
display the w. U-known pr,:cticn,l knowledge and
sound judgment of its author. It admimbly sup-
jilies a lone felt want, and certainly oi;ght, a'nil no
doubt will, receive the patronage ol the xJiofesbiou.

C. A. BAIINES, P. S. Inspector, Div. No. 1, Lambton.
The Mental Arithmetic by Pr. McLellau is admi-

rably adapted for our I'ublic Schools.

DAVID CLAPP, B.A., Inspector Division No. 2,
County of \Vellingtnn.

Supplies Vrp. want of a purely Canadian text 1 ook
on this subject long felt by our teachers. I have no
doubt it ^^ill be extensively used, and the name oi
its author is a guarantee of its excellence.

"W. S. CLENDEKING, Inspector East Bruro
Dr. McLe'lan's Mental Arithmetic is an admi,

treatise on that important subject. Its general a

tion is a certainty. I trust it will soon be in ii..^

hands of all the teachers on this district.

W. E. SHOET, H. M. High School, Ingersoll.

I consider an excellent text book for schools.

SMITH CUETIS, Head Master M. ?. Madoc.
I can hoartily recommend it .".s being far superior

to any otlicr work on the subject 1 have seen for this
reason, and the fact that it i.9 a CanadiMn work, I

h<^",i." to see it t Vp the place of the .\incricau wor s

w!;ich wo have hitherto been obliged to use in our
Eohools.

.TOHiS' EAINK, H. M. Perth Model School.

I+binkit will prove a .Treat boon to our Public
Schools fince it must incrc nsc Vn^^ infelli ctuality of
the tencbinp of the subject of Arithmetic. It should
bo in the hands of every teacher.



NEW ELEMENTARY ARITHMETIC
ON THE UNITARY METHOD.

By Thomas Kikkland, M.A., Science Master Normal School,

ami ^VILLIAM Scott, B.A., Head Master Model School,

Toronto.

Litended as a7i Inlroductory Text-Boole to Hamhlin Smith's
Arithmetic

Cloth Extra, 176 Pages. Price 25 Cents.

W. D. DIMOCK, A.B., Head Master Provincial Model SchoolB,
Nova Sco'aa.

Tlie Elementary Arithmetic by Kirkland and Scott I can
heartily recoumieiul to our teachers. As a preparatory Arith-
metic I liMve not seen its equal. The youug jjuimI, ty the arrange-
ment o£ the piiuciples presented and the exeicisos laid down, is

led almost nucoiiscioiisly to the great field of the unknown, by a
step, that makes hiu eailier arithmetical studies a pleasure and a
profit

A. H. McKAY, Principal ol Pictou Academy and Public Schools.

I have examined your Klemeutary Arithmetic on the unitary
iystem by Kirkland and Scott, and have no hesitation in saying
that I consider it t'ne best Elementary Arithmetic which I have
>et seen. It i.s adfinirablv adapted to the requirements of grades
1st, 2ud and 3i-d uf our schools, as it offers, in addition to our
present text-book, a cojaous and well selected assortment of ex-
ercises, a good arrangement and conciseness in definition and
explanation.

\V. E. SPRAGUE, Head Master, Model and Public Schools,
Cobourg.

Since failures in Arithmetic are mainly due to a want of
power in indep- ndent analysis—to a lack of know ledge of the
unitary method an 1 of skillin its application— this volume which
discusses the yrohlems oi) independent methods -wiU be cordially
welcomed by teachers. As a discipline of the mind in tea hing
the ]iupil to think and reason, Arithmetic is pre-eminent if tanght
by logical methods ; and this work jilaces it in the power of the
younger classes to be benefitted by such methods. A very praise-
worthy feature of tlie book is the large number of examples and
problems iieculiar to so small a work.

JAMES DUNCAN, Principal Essex Model and Windsor Central
School.

After a thorough perusal of the Elementary Arithmetic by
Kirkland & Scott, 1 have no hesitation in saying that it is

better adapted to the schools of this country than any similar
book that has come within the range of my twenty-seven years
experience. The arrangement is natural and comprehensive
The questions are in clear, terse, attractive language.

W. R. RIDDELL, B.A., LL.B , <frc.. Math. Master Ottawa
Nomial School.

I consider it well adapted for the purpose for which it is Ln-

cended.

JOHN DEARNESS, Public School Inspector, East Mlddleiex.

I iiave examined this book with increasing pleasure and can
•peak of it in almost unqualified recommendation. It is, in my
opinion, the best elementary Arithmetic I bar* exanained.



DR. MCLELLAN S MENTAL ARITmiETrC.

THOS. O'HAGAN, Principal R. C. S. S., Trenton.

I consiclpr it an excpllent little work, showing
most clearly th;it even Mental Arithmetic to begin-
ners is the true loc;ic of the tin-ios. Tlio work sliould
bo in the hands of every teaiMier who would wish to
teach Arithuictic by a system of thouglit.

W. E. SPRAGUR, Head Master Model and Public
Schools, Cobonrg, Out.

I have examined McLellan's Mental Arithmetic,
part I., and hiijhly ajiprove it. (1) Tho work is so
divided as to be presented to tho learner in its sim-
plest form. i2l The operations are limited to small
liUmbers. so as not to embirrass the reasoning pow-
ers. (3) The pupil is led uradinilly from the shnplest
to the more complicated reasoninss. 'I'liere iS noth-
ing snpei'ihions in the book and yet thoie is nothing
essential omitted. Tlie work is peit'cctly adapted to
the waiits of our schools.

T. O. STEELE, L'Orignal.

Dr. McLolhi' ; book would also bo an excellent
teacher's assistant.

A. C. A. DOANE, I P.S., Barrington, Nova Pcotia.

TheJIentil Arithmetic is a work mneh needed,
and will doubtless couia into use as it becomes
kuown.

JAS. BROWN. Principnl Model Pchoo', Whitby, Ont.

Dr. McLellHn"s Mental Arithmetic supplies to
teachers a requisite they have Icing required, and
will materially aid in having that attention paid to
the subject its importauce demands.

SANDFIELD DAVIDSON, Principal Model School,
Renfrew.

I have carefully examined McLellan's Mental
Arithmetic, and have no hesitation in saying that
it is superior to any other in use.

W. W. TAMBLYN, M. A., H.M. Hidi fichool, Oshawa.
I think it is one of tlie most valuable books of your

valuable Kducational K(>ries. I have long desired to
see a good Mental Arithmetic in our school';, both
High and Public. I tiaiik that Dr. Mel ellm's work
is admir.ibly adapted to teacii concentration, inge-
nuity, and rajJiJity of thought.

ALEXANDER M. RAE, Head Master Model School,
Port Perrv.

I consider it much sni)erior to the works in com-
mon use in our schools. The exercises are piogres-
Bive and well arranged.



DK. MCLELLAN S MENTAL APaTHlIETIC.

From tlie CHA THAix PLANET.
This 'book will prove aiiiiaijorcant ausUiuryiuthe

study 01' arithmetic.

A. C. HERRICK, Head Slitster of Public Schools,
Colliiigwo'd.

McLellan's IMental Arithiiictio, Pnrt I., is ercry-
thiijg tliat CHii be desired as such. It should he in
the Ijands of all teachers. Its ••ource is ii sufficient
guarantee for its tho roughness. I would be pleased
to see it iutroduced iuto all our schools.

E. KINNEY, M. D., Insp. Public Schools, District
No. 'J, Leeds.

Well adaptsd for use in our public schools.

D. H. HUNTER, M.A., H. M., H. S. Wnterdoivn.
It is an e.xcclleut little work. Nvhich nill supply a

want long felt by Canadian teachers.

J. FRITH JEFP-ERS, M.A.. Coll. Inst., Peterborough.
Ihe Mental Arithmetic by Dr. McLcllan supplies

a want in our list of text-books. Ever since the
introduction cf the unitarj' method of teaching
written arithmetic there Liis been needed such a
guide ill viental exercise. The methods of opera-
tion HUd the ch'irac tor of the examples make the little

book worthy of a inominent jilace in school work.

W. H. L.AW, B.A., Prin. High School. Brockville.
It will supply a vorj' groat defect, and I ara

sure the profession will cordiallv welcome it.

Itapidity with accuracv is not found in our schoo'.s,

and the Doctor's excellent publication will aduiir-
ttbly accomplish these results.

J. H. McFAUI,, H. TJ. Model School, Lindsay.
It is a most excellent drill manual, and should bo

in the hands of every scholar.

A. BOWMAN, M.A.,n.M. Hi.;h School, Farmersville

The Mental Arithmetic, like its author, needs no
commendation. lo was needed, and will be much
rised.

M. Mcpherson, m.a., h. p. s., Prescott.
You certainly deserve tho thanks of all u-ho are

interested in the education of our youth, for ^ our
efforts to sr.pvly our te;iohcrs and puinls with suit-

able text bo lis. I ym iileasc^d with ^JIcLoIIhu's Men-
tal Arithmetic, and hoi'e it will soon be in t'lo hands
of every teacher in this Piovii.ce. Were more atten-
ti'>n given to mtntiil arithmetic in the oriniary
ciasses m our Public Scucols, there would bo fewer
failures at our second class and intermediate exa-
minations.
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HAMBLIN SMITH'S ARTTHMETIC-Bv ti.os. Kirk-

hiiul, M.A., aiiil W. ,Si utt., 15.A. 75 teits.

HAMBLIN SMITH'S ALGEBRA—with Appendix \.y

Alfrctl Uaker, U. A., ilathematioal Tutor, University Colleijc-,

Tui-onto. 90 cts.

HAMBLIN SMITH'S GEOMETRY—scimoi Edition,

with Examination Pajicrs, from tlie Toronto and MaL;ill Univer-

sities, and Nonn:il Mchnol, Toronto. 90 cents. Bool<s 1 and 2,

witli Kxaniination Paiiers. Cloth, 30 cents. Boolis 2 and 3, with
Kxaniination rapcrs, DO cents.

POTT'S ELEMENTS OF EUCLID—with Examination
Papers, 75 cents. Books 1 and 2, 30 cents. Books 2 and 3, 30 cts.

ELEMENTARY STATICS — By Tlios. ICirldand, M.A.,
Science Master, Norma' Kclictol, Toronto. §1.00.

HAMBLIN SMITH'S STATICS— with Appendix by
Tlios. Kirkland, M.A. 90 cents.

HAMBLIN SMITH'S HYDROSTATICS-75 cents.

FLEMING'S ANALYSIS—Willi Examination Papers, by
W. Houston, M.A. h^econd Canadian Edition. §1.00.

MASON'S .ENGLISH GRAMMAR—with Appendix by
W. Houston, M A. 75 cents.

SWIKTON'S LANGUxAGE LESSONS-Adapted to
Junim- Classes Canadian Beliools, by J. McMillan, B.A., Ottawa
Co!le:^iate lusLitute. 25 cents.

BEATTY & CLARE'S BOOK-KEEPING-70 cents.

HEALTH IN THE HOUSE-By Catharine Buckton, CO
cents.

EPOCH SERIES 0? HI^TORY-By Rev. M. Crci-hton.
M.A.

LEWIS' H0"V7 TO READ-75 cents.

SPALDING'S ENGLISH LITERATURE-oo cents.

SMITHS PRIM^IHY DRAWING CARDS - Per
series, 15 cents.

SMITH'S DR .AWING BOOKS—Nos. l, 2and 3- Primary
and Intermediate Course, e.aeli 15 cents.

SMITH'S PRIM "iRY MANUAL OF DRAWING
—^1.00.

SMITH'S INTERMEDIATE MANUAL OP
DIlAWlNG-61.'-'%
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Mental Aritlinietic.

By J. A. McLELLAN, M.A., LL.D , Inspector

of High Schools, Out.

PART 1 -rU^DAVENTAL RULES, FRACTIONS,

ASI'LYSiS. PRICE, £0c.

PART ll.-PERCENTAGE, RAT 0, PROPORTION, &C.

PhlGE, 45C.

W. D. DIMOCK, A.B., H.M.
Provincial Model School, Nova Scotia.

Dr. McLellan's Mental Arithmetic supplies
a want that we should have had supplied in
our Schools long ago. Same progress cannot
be made in Mathematical work, unless what
we call Mental Ai'ithmetic is thoroughly and
systematically pursued. A boy who is con-
versant with the principles of Mental Arith-
metic, as given m this little text-book, is worth
as a clerk or accountant 50 per cent more
than the prodigy who can boast of having
" gone " through his written arithmetic half a
dozen times.

J. S. PEACON, Princiral IngrrFoll Model ?chool.
Dr. McLcIIliii's lUcnial litLmctic, riirt I., is a

credit to CauMrtians, and it supplies a long-felt
want. It is just what is wanted lor ""waking up
mind" in the school room. Alter t^wo weeks use of
the book with my class I am convinced that it is

much superior to any of the American texts that
have bee u used here both as to the grading of ques-
tions and the style of the problems.

J. A. CLABKE. M. A , H. M. H. R.. Picton.
Dr. .NicLellan's IMeutal .Arithmetic contains a

p-eat number of useful problems well adapted to
develop by regular gradations the thinking powers
of the ]iup;l. and to suggest similar examples for tho
use of the teacher.

D. J. GOGGIN, Hind Master Model and Public
Schools. Pnrt Hoiie.

fimple in its nrrangcnient, varied in its types of
priictical questions and su'-;f ; estive in its methods,
it is the bvst book of its kind that i have examined.

From THE WKPLKYAN, Halifax, Kova Scotia.

Th series bids fair to take a good place in scho-
lastic work.
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